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Tyche, Goddess of Chance, chooses a point w of Q) at random
according to the law P in that, for F € F, P(F) represents
the probability in the sense understood by our intuition that
the point w chosen by Tyche belongs to F.

Williams, 1991
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REMARKS

NOVELTY
This thesis introduces the saddlepoint approximation of risk measures

from scratch. Sophisticated notation allows to reveal the conceptional
structure on which this special kind of approximation is based.

INFORMALITY
To save us from the burden of undue rigor, we do not address every

mathematical detail. We shall assume the existence of integrals and
interchange differentiation and expectation without further ado.

UNCERTAINTY
We represent our uncertainty about the future state of the world by a

probability space (Q,F, P), the steering mechanism for the probabilistic
evolution and the domain of all random variables we introduce.
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OUTLINE

Knowledge about the distribution of a random variable is of practical
importance. Unfortunately, its density and distribution function are
often unknown. In principle, knowledge about the moment-generating
or cumulant-generating function permits to obtain both functions using
certain integral inversion formulas. In practice, though, the complexity
of the integration involved may be unduly costly. Fortunately, the
inversion integrals can be approximated, which is where the saddlepoint
approximation comes into play. We follow the schematic strategy

function —— representation —— approximation.

Although we initially consider saddlepoint approximations for arbi-
trarily large sample sizes, they finally prove efficient even for only a
single observation. This rather surprising approach takes the form

n—so00 — n=1.

Chapter 1 introduces the notion of asymptotic power series, whose
successive terms may give an increasingly accurate description of the
asymptotic behaviour of a function. For that reason, approximations
are always to be understood as truncated asymptotic power series.

Chapter 2 deals with integral transforms, namely the Laplace trans-
form on the one hand and the moment-generating and the cumulant-
generating function on the other hand. All three are closely related.

Chapter 3 and chapter 4 introduce the basic concepts with which the
saddlepoint approximations in chapter 5 are eventually established.

Chapter 6 is about the application of the saddlepoint approximations
to common risk measures and chapter 7 considers risk contributions.

Appendix A gives an overview of mathematical expressions related to
the thesis and appendix B is about the preparation of the document.
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ASYMPTOTIC EXPANSIONS

We follow de Bruijn, 1958, who impresses with an unusual way of
presenting a mathematical subject as some excerpts will demonstrate.
Usually in asymptotic analysis, the limit of a function is taken as

z =z (z € C).

Note that zg can be taken to be co by the change of variable

(= 1 (zeC).
Z—2Z0

Hereafter, we are solely concerned with the limit of a function as
n — oo (neN).

Thus, let f(n) and g(n) be two functions of an integer variable n.

Definition. We write
f(n) = O(g(n)) (n — oo)
if and only if
JA: IAN: Vn > N: [f(n)| <A -|gn)].

Lemma. If g(n) is nonzero for n sufficiently large, then f(n) = O(g(n))
if and only if

: f(n)
lim sup 7‘ < Q.
n—oo g(mn)
Definition. We write
f(n) =o(g(n)) (n — o)
if and only if
VA: IN: Vn> N:[f(n)]<A-|g(n)].

Lemma. If g(n) is nonzero for n sufficiently large, then f(n) = o(g(n))
if and only if

Definition. We write

f(n) ~g(n) (n — o)



ASYMPTOTIC EXPANSIONS

The reader should notice that so far we did not define what
O(p(s)) means; we only defined the meaning of some complete
formulas. It is obvious that the isolated expression O(g(x)) cannot
be defined, at least not in such a way that (1.2.5) remains equivalent
to (1.2.6). For, f(s) = O(g(s)) obviously implies 2{(s) = O(gp(s)). If
O(g(s)) in itself were to denote anything, we would infer f(s) =
= O(g(s)) = 2/(s), whence f(s) = 2/(s).

The trouble is, of course, due to abusing the equality sign =. A
similar situation arises if someone, because his typewriter lacks the
sign <, starts to write = L for the words “is less than”, and so
writes 3 = L(5). On being asked: “What does L(5) stand for?”,
he has to reply “Something that is less than 5. Consequently, hé
rapidly gets the habit of reading L as ‘‘something that is less than’,
thus coming close to the actual words we used when introducing
(1.2.5). After that, he writes L(3) = L(5) (something that is less
than 3 is something that is less than 5), but certainly not L(5)=L(3).
He will not see any harm in 4 = 2 4 L(3), L(3) + L(2) = L(8).

