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Abstract

This thesis is about investigating tail expansions for the call price and implied volatility at
large strikes in exponential Lévy jump-diffusion models. Furthermore, the asymptotics of
the density function and the tail probability are studied. To get these expansions, we use the
saddle-point method (method of deepest descent) on the Mellin transform of the call price,
respectively density function and tail probability. Expansions for the implied volatility skew
are derived by using transfer theorems, sharpening previous results from [BF08| and [BF09].
We consider the double exponential Kou and the Merton Jump Diffusion model in this work.

Keywords: exponential Lévy jump diffusion models, Kou, Merton Jump Diffusion, saddle-
point approximation, tail expansions
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1. Introduction

The intention of this thesis is to get tail expansions for the call price and implied volatility at
large strikes as well as for the density function and the tail probability by using the method
of saddle-point approximation as in [FG11|. The method basically consists of 3 steps:
finding a saddle-point, deriving an asymptotic expansion of the integral around the saddle-
point and showing that the remaining tails are negligible. The book [FS09| by P. Flajolet
and P. Sedgewick gives a good overview of the method and contains some combinatorical
examples, which are similar to those considered here (Examples VIII.6 and VIIL.7 in [FS09,
p.560 ff.]).

In contrast to the above mentioned paper, where the stochastic volatility model of Heston is
considered, is this thesis about exponential Lévy jump diffusion models. The general form
of the stock process in this kind of models is

Sy = Spe™ Xt e [0,T7]

where Sy < 0 is the initial stock value, » > 0 is the riskless interest rate and 7% > 0 is a

finite time horizont.
Nt

X, :'yt—i—UWt—&-ZY;
i=1
is a Lévy jump diffusion process with v € R, diffusion volatility o > 0, (W);c(o,7+ being
a standard Brownian motion, (Y¥;);en real iid random variables and (Nt).e[o,7+) a Poisson
process with jump intensity A > 0. Throughout the work, it can be assumed without loss
of generality 7 = 0 and Sy =1 (see [GL, p.4]). Hence, one gets

Sy = et (1.1)

The two models considered in this thesis are the Kou model, where the Y; follow a double
exponential distribution, and the Merton Jump Diffusion model, where the Y; are Gaussian
random variables. [CT04] is a good source on Lévy models used in finance and gives more
theoretical background information on this topic.

We consider a European call option with maturity T < T™ and log-strike k := log K > 0

C(k,T) = E [(Sr - eb)+ ],

where (z — y)+ := max (z — y,0). Hence, we just need to focus on the random variable St
and not on the whole stock process (St>t€[0 7] - Under these assumptions, the price of the
call option in the normalized Black Scholes model is

cps(k,0) = (dr) — e"®(dy)

with & > 0 being the constant unannualized (dimensionless) volatility in the Black Scholes
setting, dq o = —% + ¢ and ®(z) being the cumulative distribution function of a standard
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Gaussian distribution.
Remark 1.1 Usually the Black Scholes formula is given with the annualized volatility &,
ie.

éps(k,0) = ®(dr) — e"®(dy)

Qi
5

with dy o = —5\’;? +

The (unannualized) implied volatility is defined as the unique value V' (k) > 0 such that
cps(k, V(k) =E [(ST - em} .

As it can be seen later in (2.1), the Kou model exhibits moment explosion with critical
moment Ay, i.e.

p*i=sup(s € Ry : E[(S7)°] < 00) = Ap < 0.
From Roger Lee’s moment formula and [BF08, Example 5.3|, it is known that V' has the

following asymptotics

. V(k) i
klggo RV =04\ — 1), (1.2)

where U(z) is defined by
U(x)=2—-4(V2®+z—z). (1.3)

For the Merton Jump Diffusion model all moments of St exist, so the above mentioned
procedure cannot be applied. But as it was shown in [BF09, Example 5.4], the implied
volatility V (k) satisfies

Vok

V2y2Togk’

where 0 > 0 is the standard deviation of the jumps (see Section 3.1).

These expansions will be refined in this thesis by using the saddle-point approximation.
The starting point for this method is always an integral representation of the call price
(respectively density and tail probability), which we get by using the Mellin transform. The
O-notation and the Mellin transform are used throughout the thesis, therefore some basic
results are explained in the appendix.

Vk) ~

Finally, some frequently used notation is defined

The moment generating and cumulant generating function of a stochastic process (Xy)ier
are defined as

M(s,T) := Elexp(sX7)],
m(s,T) := logM(s,T)

for all s € R, wherever this expectation exists, and T" > 0 being the maturity of the option.



2. Kou model

2.1. Model definition

The Kou model ([K02]) is an exponential Lévy jump diffusion model as in (1.1) with (Y;);en
being a sequence of iid double exponential random variables. So for ¢ € N the Y; have the
density

F(y) = pApe Mg o) (y) + (L = P)A- 1o 0)(y)

with parameters Ay > 1, A_ >0 and p € (0,1).
We have

ST = €XT,
where the log-price X7 is determined by its moment generating function (see for example
[GG13, p.7|)

2s? A A(1—
M(s,T) = E [exp(sX7)] = exp [T <J2S +bs+ A <)\++—ps + )\( n f) - 1>>], (2.1)
where A > 0 is the jump intensity and o > 0 the diffusion volatility in (1.1). It follows that
the cumulant generating function is

2.2

s o°s Ap | A-(1-p)
m(S,T)legE[eXT]:T< 5 +bs+/\<)\++_s—|- P -1).

The parameter b € R is chosen, such that St becomes a martingale. A sufficient condition
for this is (see [CT04])
E[Sr]=M(1,T)=E[S] = 1. (2.2)

Hence the parameter b has to be chosen such that m(1,7") = 0, so it must satisfy
o Aip A-(1-p)
b=——+AX —-1]]).
<2+ ()\+—1+ Ao+1 ))

Remark 2.1 There is a typo for the characteristic function in [CT04, Table 4.3, p.124].
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Before starting the saddle-point approximation, let us summarize the two main results of
this chapter. Let

a1 =M — 1, ayp=—2\pl)"?

2,2
Ta)\+

. +bT)\++M7)\T

XAy (/\)\+pT)1/4
2y (A = 1) '

and ap = —log (2.3)

Theorem 2.2 Let the parameters of the models as well as the maturity be fived. Then the
price of a European call option satisfies for every e > 0

N R )
as k — oo.

Theorem 2.3 Under the assumptions of Theorem 2.2, the implied volatiliy satisfies for
every € > 0 the asymptotic formula (as k — o)

log k 1 1
V(k) = 51/2k51/2 + Bo + Be-12 g B-1/2 +0 < ) ;

m k1/2 k3/476
where
Brje = _QVW =V —1), Bo=rare Beip= %,
1—(1+ L)—l/z 1 )
_ = 1 a1 B 9
B 1/2 (ao + log Viamaq v+ (2(2a1)3/2 2(2a1 + 2)3/2> i/
and

Theorem 2.3 shows clearly a refinement of the expansion in (1.2)
V(k) ~ U\ —1)kY/2,

In Section 2.4 some numerical examples are given and it will be verified that the expansion
does give a better approximation of the volatility smile for large k values.

2.2. Call price

First an expansion for the price of a European call option with strike K will be derived (as
k — o00). The starting point is the integral representation of a call price. Using the Mellin
transform of C(k,T'), the inversion theorem implies (see Lemma B.5 in the appendix)

k c+ioco M T
Clk,T) = — / kM T) o og kK, (2.4)

270 J oo s(s—1)

whenever 1 < ¢ < Ay. Here i = v/—1 is the imaginary unit.
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2.2.1. Saddle-point

The idea of the considered method is to choose a saddle-point of the integrand for ¢ in (2.4)
and to estimate the central part of the integral with the Laplace method.

It is easy to see that M (s,T) has two singularities, at —A_ and Ay. As the call-price is an
integral on the positive side of the complex plane, we consider the blowup at A;. So we get
an approximate saddle-point by just considering the dominant term

de ks exp (T)\ /\/f_ps)

0s

A simple calculation yields the solution of this equation

A pT
=y — |

which is greater than 1 for sufficiently large k. Using the notation £ = A\ pT', we get

G=A V22, 10 (kfl/?) . (2.5)

Remark 2.4 The approximate saddle-point actually depends on the log-strike k. We write
§ instead of §(k) for ease of notation .

Before doing the central expansion, one must determine the asymptotics of the cumulant
generating function. This is necessary to determine the interval around the saddlepoint, so
we can apply the Laplace method.

Lemma 2.5 The cumulant generating function of X1 satisfies

TA_(1—-p)
Ao+ Ay

_ TUQ)&_

m(s, FOALT + 212 + AT+ O (k_l/Q) ,

T
m'(5,T)=k+O(1),
m"(3,T) = 2672132 £ 0 (1)
and

m" (8 +it,T) =0 (k*) for [t| <k a>0,

where all derivatives are with respect to s.
Proof: We have for —A\_ <s < Ay

o?s? Agp A_(1—p)
=122 1
m(s,T) < 5 +bs+/\<)\+_s+ P )),

m/(s,T) =T <025 b4 A <<Aj+_ps)2 - ?A‘(tsf?))) ,

m"(s,T) =T <a2 +2) <()\:\+_ps)3 * ?)\(14:51;2))

and

" _ Atp A—(1-p)
o T) =0 (2o - U,
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Inserting § = Ay — £/2k=1/2 yields the asymptotics

02382 Ayp A_(1—p)
s, T) = T S -1
m(8,T) ( 5 +bs+)\(/\+_§+ N 13 ))
oAy — E2ET12)2 Ayp A-(1-p)
— T( 5 +b)\++/\<§1/2k:—1/2+)\_+>\+—§1/2k—1/2_1>
+0(k12).

Here we use (1 +z)“ =1+ O (z) for small x and w € R. Hence we get,

—1
To2 )2 1 1/2p.—1/2
+0 (k‘l/Q)
To?\% TA_(1-p)
— T 1/27.1/2 N BT O k71/2 )
3 H AT € SR +0 (k12

Similarly, one gets by using again the same argument from Lemma A.3

2 (), — £1/2-1/2)2 (11—
m' (3T =T |2 (s =€ ) +b+A A*ﬁ+ A-(-p) .
2 &k (A= + Ay + £1/25-1/2)

TA_(1—p) g1/2-1/2\
U GV
()\_ + A+) )‘—i- + A

—0(1)+k+

=k+0(1),

"(a AP A_(l _p)
m"(8,T)=T <02 + 2\ ((51/21:_1/2)3 + O+ As + §1/2k—1/2)3>>

T)\)\_(l—p) <1 51/2]{;—1/2)3

as well as

— T0'2 + 25—1/2k3/2 +

A= +A4)? Ao+ A
TAN_(1—p)
A+ Ay’

For the third derivative we need to consider s = § + it, in order to estimate the error term
of the Taylor approximation in the Laplace method. So we get

=To? + 2672532 4 + O(k1?) = 2672132 £ 0(1).

Arp A-(1-p)
n T — AT +
[m" (s, T)] 6 (EV2k=1/2 —it)d T (- + A — EL/2k—1/2 4 1)
6¢ A-(1—-p)

_l’_
|€1/2k=172 —qt|* Al + Ay — V212 4t

\gh@iflm(4+‘i\(i_gi)(1’%C’<kha)) =0(K).
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Now we have derived the asymptotics of the cumulant generating function and its derivatives.
This is crucial to find an interval for the central approximation and to apply Taylors theorem
on M(s+it,T).

2.2.2. Central approximation

In the next step, the interval around the saddle-point s has to be chosen. Following the
heuristic argument in [FS09, p.554], the length of the interval around the saddle-point
(denoted by 4) has to be chosen such that the conditions

m"(3,T)6? —— oo,
k—ro0

m" (5, T)6° —— 0
k—o0
are fulfilled. These conditions ensure that one gets a Gaussian integral for the second
derivative and that error term of the Taylor approximation (depending on the third deriva-
tive m"” (8 + it,T) and some t € §) becomes arbitrarily small for large log-strikes k.
Considering intervals of the form (5 — k7%, 5+ k™) together with the results of Lemma
2.5, yields the conditions

(5, T)4k 2 = O (K/272) —— o0

k—o0

m" (8, T)8k™>* = O (kK**) —— 0. (2.6)

k—o0

Therefore the parameter o must fulfill % <a< %. After having determined the interval
(§ — k=%, 5+ k™), we are ready to show the asymptotics of the central part in (2.4).

Lemma 2.6 Let 2/3 < a < 3/4. Then

Ll / S M T)
211 G—ik— (S— ].)

TGQA

1 TAM_(1—p)
HTA+ 55 —AT

e g/ k(1—Ay)+261/2K1/2; —3/4 —3a42
= k 140 (k39T2)) .
2v/mA (A — 1) ‘ (t+of )

Proof: Applying Taylor’s theorem and using the results from Lemma 2.5 yields
m(s+it, T) =m(3,T) +im'(3,T)t —m" (3, T)t*/2+ O (£*k?)..
where [t| < k=%, Using m/(8,T) = k+ O (1) and that e* =1+ O (x) for small z, we get
M(s+it,T) = exp(m(s+it,T))

= exp(m(8,T)+im/(8,T)t —

= exp|m(5,T)+itk+O(t) —

"(a
= exp|m(§,T) + itk — m(;’T)t2> (1+0 (%)), |t <k,

N - NN
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and by using (1 +z)"" =1+ O (z) for small z, we obtain

1 L[, _ &Pkt oo L EPRT )
G+it)(5+it—1) s\ Ay A -1\ A -1

- A+(A-1+—1) (1+0(k12)).

Thus we get

dt

i Joipa © s-1 T T2r )i GriyGrit—1)

A= (3,1) (F° m"(3,T)
_ y . ) + 1 k_3a+2 dt.
2rAL (A — 1) /—kaexp< 2 ) (+of )

ek: S+ik— —ksM(S7T) ek(17§) /k’o‘ ik M(§+Zt,T)

Here we used the second condition in (2.6), which ensures that the error term O (k~3+2)
tends to zero. Setting u :=m” (3, T)"/2, we get from Lemma 2.5

. \/2k3/2 (140 (-7 = VK3 (1 o (k_3/2>>

§1/2 §1/4

and

/
5= o (0 (7).

By substituting w = ut and using the fact that Gaussian integrals have exponentially de-
caying tails, i.e. [7° e 24t = O (efcz/Q) , ¢ >0 (see [FFS09, p.557]), we get

[ () L[ ()

—ke U J_yg—a 2
= % </_OO exp <U;2> dw+ O (e_“Q/(%Qa)))
I
—  mk3/4gl/4 (1 o) (k—3/2>) .

Here we used the first condition in (2.6), which ensures that uk™® tends to infinity, so we
get Gaussian integrals with exponentially decaying tails.
This implies

ok vk ws M (s,T) ek(lfg)M(é T)§1/4 ;
- : = ’ —3/4 1 -3/2 —3a+2
27 S§—ik— ‘ 3(3 - 1) s 2\/7?A+()\+ - 1) g ( + © (k ) T o (k )>

k(1—8) A7 (2 1/4
_ ¢ M(s,T)¢ L—3/4 (1 +0 (k73a+2)) .

2VTAL (A - 1)

Finally we use Lemma 2.5 to get

To?\? (1 —
M(g,T):eXp 0" AL +bT)\++£1/2k’1/2+M_)\T (1+O<k‘_1/2)>
2 A Ay
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Hence, the integral is equal to

To2x2 TAA_(1—p)
+ —(-p
7 T s AT

2y (A = 1)

and we get the desired result.

1/4
§ / ek(lf)\+)+2§1/2k1/2k73/4(1 +0 (k—3a+2))

2.2.3. Estimation of the tails

To complete the saddle-point approximation, one has to show that the tails of the integral

are negligible, i.e.
s—ik—e 34ik—o
M(s, T M(s, T
/ e ks (s, )ds — 0 / o ks (s, )ds
§—ico s(s—1) §—ik—o s(s—1)

S+ico M T S+ik—¢ M T
/ 671?87(57 )ds =0 / e ks 7(8’ )ds ,
atik—o s(s—1) s—ik—o s(s—1)

(see Definition A.2 for the o-notation).
Lemma 2.7 Let 2/3 < a < 3/4. Then we have

and

b et
et §+1i00 e_kSMds < 6k(1—>x+)+2§1/2k1/2—6’1/2k3/2’2°‘/2
210 J s yike s(s —1)
and L
ko ps—ik—®
. o —kswds < R(L=A)+261/ 212 —g =123/ 20 /g
270 Js—ioo s(s—1)

Proof:  We just consider the first integral, the proof of the second one goes the same
way. Let s = § 4+ it = A\ — £Y/2k1/2 4 it, where t > k~®. Then we have (as Re(s) =
Ay — E1/2k=12 > 1 for sufficiently big k)

s(s =D = [Im(s)|[Im(s — 1)| = ¢
|s(s—1)] > |Re(s)[|Re(s —1)] >1
Hence, we get
Is(s —1)] > 1+ 2. (2.7)

Furthermore, we have
£
’M(S,T)‘ < exp <Re <§1/2k‘_1/2—1t

€3/2k—1/2 51/216‘1/2 51/216‘1/2
= exp|l>—F—=]|=exp| —5+— | <exp| ————F7 ] .
1t 1+ 261k 1+ kl20g1
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Using the fact 1/(1+2) < 1—x/2 for z < 1 and that k' =2% is smaller than 1 for sufficently
big k, we get

|M (s, T)| < exp (51/%1/2 _ g 1/2g3/22a /2) . (2.8)

So we get from (2.7) and (2.8)

eF | M(s,T)|  eb=r)+2€/2k12 =g 1/28/2 20y
—le kS << ]
21 S(S _ 1) 1 + t2
and obtain
N o
67. §+ico —kSMdS < ek(l_/\+)+2€1/2k1/2_571/%3/27%/2 /00 dt _
27 Js ipo t(s—1) o 1 +1

< ek(1*A+)+2£1/2k1/275*1/2k3/2*2a/2_

After having derived an approximate saddle-point in (2.5), a central approximation in
Lemma 2.6 and estimating the remaining tails in Lemma 2.7, we are ready to prove the
first central result.

Proof (Theorem 2.2):  We have
ek S§+ioco e M(S,T)

Ck,T) = — f———=d
(k. T) 270 S ioo c s(s—1) s
_ i Sk —ks M(S7 T) i Sk e—k’s M('Sv T) ds
270 Js oo s(s—1) 270 Ji_ip-a s(s—1)
e MG T)
211 ik~ S(S — 1) '

The second integral gives the main term, while the two others are asymptotically of smaller
order. Hence,

To?2% TAN_ (1—p)
FOTA L+ ATy
e 2 PRV ¢Y (1 21z B
CkT) = (1=A4)+26"2k L 3/4 14+0(k 3a+2
(k,T) 2/ (g — 1) c +O( )

e (k:3/4€_£*1/2k3/2*2a) )

eT ;* +bT>\++7T§A_+<>1\ f) ¢1/4
- 1/21.1/2
6k(17)\+)+2£ /2k1/ ]{373/4 (1 O (k73a+2)) 7

2 O — 1)
= exp <_041k — al/zk—l/Q o 060) k.—3/4 (1 +0 (k—3a+2))

where 2/3 < o < 3/4 and ap, ay/, and o are the constants defined in (2.3). Let ¢ > 0,
then the choice of @ = 3/4 — ¢/3 proves the Theorem.
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2.3. Implied volatility

To get an expansion for the implied volatility, we need the following result (see [GL, Corollary
7.11]).