The O-symbol is used in exactly the same manner as this person’s
L-symbol. We give a few examples:

O(x) + O(»®) = Ofx)  (x —0).
This means: for any pair of functions f, g, such that

f#) = 0(x) (¥ =0), glx) =0 (x» >0),
we have
f(*) +g(¥) =0(x)  (x =0).

The common interpretation of all these formulas can be ex-
pressed as follows. Any expression involving the O-symbol is to be
considered as a class of functions: If the range 0 < x < oo is
considered, then O(1)+4O(x2) denotes the class of all functions of
the form f(x) + g(x), with f(x) = O(1) (0 < x < oo, g(x) = O(x?)
(0 < x < o0). And x710(1) = O(1) 4+ O(x~2) means that the class
x~10(1) is contained in the class O(1) + O(x~2). Sometimes the
left-hand-side of a relation is not a class, but a single function, as
in (1.2.7). Then the relation means that the function on the left is a
member of the class on the right.

de Bruijn, 1958
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ASYMPTOTIC EXPANSIONS

if and only if

f(n) —g(n) = o(g(n)) (n — oo).

Lemma. If g(n) is nonzero for n sufficiently large, then f(n) ~ g(n) if
and only if
lim @ 1.

n—oo g(n) -

Example. As is generally known, Stirling’s formula states that

(1.1) n! ~ Znn{z}n (n — o0).

Among formal power series, we distinguish between convergent power
series and asymptotic power series. As one can show, the set of conver-
gent power series is contained in the set of asymptotic power series.

To emphasize the differences between both concepts, we bring the
defintions of convergent power series and asymptotic power series face
to face. The first is due to B. Taylor, the second due to H. Poincaré.

Note, though, that there is a more general notion of asymptotic power
series, with which asymptotic analysis can unfold its full potential.

Definition. We call

fn) =y 3 (n — oo)

the convergent expansion of f(n) and say that f(n) can be expanded
into a convergent power series around oo if there are coefficients a; € R
such that

m

EIN:Vn>N:f(n)—Za—j.—>O (m — o0).
=™
Definition. We call
f(n) zh(n)iﬁ (n — o)
—
):

the asymptotic expansion of f(n) and say that f(n) can be expanded
into an asymptotic power series around oo if there are coefficients a; € R
and there is a function h(n) such that

Vm: f(n)—h(n)zajzo<h(“)) (n — o0).

: Onj nm
]:


http://mathworld.wolfram.com/StirlingsApproximation.html
https://en.wikipedia.org/wiki/Brook_Taylor
https://en.wikipedia.org/wiki/Henri_Poincar�

ASYMPTOTIC EXPANSIONS

Approximation of the factorial using Stirling’s series (1.2).

order n n! approximation  relative error %]
1 1 1 0.9221 7.7863
2 2 1.9190 4.0498
3 6 5.8362 2.7298
4 24 23.5062 2.0576
5 120 118.0192 1.6507
6 720 710.0782 1.3780
2 1 1 0.9990 0.1018
2 2 1.9990 0.0519
3 6 5.9983 0.0279
4 24 23.9959 0.0171
5 120 119.9862 0.0115
6 720 719.9404 0.0083
3 1 1 1.0022 0.2184
2 2 2.0006 0.0314
3 6 6.0006 0.0096
4 24 24.0010 0.0041
5 120 120.0025 0.0021
6 720 720.0089 0.0012

5



ASYMPTOTIC EXPANSIONS

The latter condition holds true if and only if

m
vm: f(n EZ;;f’““‘* (n — o),
=0

where the coefficient apq denotes the first nonzero coefficient after the
coefficient a,,. The first nonzero term of an asymptotic expansion is
called the dominant term. Under the m-th order approximation of the
function f(n) we understand the truncated asymptotic expansion

L

Example. Stirling’s formula (1.1) clearly being the dominant term, the
factorial can be expanded into Stirling’s series which is given by

(n — o).