Lemma 2.8 If the absolute logarithm of the call price L := —log C(k,T) satisfies
L=mok+ a1/2k1/2 +aglogk +apg+ O (k*’”) )

where the o; are constants (with oy > 0) for i =0, 1/2, 1, £ and 0 < r < 1/2, then the
dimensionless implied volatility has the expansion

logk f- B-1/2 1
1/2
V(k) = B2k 2+ By +/3£71/2W + AR +0 <k:7’+1/2) ;

where

Bij2 = V201 + 2 — V20,

Bo = 1 1
0= V21 + 2 V201 /2
ferje = (
=12 V201 + 2 \/204
1 14+ 1/ap)~ /2
d _1/9 = I

an B 1/2 <\/20z1 + 2 \/204 <a0 + Og \/47roz1

1
* <2<2a1>3/2 2020 + >3/2> e

Remark 2.9 The absolute log of the call price is actually a function in k, but for ease
of notation we write simply L instead of L(k).

With this result, it is easy to prove Theorem 2.3 which gave an asymptotic expansion for
the implied volatility V (k).

Proof (Theorem 2.3):
From the results in Theorem 2.2, we see that the requirements for Lemma 2.8 are fulfilled
withag =X —1>0,ay=3/4and r=1/2 —e.

Remark 2.10 Finally, it should be noted, that there already exist asymptotic expansions
for the Kou model. In [AS09, Example 7.6], an expansion is given for the tail probability of
Xr.
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2.4. Numerical tests

2.4.1. Call price

Here we will test the accuracy of the constants in the expansion for the call price: ap, a9
and 1. A test can be based on the results of Theorem 2.2. So we have

—Egg@i@2=a1+auﬁf”z+adfl+3bgk+0(k*““)———Hn, (A1)
log (exp (041]{7) C(ka T)) -1/2 3 lOg k —3/4+€

- k172 = a1y +aok™/? + TATCERS © <k / ) hooo (1P (42)

~log (C(k, T) exp (alk + ooy /2k1/2> k3/4) —ap+0 <k‘1/4+5> — ap. (A3)

To calculate the call price we use its integral representation from (2.4) (with ¢ = §)

ek S+ioo e M(S,T)

Ck,T) = — f————=d
(k,T) 270 S ino c s(s—1) s
k 00 L a :
— e e—k(s-‘rzs) _ M(S "i: L8, T) __ds.
27 J_ oo (§+1is)(§ —1+1is)

and integrate it numerically. We use the parameters in Table 2.1, which are taken from
[M11, p.19] except for the riskfree interest rate r which is assumed to be zero.

r | T | o | A A A| D
00[1]01(5]15]15]05

Table 2.1.: Parameters for the Kou model.

First, we have to determine the parameter b, so that (2.2) is fulfilled and the stock process
becomes a martingale. We get

Agp A_(1—p)
=—(0%/2 + —1) ) =-0.02
b (a/+/\()\+_1+ N 1 0.027

and so the constants are (rounded to three decimal places)
ap = —8.741, «ay/p = —12.247 and oy = 14.

The plots of the numerical tests explained above are summarized in Figures 2.3 - 2.1. One
sees, that there is only a very slow convergence (even for big values k > 40). The plot of the
test (A3) for the coefficient of the least dominant term, «g, does not show any convergence
at all. The plotting range is from k = 0 till £ = 50, which is an unrealistically high value
for a log-strike. Nevertheless these results can be used to do some qualitativve analysis (see
Chapter 4).

A reason for the slow convergence is, that we have used the approximated saddle-point 8,
in order to get the expansion for the call price. Figure 2.4 shows the difference between the
approximated and the numerically calculated exact saddle-point.
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Numerical test
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Figure 2.1.: Numerical check (A1) for the constant a; = 14.

Numerical test
o - — Q2
l.rl) —
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| | T | | |
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k

& Numerical test
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l.fI) —
| T T T T |
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Figure 2.3.: Numerical check (A3) for the constant ag = —8.741.
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w

o approximated saddle-point

< — exact saddle-point

wn —

LT

m —

o -
| | | | |
0 10 20 30 40 50

k

Figure 2.4.: Approximated saddle-point (dotted) and exact saddle-point(solid).

2.4.2. Implied volatility

The procedure to test the constansts of the expansion for V (k) is not much different. From
Theorem 2.3, we get

V (k) Bo , By —5/4+e
R ey ] Ut e S (B
logk  B-1/2 -
1/2 3/4+¢€
V(K) — B2k / —50+5z—1/2w+ 1172 +O<k / ) mﬁoa (B2)
(V(k) - 51/2k1/2 — o) k2 B_1/2 E1/4te
log k =Pt log k +0O log k k—o0 P12 (B3)

log k _ e
<V(k) - 51/2k1/2 — Bo— Be_1/2 k1g/2 ) g2 — B1j2+0O (k 1/4+ ) m B_i0. (B4)

By using the parameters from Table 2.1, we get for the constants (rounded to three decimal
places)
Bo =0.078, By/2 =0.186, [y_1/2 =—0.002 and S_; /5 = 0.144.

The plots of the numerical checks are summarized in Figures 2.5-2.8.

In contrast to the previous test for the call price, the convergence to the constants of the
smile expansion is very good. Just the test for the coefficient of the least dominant term,
B_1/2, does not show much convergence. Here was the plotting range restricted to values of
k between 0 and 4, which are still very high values for log-strikes.
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g ----  Numerical test
— ﬁwz
o |
o
!
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| T | | | I | 1
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Figure 2.5.: Numerical check (B1) for the constant 3,/ = 0.186.

_ ----  Numerical test
S | — b
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(\! —
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Figure 2.6.: Numerical check (B2) for the constant 8y = 0.078.
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Figure 2.7.: Numerical check (B3) for the constant Be—1/2 = —0.002.
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[{=]

o | Numerical test
| — B
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N

5
| | | T T | |
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Figure 2.8.: Numerical check (B4) for the constant 5_; /o = 0.144.

Finally, the whole expansion for the implied volatility V (k) from Theorem 2.3 is plotted
and is compared with the exact value as well as with the first-order expansion (1.2), which
was given in |[BFO08|. This is done for different parameters and maturities.

Unannualized implied volatility

- —— Unannualized implied volatility
© First-order approximation
o ----  Fourth-order approximation
= S
S ]
e T | T T 1
1 2 3 4 5 6 7

Figure 2.9.: Implied volatility (solid) compared with the fourth-order expansion (dotted)
and Lee formula (dashed) in terms of log-strike. The parameters used here are

T=106=01A=5 A =15 A_ =15 p=0.5.
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Unannualized implied volatility
First-order approximation
Fourth-order approximation

Figure 2.10.: Implied volatility (solid) compared with the fourth-order expansion (dotted)
and Lee formula (dashed) in terms of log-strike. The parameters used here are
T=0106=02 A=10,p=0.3, A\_ =25, Ay =50.

3.0

Unannualized implied volatility
First-order approximation
Fourth-order approximation

1.0

0.0

Unannualized implied volatility
20

1.5 2.0 2.5

3.0 3.5 4.0

Figure 2.11.: Implied volatility (solid) compared with the fourth-order expansion (dotted)
and Lee formula (dashed) in terms of log-strike. The parameters used here are
T=6,0=04,A=1,p=02 A \_=2, A =3.
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3. Merton Jump Diffusion model

3.1. Model defintion and general results

The Merton Jump Diffusion model ([M76]) is as the Kou model an exponential Lévy jump
diffusion model. The difference lies in the distribution of the jumps Y;, which follow a
Gaussian distribution (mean p € R and variance §2 > 0). So we have

ST = GXT

and X7 is given by its moment generating function (see for example [FG13, p.5])
1
M(s,T) = E[exp (sX7)] = exp (T (20232 + bs + )\(66252/%“3 — 1>> , s€ER,

where o > 0 is the diffusion volatility and A > 0 the jump intensity of the Poisson process
n (1.1). The parameter b € R is chosen, such that

E[Sr]=M1,T)=E[Sy) =1
is fulfilled, which ensures that Sr becomes a martingale. Hence, we get

b= — (02/2 +A (e52/2+“ - 1)) .

The cumulant generating function is hence
1
m(s,T)=logM(s,T)=T (20'282 + bs + )\(66252/2‘“‘5 - 1)) , seER

The moment generating function M(s,T') exists for all s € R, hence the tail-wing formula
of Lee is not applicable, as there is no moment explosion. But in [BF09, Section 5.4] is an
asymptotic formula for the (unannualized) implied volatility in the Merton Jump Diffusion
model given

k
V(k) ~ 6—— as k- oo,
B~ e Sh 7

The goal of this chapter is to refine this result.
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Before starting with the saddle-point approximation, let us summarize the main results of
this chapter.

Theorem 3.1 Let the parameters as well as the maturity be fized, then the call price satisfies
for k — o

2 k(1—8) N f( 2
Ce) = SeTTMGET) <1+0(
2log k+/27m/(8,T)

1
\/logk>)
o k(1—8)+T (0282 /2+bs+A(e078%/24ms 1
e e (0 )

2log k:\/27rT (02 -+ A(028 + ) (625 + ) + §2) &5°5%/2+n3) Viog k

where § is defined implicitely by m'(5,T) = k.

Theorem 3.2 Under the assumptions of Theorem 8.1, the density of Xt satisfies for
T — 00

fa) = %f((?) (140 (a1/2+))

—234T <02/2§2+b§+)\(e52/2§2+H§—1))

_ e (140 (2)).

VT (0 A5+ ) (075 + ) + 0) P20

where € > 0 and § is implicitely defined by
m/(8,T)

x.

Theorem 3.3 Under the assumptions of Theorem 3.1, the tail probability of X1 satisfies
forz — oo

|- Fz) = Se "M (5,T) (1 Lo (
2y/mm"(3,T)logx

)

56—a:§+T (0—2 /282 4+b3+A (65252 /2+p5 _ 1) )

1
- 1+0 ( >> ,
2\/10g T (02 + X628 + p) ((025 + ) + 62) 65252/2+u§) < Viog x

where § is implicitely defined by
m/'(38,T) = z.

Theorem 3.4 Under the assumptions of Theorem 3.1, the wmplied volatility satisfies for
k — o0

3 k 9log L
NG, L—2logL +log —— 4 298~
V (k) xf<\/k+ 3 log L +log oz + =
3 k 9log L K21+ |logk| + k
— L= ZlogL +log —— gorreesTh
\/ 5 log +0g4\/1+ 1L ) O<L2 7 )

where L = —log C'(k,T) is the absolute log value of the call option.
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3.2. Call price

3.2.1. Saddle-point
As previously in (2.4), the starting point is the Mellin transform of the call price

ek: c+1i00 M(S T)
kT)=— TR0 2ds, k=log K
C( Y ) 27TZ /C_IOO € S(S _ 1) 87 Og > 07

whenever 1 < ¢ < o0.
The denominator of the integrand is ignored in the calculation of the saddle-point. So the
saddle-point $ is defined as the point satisfying

. /
(e‘ksM(é,T)> —0,
where ’ denotes the partial derivative with respect to s. This is equivalent to
2,2
m'(3,T)=keT <a2§ Fb+ e 2 TH(525 4 u)) = k. (3.1)

The equation cannot be solved explicitly, so § is defined implicetely as the solution of (3.1).

Remark 3.5 Again we write § instead of §(k) for ease of notation.

In order to study the behaviour of m(s,T) and its derivatives, we need an asymptotic
representation of §, which can be derived by using the bootstrapping method (see [B81,

p.26]).
Lemma 3.6 The saddle-point § satisfies

522§2 =logk — i;m-log\/@—kg—log?—ko (k)lg()lg()ikj>
and
§:\/W_ﬂ O(loglogk)
o §2 Vioghk )
as k — oo.

Proof: The idea of bootstrapping is to derive first a simple approximation of § and insert
it into the original equation and to improve these approximations iteratively. From (3.1) it
is easy to see that § is increasing in k, if we consider § as a function of k.

1. First we concentrate on the dominant term of the left-hand side in (3.1), so we have
for sufficiently big §

. 252 N
82 < (U% b+ Ne'B TH(525 4 m) —k
or equivalently
62522 < logk,

so one gets the first estimate

=0 (\/@) . (3.2)
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2. Again we concentrate on the dominant term and see that the following inequalities
must hold for sufficiently big §
AT 323075 /2408 <,

<
< logk. (3.3)

< log ()\T62) +log s + 6%8%/2 + us

By using the asymptotics in (3.2) and that log § grows like log /log k and hence slowlier

than ps, we get
=logk+ O (x/logk‘> :

By factoring out the dominant term and using Lemma A.3 with (1 + 2)"/? = 14+ 0 (2)
for small x, we get the asymptotics for §

2logk 1
A2: 1
M ( +O<Fogk>>’

0 k)

3. From (3.3) we see

242
Ts+u§—|—log§:logk‘—|—(’)(l),
hence we get

522

\/210g +O(1)+ O(loglogk) + log k
:logk:—gx/Qlog + O (loglogk) . (3.4)

By factoring out the dominant term

R 1 loglog k
2 2ggp (1o Y2
s 52 %8 5 viogh O\ gk

and using vV1+2x =1+ %m +0 (xQ) for small z, we get

s \f\/lo?<1 1 +O<1og10gk)>

V26 Vlogk log k
V2 log log k
= T\/log _62+O< m) (3.5)

4. Again, we refine the inequality and get by using log(1 +x) =z + O (1:2) for small z

IN

)\T(528+M) ) 32/2+}L§ k
)+52§2/2+u§ < logk

< log(AT') + log (52 ( 322

<:>10g()\T52)+10gs+52A —|—(’)< >+52 §2/2 + s

IN

log k.
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Putting all terms except 5 252 on the right side and using the asymptotics of § from

(3.4), yields

242

578 = 10gk—5\/210g —log v/log k +—log\5f—log()\T52)
loglog k

@) .
( log k >

After factoring out the dominant term

5242 2 log v/1 2 1
o5 _ logk( 1 - V2 08 viog k — log — V2 — log(AT'6%)
sylogk  logk 62 ) log k

log log k
o ({esi?) >
and using again /1 +z = 1+5+0 (332) for small z, we obtain the desired asymptotics

21 logl
_ V2logk (1_ 1 +O<ogogk>>

0 0+/2log k log k
_ v2logk —ﬂ—i-(’) log log k
) 52 Viegk )

Remark 3.7 One sees, that § tends to infinity as & — oo. Hence § is bigger than 1 for
sufficiently big k and it can be used as a saddle-point in (2.4).

3.2.2. Asymptotics of the cumulant generating function

After having derived an expansion for § in Lemma 3.6, one has to investigate the behaviour
of the cumulant generating function m(s,T) and its derivatives, in order to determine an
interval for the central approximation.

Lemma 3.8 The cumulant generating function satisfies for k — oo

. k loglog k
T)=——= (140

m(s,T) 6\/2logk< * ( log k >>’
AT):cSk:\/2logk(1+(9

(7mer)):

and

"y A . o 1
m (8+Zt,T)—2klogk<1+O<logk ,

where |t| < k™%, a> 0.
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Proof: We have for s € R

o? 5,
m(s, T)=T 58 +b+ M| exp 55 +us)—1)],
52
m/(s,T) =T (025 +b+ A ((525 + ) exp (232 + ,us))) ,
2 52
m"(s,T) =T <02 + A (((523 +u)” + 62> exp (232 + ,us>>

and

2
m"(s,T) = AT exp <5282 + us) ((6%s + 1) ((8%s + p)® + 6%) +26°(8%s + p)) .

First, one gets for the dominant term by using the asymptotics of § from Lemma 3.6

2 2 loglog k
exp <62§2 + ,u§) = exp <logk log \/log k — log(AT'6?) — log \? +0 ( 0898 ))

Vlogk

B k 14 loglog k
 NTV2logk Viogk ) )

So we have
o2 52
m(s,T) =T <2§2 + b5+ A (exp (2.§2 + ué) - 1))
= st (o (et )
dv2logk Viogk
and

2 52
m"(8,T)=T (02 + A ((52§ +u)” + 52> exp <2§2 + ,u§>)

52
~ AT645% exp <252 + ué)

-0 )

For the third derivative, one has to investigate the term

((0*(5+it) + p) ((8*(5 + it

s (1vo(
-or(o
(¢

11)% + 62) + 26%(6%(3 + it) + p))

e oot w0 ()
)5 (0 g)) 5 (120 (o)
< Viog k >>

2logk:
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So we get
52 2
G D)) = e (g (i i i ) ook (140 (i ) )
2
= Ml exp <525 — %) +,u§>5(2logk3/2 <1+(’)<\/@>>

2
— > §(2log k)>/? <1+0< ))
2 Viog k

= 2klogk <1 <logk>)

< Alexp

As in the Kou model, the result of this Lemma is crucial, in order to determine the interval
for the central approximation.

3.2.3. Central approximation

We have to determine the interval around the saddle-point which satisfies the two conditions
as in (2.6). By using the fact that logk grows slowlier than k¢ for any € > 0, we get by
using Lemma 3.8

m” (8)k™ 2°‘k—>oo<:>oz<1/2
—00

m" (5 +it)k™3Y —— 0 a>1/3
k—o00

We get the interval (§ — k=%, 8§+ k™) with 1/3 < a < 1/2.
Before doing the central approximation, one needs to examine the denominator. By inserting
the asymptotics of § from Lemma 3.6 and using (1+x)~! = 1+ O (z) for small x, we obtain

1
(5+it)(3— 1+t

1 —
_ v2logk —ﬂ—i- it O loglog k v2logk _ﬂ_1+ i+ O log log k
) 52 Viog k ) 52 Viog k

- s (o)

Putting (3.6) and the asymptotics of the cumulant generating function m(s,T) from Lemma 3.8
together, gives us the following result.

Lemma 3.9 Let 1/3 < a < 1/2. Then the integral satisfies

i S+ik™™ e—ksM(S7 T) . 526k(1_§)M(§, T) (1 < 1 >>

27 S ip-a s(s—1) 2log k+/27mm" (3,T) Viog k

52€k(1—§)+T(02§2/2+b§+A(65252/2+u§—1)) .
(o ()

2log k:\/27rT (02 + X625 + p) (6258 + p) + 62) e52§2/2+#§) Viogk
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where § is implicitely defined by
m/'(8,T) = k. (3.7)

Proof: Applying Taylors theorem and using the results of the Lemma 3.8, gives us
2
m(s+it,T) = m(5T)+itm/(5,T) — gm”(é,T) + O (*klog k)
2

t
= m(§,T) +itk — 5m”(.§, T)+ O (k'3%).
Using exp(z) = 1 + O (x) for small z, we get

2
M(s+it,T) = exp(m(s+it,T)) =exp <m(§, T) + itk — gm”(é, T)4+ O (lea))
2

= M(3,T)exp <itk — t2m"(§,T)> (1+0 (k'3)).

Inserting this in the integral and the asymptotics of denominator from (3.6), yields

b R M (s, T)

2700 Js_ijp—o s(s—1)

ek(lfk@) /ka e—itk M(§+Zt, T)
o ) n’ GG i+it)

(526k(1 é)]\4((§ T) 1 k= t2 "(a
_ ) —-5m/"(8,T)
4mlogk <1 © < log k>> /k—a ¢ dt- (38)

ds

After doing the substitution w = ut (with u := /m”(5,T)) and using the fact that Gaussian
integrals have exponentially decaying tails, we get

—a

k= uk 9]
/ BTy — L / o2, — L / 24 1+ O (e—qﬂ/(zk?a))
k= u uk— u —00

_ mT) (140 ().

m"(é,

So we have

2, k(1-8) A7/ 4 k= 2
d%e M(S, T) 1+0 1 / 6—%771 (S,T)dt
4dmlog k Viogk ko

__2TIM(s, T (1 o ( 1 ))
2y/2mm"(3,T) logk Viogk
52 HO=84T (5252 24 bsoa (87524051 ) )
— N <
2log k\/QwT (02 + A (025 4 p) ((625 + p) + 62) 65252/2+u§) <

o))
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3.2.4. Estimation of the tails

Now one needs to show that the tails are negligible, to complete the approximation.
Lemma 3.10 Let 1/3 < o < 1/2. Then we have

ek S+ioco e_kSM(S,T) ek(l—é)M(§7T)6—6k1’2a/(2\/210gk)
— ———ds K
270 Jspip-a  s(s—1) log k

and
ek §—ik—« eiksM(S,T) ek(17§)M(§’T)efékl_Q(’/(2\/2logk)
—ds K .

4—ico s(s—1) log k

2mi

Proof:  One just needs to consider the first integral, as the derivation of the second result
is the same due to the symmetry of t2. Let s = § 4 it with ¢t > k~. Then we get

[s(s —1)] > Re(s(s—1)) =5(8§—1) > logk.

Furthermore we obtain

r 2
|M(s,T)] = exp |Re (T <0232 +bs+ A (e‘SQSz/Q’L“S — 1)))}
. 2
= exp (T <02(§2 —t3) + b3+ A (cos (6%t + ut) D (E )/ 24us _ 1)))}
- ) A A .
< exp <T <U2(§2 — )+ b5+ A <e5252/2+“se_52k /2 1)))}

Using -
e R =1 — 5% 2+ O (K1)

and the result from Lemma 3.8

0282 /2+us k

AT/ 2logk’

we get
M(S, T) < 6_T02t2/2M(§7 T)e_5k172a/(2\/m).

These estimates imply

242
eTJt/Q

e M(s,T)| PN (5, T)e 0K/ 2V210g )
s(s—1) ’

27 c log k

and so we obtain

N _ & N _ 12«
ik. S4ic0 Mds - ekl S)M(S7 T)e ok /(2v/2Tog k) /00 €_U2t2T/2dt
270 Joiip-a  S(5—1) log k ko
M9 ) (3, T)e—0W 7>/ (2v2Togh)
<< .
log k
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Now all three main steps of the saddle-point method have been done and we can prove the
main result for the call price

Proof (Theorem 3.1):  The call price satisfies

ds

C(k, T) _ ek /§—k‘* eiksM(S, T) ek /§+k"‘ efksM(s’ T)
§ s

- ———as+ —
271 J s oo s(s—1) 5T o ip—o  S(s—1)
ek 8+ico efksM(S’ T) J
— —————=ds.
27‘(‘1 §+kfo¢ 8(8 - 1)

The middle term gives the main term, as we can see by using the central approximation
from Lemma 3.9

2,k (1-5) N (5. T 1 —6k1=20 /(2/TTog F)
) = ¢ (5, 7) 1+(’)< >+(’) ¢
2log k+/2mm" (8, T) Viog k Vklogk

52eFA=9) N1 (5, T) 1
1+0 .
2log k+/2mm"(5,T) Viogk

|
3.3. Density function
The density function of St satisfies
_ 1 c+i00 671 c+i00
Flo) = = / e N (1 — 1, T)du = NI (L, T)dt (3.9)
2mi c—100 2mi c—100
with [ :=logx and ¢ € R (see (B.2)).
Again, we define our saddle-point implicitely by
m/'(8,T) =1
and in the same way as in Lemma 3.6 we get the asymptotics (for [ — o)
222 2 5
578 =logl — %\/ZIOgl —log v/logl + % - log\({ — log (AT'6?)
loglogl
O 3.10
( logl ) (310)
2 log v/log1 2 2 1
=logl|1-— V2 _ 08 Voe + Ko log£ —log(A\T6%) | —
0+/logl log 02 ) log
loglogl
o ({oer?) )
and
21 log 1
goY2logl ([ 1 o (loalosl (3.11)
) 0+v/2logl log
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Similarly, the asymptotics for the cumulant generating function m(s,T), its derivatives do
not change and neither does the interval around the saddle-point for the approximation
(§ £17% with 1/3 < a < 1/2). Hence, the expansion for the density can be derived in the
same way as for the call price in Section 3.2.

Proof (Theorem 3.2): Let f(x) denote the density of St, so we have

~ e_l o P
Fla) = & / e~ UCHO N (5 4 it, T)dt,
27 J_ o
where [ = log x.
Applying the Laplace method on the central interval as in Lemma 3.9 and estimating the
remaining tails as in Lemma 3.10, yields
5 —l(1+§)M(A T)
e 3
x) = 4 1+0O (113
f(x) ey o)
efl(1+§)+T(02§2/2+b§+)\(e‘s2§2/2+#§71)) L
= ——— (1+0(I"7)),
V27T (0% + (028 + 1) (628 + pr) + 02) €%/

where 1/3 < a < 1/2.
To get the density of X7 (denoted by f(z)), we have to use the relation

f(x)=¢€e"f(e"), x€R.

So we have

Multiplying the term with e® and choosing a = % — § completes the proof.

3.4. Tail probability

From (B.3) in the appendix we have the integral representation for the tail probability of St

B 1 c+i00 M T
1- F(z) = / MwT) —tug, (3.12)

278 Jeioo U

where 1 < ¢ < 0.

Again, we ignore the denominator in the calculation of the saddle-point, so we can use the
same saddle-point as for the density function. The derivation of the expansion is also the
same, just the asymptotics of the denominator have to be added

1 V2Ilogl p . loglog -
— = +it+0O
S A

— = (140 () (3.13)

~

(8 +1it)
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Lemma 3.11 The tail probability of St satisfies

o = AT (1o ()

5o T <02/2§2+b§+/\ (852é2/2+u§,1))

1
_ 140 <>) |
2\/7rT log (02 4+ A(625 + 1) (025 + p) + 62) e28%/2+u3) < Viogl
where | = logx and § is implicitely defined by
m/(8,T) = 1.
Proof:

The proof goes along the same lines as for the density of St in the proof of Theorem 3.2,
one just has to add (3.13).

|
With this result, it is easy to prove the asymptotics for the tail probability of Xrp.
Proof (Theorem 3.3): One just needs the result for Sp in Lemma 3.11 and to use
the simple tranformation 3
1—-F(zx)=1-F(e*),
where F'(z) is the cumulative distribution function of Xrp.
|

Finally, we compare the tails to the Gaussian and exponential distribution to verify a result
from [CTO04].

Corollary 3.12 The tails of X7 are heavier than Gaussian, but lighter than exponential,
i.e.
1—Fy(x)=0(1— F(x))

and
1—F(x) =0(1 — Fg(x)),

where Fy and Fg, are Gaussian, respectively Exponential, distribution functions and F' is
the distribution function of X7.
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Proof:  From Theorem 3.3, Lemma 3.8 and Lemma 3.10, we know that the tail proba-
bility of X7 (denoted by F(z)) satisfies

log (F(z)) = log <2\5/%> —x5+m(8,T) — %log (m"(5,T)logz) + O <\/Ii@>

V2 1 x log log x
= ——1+/1 1+0 | — —— 1+ 0| ——
5" Og$< + <\/log:c>> * 0v2logx < * ( log ))

1 1
— §log(510g:c\/210g:v) +0 (\/@>

as T — 00.
The standard Gaussian tails with distribution function ®(z) satisfy

0o 1 oo 1 —x2/2
1-— @(%) = / EB_tQ/th S / ;me_t2/2dt = e\/%x s

so we have
e—x2/2
1-9(x) <

For a general Gaussian random variable with mean p and standard deviation o, one just
needs to use the relation to a standard Gaussian distribution function

FN(a:):CI><x_'u).

o

Hence, we get for Gaussian distributions (with distribution function Fy)
e—(@—m)?/(20?)

T — [

2

Fy(z) ::1—FN(x):1—<I><x—'u) <

The exponential distribution with mean % > 0 satisfies

Fru(z) :=1— Fgp(z) = e for x> 0.

The relation

- exp (— (2 — n)*/(20%))

Fy(z) < pra—
—z/21
< e <l‘50gfﬂ)
< exp(—Az)

gives us the desired result.
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Remark 3.13 This result is already mentioned in [CT04, Table 4.3, p.124|.

Remark 3.14 In [BF09, Example 5.4], it is already mentioned that some Lévy tail estimate
results in [AB]| can be used to derive the asymptotics

log F(x) ~ —%x/Qlogac,

where F(z) =1 — F(z).

3.5. Implied volatility

To get an expansion for the implied volatility, we need again a result from the paper [GL,
Corollary 7.1.]

Lemma 3.15 If the absolute log of the call price L = —1log C(k,T) satisfies
k/L —— 0,
k—o00

then the dimensionless implied volatility satisfies for k — oo

3 k k
(kL —21ogL +1 - = 372
‘G (k 5 10g L + log 4\/7?> V(k)‘ O <L3/2)’
3 k 9log L . k
o (k1 Buonr ion o+ 288) vi) = o).

where G_(k,u) == V2 (Vu+ £ — u).

With this result, it is easy to proof the asymptotics for the implied volatility.

Proof (Theorem 3.4 ): By using Theorem 3.1, Lemma 3.8 and the asymptotics of the
saddle-point § from Lemma 3.7, we get (similarly to the proof of Corollary 3.12)

L=—log(C(k,T))

62 1 1
= —log () —k(1—=38)—m(8T)+ §log (m”(5,T)logk) + loglogk + O ( : k)
0g

as k — oo.
Because k/L — 0 for k — oo, we can apply Lemma 3.15 and get the result.
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3.6. Numerical Tests

The parameters from Table 3.1 are taken from [M11, p.14]| (again except for the interest
rate r which is set zero).

r | T| o | A I 0
00| 1]01]5]-0.001]0.1

Table 3.1.: Parameters for the Merton Jump Diffusion model.

Again the martingale condition (2.2) has to be fulfilled, so we get

b= (02/2 + A <e52/2+“ - 1)) — —0.025.

Here the asymptotic expansions are compared with the exact call price (respectively the
density, tail probability and implied volatility), which we get by numerical computation.
The saddlepoint § is calculated numerically with the root-finding procedure uniroot ().
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3.6.1. Call price

In Table 3.2 are two plots, where the expansion from Theorem 3.1 is compared with the
exact value of the call option which we get by numerical integration. The functions are
plotted on logarithmic z-axis with different ranges. One can see that the approximation is
very close to the exact price of the call option for k£ > 3.

T}
< ]
% + Approximation
| —— Numerical calculation
T}
o 9
[} ©
2 9
T w
o 1
Q & .
N "
% \ﬁ“‘“--.;_'_.
3 | ] T T T 1
1.5 2.0 2.5 3.0 35 4.0
k
1 - Approximation
r~ —— Mumerical calculation
%IJ N
© \:
&) ] 3
S & 7 \:
ol \
(=] e
? —
L | | | | | |
3.0 3.2 34 3.6 3.8 4.0

Table 3.2.: Approximation of the price function in terms of log-strikes is compared with
exact value.
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3.6.2. Density

In Table 3.3, one sees that the density can be approximated with our expansion very well.
For values = > 0.4 the expansion and the numerically calculated density are almost identical
and they cannot be distinguished anymore in the plot.

W \‘_\. ===+ Approximation

- ‘-\I =—— Numerical calculation
sol
[73] —
= \
o 4 | \

= —

e | T | T T |

0.0 0.5 1.0 1.5 2.0 2.5 3.0
X

W + Approximation

- —— MNumerical calculation
2 <o |
W -
c
[T}
e wo

o

H_HR%
S TTTTe———
< | T T T T T
0.4 0.6 0.8 1.0 1.2 14
X

Table 3.3.: Approximation of the density function is compared with exact density.

3.6.3. Tail probability

In Table 3.4 it is illustrated, that the tail probabilities do satisfy Corollary 3.12, which
said that the log-price of the stock, X7 = log S, has heavier tails than Gaussian distribu-
tions, but lighter ones than the exponential distribution. Here was the Gaussian probability
calculated with the R-command pnorm() with mean 0 and standard deviation 0.1, the ex-
ponential tail probability was calculated explicitely (with mean 0.1). It can also be seen
that the expansion approximates the tail probability fairly well for > 1.5.
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[Ty ]
2
2 ||§ — MJD exact
> @4 | ----  MJD approximated
E | — — (Gaussian
© g N -—-- Exponential
5 8
.
l_
o -
(=]
+
&
S 1 | | 1
(=]
1 2 3 4 5
X
7 — MJD exact
= o ---- MJD approximated
= 3 ~ = Gaussian
%s - -=-+ Exponential
s 8 |
= Q
[ o
|_ - .
o drri,
4+ e T T
@ T 1
L]
19 2.0
[
(=]
&
o — MJD exact
= ~ MJD approximated
g2 S
o LR
5 2
%
3 i
(=]
o
+
&
= | T | T 1
(=]
1.6 1.8 2.0 2.2 2.4
%

Table 3.4.: Approximation of the tail probability is compared with exact tail probability as
well as with Gaussian and Exponential tails.
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3.6.4. Implied volatility

Finally the implied volatility is plotted against the expansion from Theorem 3.4 and the
approximation given in [BF09] for different parameters and maturities. One sees that the
higher-order expansion from Theorem 3.4 yields clearly better results.

z

Eg | — Unannualized implied volatility

> 2 4 ---- Refined expansion

8 First-order expansion

=3 -

E

=T R —

I

© _

o

=

g 2

5 ° 7 | T T T 1
1.0 1.5 2.0 2.5 3.0 3.5 4.0

k

Zz

Eg 2 —— Unannualized implied volatility

= ---- Refined expansion

3 o First-order expansion

a = 7

E

=]

5w L

T ° e T

o e

=

g§ 2 |

5 ° 7 | T T T 1
1.0 1.5 2.0 25 3.0 35 4.0

k

Table 3.5.: Comparison of implied volatility (solid) with the expansion from Theorem
3.4 (dotted) and the expansion from [BF09] (dashed). Parameters used: T'= 1,
oc=0.1,A=5 pu=-0.0016 = 0.1 (first plot); T = 0.1, 0 = 0.4, A = 0.1,
u=0.3and § = 0.4 (second plot).
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Table 3.6.:

=

E 2 4

‘_g @ —— Unannualized implied volatility

> n ---- Refined expansion

2 9 | First-order expansion

a [aV]

£ 4 —

= T T PO p

@ o

N

=T |

= —

=

g < |

| = L)

S | | | | 1
2 4 6 8 10

k

Comparison of implied volatility (solid) with the expansion from Theorem
3.4 (dotted) and the expansion from [BF09| (dashed). Parameters used: ; T = 4,
c=06, =3, p=0.2and § =0.4.
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4. Conclusion

In the Kou model, the numerical tests for the constants in the expansion for the call price
showed very slow convergence. Nevertheless, the results for the implied volatility skew were
very good and it was possible to show that the higher-order expansion does yield better
approximations than the first-order expansion given in [BF08]. As it was already noted, the
saddle-point was approximated in the Kou model in contrast to the Merton Jump diffusion
model, where it was defined implicitely and calculated exactly by a root finding procedure
for the numerical tests. This explains, why the results in the Merton Jump Diffusion model
seem to be sharper. The call price approximation yields fairly good results for k > 3. Also
the tail probability and especially the density expansion seem to be very accurate for values
x > 2. Finally, we could also find a sharper approximation of the implied volatility and
improve the result for the Merton Jump Diffusion model, given in [BF09].

One should add, that the approximations are becoming accurate for very high log-strike
values (respectively stock values), which are not very relevant in the practical world. Nev-
ertheless, this thesis contributes to the qualitative analysis. In the Kou model, one can see
that the critical moment A4 is the only parameter that is needed to determine the first-
order approximation. The jump intensity A, the maturity 7" and p are the parameters, which
determine together with Ay the constant in the second-order expansion for the call price.
The other parameters o, b and A_ are just in the ag term. The same applies to the im-
plied volatility, where the second-order expansion is entirely defined by the four parameters
Ay, A, T and p.
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A. Landau notation

A.l1. Basics

Definition A.1 For f : D CC —- Cand g: D CC — C, f(x) = O(g) means that there
exist C' > 0 and ¢ > 0 such that

|f(x)] < Clg(x)| forz> 6.

Definition A.2 For f: DCC —-Cand g: D CC — C, f(x) = 0(g) means that

im m =
a:l—>oo g(x) 0.

Lemma A.3 (see [H09]): Let f : D C C — C be analytic on some disk |x| < r for some

r >0, te.
f(z) = Zakwk.
k=0

Then for n € N and |z| <r

f(z) = zn:akxk +0 <|x|"+1) .

k=0

Proof:  The result follows immediately from Taylors theorem.

A.2. Some Taylor series

Here are the most important series listed that are used in thesis.

Definition A.4 (Binomial series):

(1+2)° = ki;o <Z> o (A1)

converges for all z € (—1,1) and a € R.
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Definition A.5 (Ezponential series):

exp(z) = Z T (A.2)
k=0
converges for all z € R.
Definition A.6 (Logarithmic series):
© -1 n+1
log(1+2) =) (T)Lx” (A.3)

n=1

converges for || <1 except x = —1.

Most of the time these series are used together with Lemma A.3. Finally, an example is
given, in order to illustrate how the Lemma is used in the thesis.

Example A.7 Let f: C — C satisfy
f(z) :x+(9(:v_2), as r — 00.
Then we get by using (A.1) and Lemma A.3, that

(1+2)Y2=14+0(x), forsmall z

and hence

f@)=(@(1+0@E*)=va(1+0=?).
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B. Mellin transform

Most of the following results have been taken from [P96] and [H].

B.1. Basic results

Definition B.1 (Mellin transform): For a function (on the positive real axis) f the
Mellin transform (named after the Finnish mathematician Hjalmar Mellin) is defined by

A«ﬁ@zF@w:Amﬂm*Mt

In general, the transform F' exists only on a strip (or halfplane) in C.

Remark B.2 There exist slightly different notations (see for example [H, p.2|).

Lemma B.3 The Fourier transform of a function f
Fi9)= 1= [ fa)e o,

satisfies the following relationship to the Mellin transform

M(f(z);a + 2bmi) = F(f(e*)e *;b), a,beR.

Proof: By doing the substitution t = e~ we get the relation
& .
M(f(t);a+2bmi) = / f(t)ta+27rbz—1dt
0

:/OO fle™™)e e 2™%idy = F(f(e™")e ";b). (B.1)

—00
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Lemma B.4 (Mellin Inversion): Let F(s) = M(f(x);s) denote the Mellin transform of
a function f and let us assume F € L', then the following holds

c+ioco
flx) = 1 / F(s)x™%ds,

2mi c—100

where ¢ has to be on the strip of definition of F'.

Proof: By using the Fourier Inversion theorem
oo ~ .
f@) = [ Fopemids
—0o0
and the relation (B.1), one gets easily the Mellin Inversion formula
o0 .
f(e—x)eaa: _ / F($>€27rﬁmdﬁ
—0oQ

& fit)y=t" /OO F(s)t~2Piqp

1 _a—i-ioo .
o f(t):zm,/' F(s)t~*ds.

B.2. Applications of the Mellin transformation

B.2.1. Call price

First it is easy to see for the payoff function of a European call option f(z) := (z — e¥) 4
with log-strike k£ > 0, that

k > ky .s—1 > ky,.s—1 eklstD)
M ((x—e >+,s> :/0 (r—e")x d:v:/e (x—e®)a® tdx = ST for Re(s) < 1.

k

Lemma B.5 Let X7 be the log-return of a stock and suppose that its moment generating
function M(t) exists for some t > 1. Then a call price can be written as

k c+i00 M T
C(k’T):;m'/ o—hs M (s, )ds,

ico s(s—1)
whenever 1 <c < T*:=sup{t >0: M(t) < oo}.
Proof: By applying the inversion theorem we get

1 c+ioco ek(8+1)

:% c—100 S(S+1)

(x —eb), x%ds for Re(s) < 1.
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Setting X7 :=log St, k := log K and ¢ < 1, applying Fubini’s theorem yields (the expecta-

tion is taken under the martingale measure) and doing the substitution s = —t, yields
k ¢+ioco ks k c+1i00 ks
E |:(6XT _ ek)+} _E [ e / e e—sXTdS:| _ e / e & [e*X7] ds
271 C—100 (5 =+ 1) 27” C—100 (S + 1)
k c+ioo ks k c+1i00 M(t. T —kt
- ¢ ¢ M(—s)ds = £ (’7)€dt.
276 Joioo S(s+1) 270 Jorine  tt—1)

B.2.2. Probability density function

If the moment generating function of X exists on an interval, one can recover the density
of St , denoted by f(x), easily from

M(Fa)is) = [ 2 Fladde =B [5571] =B 07051 ] — My (5 - 1)

and by using the Mellin inversion theorem, we get

~ c+100
flx) = 1/ M(u— 1)z "“du, (B.2)

21 — 00

where ¢ has to be on the strip of definition of M (c —1).

B.2.3. Tail probability

Assuming that M(t) exists for some ¢ > 1, then one gets for the tail probability of St (by
applying Fubini’s theorem) for Re(s) > 1

(s)
M1 —F(z);s) = / (1 >t5 Yt = /OOO (/too f(x)dm) 5Lt
- (/0 5~ 1dt> r)dz

S

and hence the tail probability is given by
1— F(z) = 1 /CHOO Mdu (B.3)
270 Jorioo u ’ ’
where 1 < c < T*.

To get the density and tail probability of X7 = log St (denoted by f(x) and its cumulative
distribution function by F(x)), we use

~]5(63”) = P(Sr<e’) =P Xr <z)=F(x)
f(ef)e® = [f(z) (B-4)
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C. Implementation in R

Finally, the most important parts of the implementation in R are given.

C.1. Kou model

First the parameters and all constants of the expansions are defined as global variables.
Futhermore the value k_critical is defined, which gives the £ when the saddle-point § is
greater than 1. This is implemented in kou_param().

The code carries out the numerical checks for the constants, given in the equations (Al)-
(A3) and (B1)-(B4). Here is the call price numerically calculated by using the quadinf ()
function on the integral representation of the call price

k 00 R .
Clet) =5 [ ekt 6 +isT)
2M J oo (3 +1is)(3 — 1 +1s)

The implied volatility can be calculated by using a root-finding procedure. Here was the
uniroot () function used.

#parameter definitions as global variables
kou_param<-function(param=c(0.15,0,1,10,25,50,0.3)){

paraml<<-¢(0.1,0,1,5,15,15,0.5)
param2<<-¢(0.2,0,0.1,10,25,50,0.3)
param3<<-c¢(0.4,0,6,1,2,3,0.2)

sigma<<- param[1]

r<<- param[2]
bigT<<-param[3]
lambda<<-param[4]
lambdaminus<<-param[5]
lambdaplus<<-param[6]
p<<-param[7]

b<<--(sigma~2/2+lambda*(lambdaplus+*p/(lambdaplus-1)
+lambdaminus*(1-p)/(lambdaminus+1)-1))
i<<-complex(real=0,imaginary=1)
xi<<-lambda*lambdaplus*p*bigT

alphal<<-lambdaplus-1
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alpha0.5<<- -2*sqrt(xi)

alphaO<<-log((exp((bigT*sigma~2*lambdaplus~2)/2+
b*lambdaplus*bigT+(bigT+lambda*lambdaminus*(1-p))/(lambdaminus+lambdaplus)
-lambda*bigT)*xi~(1/4))/(2*sqrt (pi)*lambdaplus*(lambdaplus-1)))
gamma_kou<<-1/(sqrt(2+alphal+2))-1/sqrt(2*alphal)

beta0 <<- gamma_kou*alphaO.5

beta0.5 <<- -2*gamma_kou*sqrt(alphal~2+alphal)

betaell <<- gamma_kou/4

betaminus <<- (alphaO+log((1-(1+1/alphal)~(-1/2))/sqrt(4*pi*alphal)))
xgamma_kou+(1/(2*(2xalphal)~(3/2))-1/(2*(2*alphal+2)~(3/2)))*alpha0.5"2

source("s_star.R")

f<-function(k) s_star(k) - 1
k_critical <<- uniroot(f,c(0.000001,50))$root
}

#approximated saddle-point
s_star<-function(k)
{

lambdaplus-xi~(1/2)xk~(-1/2)
}

#numerically calculated exact saddle-point
s_exact<-function(k){

f<-function(t) mi(t)/(t*(t-1))-k
uniroot(f,c(1.5,lambdaplus*0.99999))3%root
}

#mgf

M<-function(s) {
as.complex(exp(bigT*((sigma~2*s~2)/2+b*s+
lambda* ( (lambdaplus*p)/(lambdaplus-s)+
(lambdaminus*(1-p))/(lambdaminus+s)-1))))

}

#first derivative of cumulant generating function
mi<-function(s){
bigT*(sigma~2*s+b+lambdax (lambdaplus*p/(lambdaplus-s)~2
-lambdaminus*(1-p)/(lambdaminus+s)~2))

}

#numerically calculated call price
Kou_Price<-function(k) {
exp(k)/(2*pi)*quadinf (function(s) Re(exp(-k*(s_star(k)+i*s))
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*M(s_star(k)+ i*s)/((s_star(k)+i*s)*(s_star(k)-1+i*s))),-Inf, Inf)
}

#asymptotic expansion of the call price
kou_price_approx<-function(k){

exp(-alphal*k - alphaO.5*sqrt(k)-alpha0)*k~(-3/4)
}

#normalized Black-Scholes price of a call option
#sig...denotes the unannualized volatility!
BS_Price<-function(k,sig=sigma,mat=bigT){

dl = -k/sig+sig/2

d2 = -k/sig-sig/2

pnorm(d1l) -exp (k) *pnorm(d2)
}

impvola<-function(k,mat=bigT){

f<-function(t) BS_Price(k,sig=t)-Kou_Price(k)
uniroot (f,c(0.00001,8))$root
}

#test of the constant alpha_0
TestalphaO<-function(kmin=k_critical+0.4,kmax=50){

test<-function(k){-log(Kou_Price (k)
*xexp (alphal*k+alpha0.5*sqrt (k) )*k~(3/4))}

plot (Vectorize(test) ,kmin,kmax,ylim=c(alpha0,alpha0+30),
1ty=3,xlab="k",ylab="",col="red")
abline(h=alphal,col="blue")

legend("topright",c("Numerical test",expression(alphal0])),
1ty=c(3,1),1lwd=c(2.5,2.5),col=c("red","blue"))

#numerical test of alpha_1/2
Testalpha0.5<-function(kmin=k_critical+0.4,kmax=50){

test<-function(k){-log(exp(alphal*k)*Kou_Price(k))/sqrt(k)}

plot (Vectorize(test),kmin,kmax,xlab = "k", ylab ="",
ylim=c(alphaO.5,alpha0.5+15),1ty=3,col="red")
abline(h=alpha0.5,col="blue")

legend("topright",c("Numerical test", expression(alphall/2])),
col=c("red","blue"),lty=c(3,1),1lwd=c(2.5,2.5))
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#numerical test of constant alpha_1
Testalphal<-function(kmin=k_critical+0.4,kmax=50){

test<-function(k) -log(Kou_Price(k))/k

plot (Vectorize(test),kmin,kmax,xlab = "k", ylab ="",
ylim=c(alphal-10,alphal+5), lty=3,col="red")
abline(h=alphal,col="blue")

legend ("topright",c("Numerical test",expression(alphal1]l)),
col=c("red","blue"),lty=c(3,1),1lwd=c(2.5,2.5))

#numerical test of the constand beta_0
TestbetaO<-function(kmin=k_critical+0.4,kmax=4){

test<-function(k) impvola(k)-k~(1/2)*betal.5

plot (Vectorize(test) ,kmin,kmax,xlab = "k", ylab ="",
ylim=c(betal,beta0+0.3),1ty=3,col="red")

abline (h=betal,col="blue")

legend ("topright",c("Numerical test", expression(betal0])),
col=c("red","blue"),lty=c(3,1),1lwd=c(2.5,2.5))

#numerical test of the constant beta_(1/2)
Testbetal.5<-function(kmin=k_critical+0.4,kmax=4){

test<-function(k) impvola(k)/k~(1/2)

plot (Vectorize(test),kmin,kmax,xlab = "k", ylab ="",
ylim=c(betal.5-0.5,beta0.5+0.5) ,1ty=3,col="red")

abline (h=betal.5,col="blue")

legend ("topright",c("Numerical test",expression(betal1/2])),
col=c("red","blue"),lty=c(3,1),1lwd=c(2.5,2.5))

#numerical test of the constant beta_(1-1/2)
Testbetaell<-function(kmin=1.1,kmax=3){

test<-function(k) (impvola(k)-k~(1/2)*betal.5-betald)*k~(1/2)/log(k)

plot (Vectorize(test) ,kmin,kmax,xlab = "k", ylab ="",
ylim=c(betaell-1,betaell+l),lty=3,col="red")

abline (h=betaell,col="blue")

legend("topright",c("Numerical test",expression(betal[l-1/2])),
col=c("red","blue"),lty=c(3,1),1lwd=c(2.5,2.5))
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#numerical test of the constant beta_(-1/2)
Testbetaminus<-function(kmin=k_critical+0.4,kmax=4){

test<-function(k) (impvola(k)-k~(1/2)*betal.5-
beta0-betaellxlog(k)/k~(1/2))*k~(1/2)

plot (Vectorize(test),kmin,kmax,xlab = "k", ylab ="",
ylim=c(betaminus-0.5,betaminus+0.5),1ty=3,col="red")

abline (h=betaminus,col="blue")

legend("topright",c("Numerical test", expression(betal-1/2])),
col=c("red","blue"),lty=c(3,1),1lwd=c(2.5,2.5))

#plot of volatility smile and comparison of expansions
TestImpVola<-function(kmin=1.1,6kmax=7,ymax=1.6){

Psi <-function(x) 2-4*(sqrt(x~2+x)-x)
fourth_order<-function(k) betal.5*k~(1/2)
+betal+betaell*log(k)*k~(-1/2)

+betaminus*k~(-1/2) #4th-order expansion
first_order<-function(k) sqrt(Psi(lambdaplus-1))#*k~(1/2)
#first-order expansion

plot (Vectorize(impvola),kmin,kmax,xlab = "k",

ylab ="Unannualized implied volatility", ylim=c(0,ymax))
curve(fourth_order,add=TRUE, col="blue",lty=3) #,
curve(first_order, add=TRUE, col="green", 1lty=2) #

legend("topright",c("Unannualized implied volatility",
"First-order approximation ", "Fourth-order approximation"),lty=c(1,2,3),
1lwd=c(2.5,2.5,2.5),col=c("black","green","blue"))

#comparison of approximated and exactly calculated saddle-point
Test_s<-function(kmin=k_critical+0.4,kmax=50){

plot (Vectorize(s_exact) ,kmin,kmax, xlab = "k", ylab ="",ylim=c(0,25))
curve(s_star, col="red",lty=3,add=TRUE)
legend("topright",c("approximated saddle-point","exact saddle-point"),
1ty=c(3,1),1lwd=c(2.5,2.5) ,col=c("red","black"))
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C.2. Merton Jump Diffusion model

,The implementation in the Merton Jump diffusion model is very similar. First all constants
are defined as global variables which is realised in mjd_param(). The saddle-point § has to
be calculated numerically for every k. Here was again the uniroot () function used on the
implicit definition of §

m/'(8,T) = k.
The rest of the code plots the call price and the probabilities and compares the approxima-
tions of the Theorems 3.1-3.4 with the exact values. The quadinf () function is used to
calculate numerically the values of the call price, density and tail probability. The implied
volatility can be calculated with uniroot ().
For the tail probability also Corollary 3.12 is verified. Here was the exponential tail prob-
ability calculated explicitely and the Gaussian tail probability with the function pnorm().

#parameter definition as global variables
mjd_param<-function{param){

paraml<<-¢(0,1,0.1,5,-0.001,0.1)
param2<<-¢(0,0.1,0.4,0.1,0.3,0.4)
param3<<-c¢(0,4,0.6,3,0.2,0.2)

r<<-param[1]
bigT<<-param[2]
sigma<<-param[3]
lambda<<-param[4]
mu<<--param[5]
delta<<-param[6]

b<<- -(sigma~2/2+lambda*(exp(delta~2/2+mu)-1))

i<<-complex(real=0,imaginary=1)

#mgt
M<-function(s,mat=bigT){
as.complex(exp(mat*(sigma~2/2%s~2+b*s +
lambdax* (exp(delta~2/2*s~2+mu*s)-1))))

#first derivative of the cumulant generating function
mi<-function(s,mat=bigT){
mat*(sigma~2*s +b+ lambdaxexp(delta~2/2*s~2+mu*s)*(delta~2*s+mu))

3

#second derivative of the cumulant generating function
m2<-function(s){
bigT*(sigma~2 + lambda*exp(delta~2/2%s"2+mu*s)
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*((delta~2*s+mu) “2+delta~2))
}

#saddle-point
s_hat<-function(k){
f<-function(t) mi(t)-k
uniroot (f,c(-100,100))$root
}

#expansion for the call price
mjd_price<-function(k){
S<-s_hat (k)
Re(delta~2*exp(k*(1-38))*M(S))/(2+1log (k) *sqrt (2*pi*m2(S)))
}

#numerical calculation of the call price
mjd_price_numerically<-function(k){
exp(k)/(2*pi)*quadinf (function(s) Re(exp(-k*(s_hat(k)+ix*sg))
*M(s_hat (k)+ i*s)/((s_hat(k)+i*s)*(s_hat(k)-1+i*s))),-Inf, Inf)
}

#approximated density of X_T
mjd_density<-function(x){

Re (exp(-x*s_hat (x))*M(s_hat(x))/sqrt (2*pi*m2(s_hat(x))))
}

#numerically calculated density of X_T

mjd_density_numerically<-function(x){
i<-complex(real=0,imaginary=1)
1/(2*pi)*(quadinf (function(s) Re(exp(-x*(s_hat(x)+ixs))
*M(s_hat(x)+ i*s)),-Inf, Inf))

}

#approximated tail probability of X_T
mjd_tail<-function(x){

Re(delta/2*exp(-x*s_hat (x))*M(s_hat(x))/sqrt(log(x)*pi*m2(s_hat(x))))
}

#numerically calculated tail probability of X_T
mjd_tail_numerically<-function(x){
1/(2*pi)*(quadinf (function(s) Re(exp(-x*(s_hat(x)+ixs))
*M(s_hat(x)+ i*s)/(s_hat(x)+ix*s)),-Inf, Inf))
}

#approximated implied volatility
mjd_impvola_approx<-function(k){
L<- -(log(mjd_price(k)))
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G<-function(kappa,u) sqrt(2)*(sqrt(utkappa)-sqrt(u))
approx<-G(k,L-3/2xlog(L)+log(k/(4*sqrt (pi)))+9*1log(L)/(4*L))

approx

3

#Black-Scholes price
#sig denotes the unannualized volatility!
BS_Price<-function(k,sig=sigma,s0=1,r=0,mat=bigT){
dl = -k/sig+sig/2
d2 = -k/sig-sig/2

sO*pnorm(d1l) -exp (k) *pnorm(d2)
}

#exact implied volatility
mjd_impvola<-function(k){

f<-function(t) BS_Price(k,sig=t)-mjd_price_numerically(k)
uniroot (f,c(0.00001,8))$root
}

#numerical test of call price
test_prices<-function(kmin=1.1, kmax=4,n=100){

delta = (kmax-kmin)/n
x<-seq(kmin,kmax, by=delta)
y<-rep(0,n+1)

for(i in 0:n){
y[i+1]1<-mjd_price_numerically(kmin + i/n*(kmax-kmin))

}

plot (Vectorize(mjd_price) ,kmin,kmax,col="red",xlab="k",
ylab="Call price",1lty=3,log="x")

lines(x,y,col="blue")
legend("topright",c("Approximation","Numerical calculation"),
cex=0.8,col=c("red","blue"),1ty=c(3,1),1lwd=c(2.5,2.5))

#numerical test of demnsity
test_density<-function(Lmin=0.4, Lmax=1.5,n=1000){

delta = (Lmax-Lmin)/n
x<-seq(Lmin,Lmax, by=delta)
y<-rep(0,n+1)
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for(i in 0:n){
y[i+1]<-mjd_density_numerically(Lmin + ixdelta)
}

plot (Vectorize(mjd_density),Lmin,Lmax,col="red",xlab="x",
ylab="Density",1lty=3,ylim=c(0,1.7))#

lines(x,y,col="blue",1ty=1) #log(x)
legend ("topright",c("Approximation","Numerical calculation")
,cex=0.8,col=c("red","blue"),lty=c(3,1),1lwd=c(2.5,2.5))

#numerical test of tail probability
test_tail<-function(Lmin=1.1, Lmax=5,n=1000,sdev=sigma,mean=0.1){
#sdev... standard deviation of normal distribution
#mean...mean of exponential distribution
delta = (Lmax-Lmin)/n
x<-seq(Lmin,Lmax, by=delta)
y<-rep(0,n+1)
nor<-function(x) 1-pnorm(x,sd=sdev)
ex<-function(x) exp(-x/mean)
for(i in 0:n){
y[i+11<-mjd_tail(Lmin + i*delta)
}

plot (Vectorize(mjd_tail_numerically),Lmin,Lmax,
col="blue",xlab="x",ylab="Tail probability")
curve (nor,add=TRUE, col="green",1ty=2)
curve(ex,add=TRUE, col="magenta" ,1ty=4)
lines(x,y,col="red",1ty=3)

legend("topright",c("MJD exact","MJD approximated",'"Gaussian",
"Exponential"), col=c("blue","red","green","magenta"),
lty=c(1,3,2,4),1lwd=c(2.5,2.5,2.5,2.5))

#numerical test of implied volatility
test_impvola<-function(min=1.1,max=4,n=100,ymax=1.6){

delta=(max-min)/n
x<-seq(min,max,by=delta)

firstorder<-function(k) sqrt(deltaxk)/sqrt(2*sqrt(2*log(k)))
vola<-rep(0,n+1)
for(i in 0:n){

vola[i+1]<-mjd_impvola_approx(min+ixdelta)
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plot (Vectorize(mjd_impvola) ,min,max,xlab = "k",
ylab ="Unannualized implied volatility",ylim=c(0,ymax))
curve(firstorder, add=TRUE, col="green",lty=2)
lines(x,vola,lty=3,col="blue")
legend("topright",c("Unannualized implied volatility",

"Refined expansion", "First-order expansion"),
1ty=c(1,3,2),col=c("black","blue","green"),lwd=c(2.5,2.5,2.5))
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