3L

(1.2) nl & 27m[2r[1+]; + gz T } (N — 00).
Now, if
Vm:g(n) ZO<:(1:)) (n — o0),
then
g(n) wh(n)iofj (n = 00).
-
Hence, if
f(n) ~ h(n) io % (n — o),
=
then
f(n) + g(n) ~ h(n) io = (n = o0).
=

This is why the function f(n) and any function which deviates only
by such a so-called recessive function g(n) can both be expanded into
the same asymptotic power series. The coefficients of the asymptotic
power series, however, are uniquely determined by the recursion

m—1
Vm:am = lim n™ [f(n)— S f;]
j=0


http://mathworld.wolfram.com/StirlingsSeries.html

ASYMPTOTIC EXPANSIONS

In most cases, the final estimates obtained in this way are rather
weak, with constants a thousand times, say, greater than they
could be. The reason is, of course, that such estimates are obtained
by means of a considerable number of steps, and in each step a
factor 2 or so is easily lost. Quite often it is possible to reduce such
errors by a more careful examination.

But even if the asymptotic result is presented in its best possible
explicit form, it need not be satisfactory from the numerical point
of view. The following dialogue between Miss N.A., a Numerical
Analyst, and Dr A.A., an Asymptotic Analyst, is typical in several
respects.

N.A.: I want to evaluate my function f(x) for large values of x,
with a relative error of at most 19%,.
AA: f(x) =214 O(x2) (x — oo).
N.A.: I am sorry, but I don’t understand.
AA.: |f(x) — 21 <8x2 (x> 109,
N.A.: But my value of x is only 100.
A.A.: Why did not you say so? My evaluations give
|f(%) — 21| < 57000x—2 (x = 100).

N.A.: This is no news to me. I know already that 0 < f(100) < 1.
A.A.: I can gain a little on some of my estimates. Now I find that
If(%) — 271 < 20x~2 (x = 100).

N.A.: I asked for 19, not for 209%,.

A.A.: Itis almost the best thing I possibly can get. Why don’t you
take larger values of x?

N.A.: !, T think it's better to ask my electronic computing
machine.

Machine: f(100) = 0-01137 42259 34008 67153.

A.A.: Haven’t I told you so? My estimate of 20%, was not very far
from the 14%, of the real error.

NAG: M.l

Some days later, Miss N.A. wants to know the value of f(1000).
She now asks her machine first, and notices that it will require a
month, working at top speed. Therefore, she returns to her Asympt-
otic Colleague, and gets a fully satisfactory reply.

de Bruijn, 1958
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ASYMPTOTIC EXPANSIONS
Example. We consider the Exponential integral

Ei(n) = J ? dx (n € N).

After integrating by parts m times, we get

e D i [ e
Ei(n) =e ;(—1)1 1)T—i—(—n m!J;anx.

Let Sin(n) denote the partial sum of the first m terms,

Sm(m)=e ™y (—1y-1U=1
. nJ

)=

—_

and let Ry (n) denote the remainder after m terms,

e*X
n

On the one hand, Sy, (n) diverges since the m-th term of Sy, is growing
in magnitude as m increases. On the other hand, Sy, (n) + Rn(n) is
bounded since Ei(n) is bounded. Consequently, Ry, is unbounded.

The inequality

Ry (n)] = m! Txenj; dx < n:}L Te" dx = ”;:f:
n n
yields
Ei(n) — Siyn(n) =Ry(n) = o<i;:> (n — o).
Thus,
Ei(n) ~ e“i(—nﬂ 0 T_v.”' (n — o).

Note that Ei(n) cannot be expanded into a convergent power series
but into an asymptotic power series. The dominant term is given by
e*Tl

Ei(n) ~ 0 (n — o).


https://en.wikipedia.org/wiki/Exponential_integral
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ASYMPTOTIC EXPANSIONS 10

In chapter 5, we shall make use of the following versions of Watson’s
and Temme’s lemma for deriving asymptotic expansions of certain
integrals. We refer to Daniels, 1954 and Broda and Paolella, 2010.

Lemma (Watson). Let ((z) be holomorphic in a neighbourhood of
z =0 and bounded for z=1 in y < < with y < 0 < 6. Then

5
> (2j)(o
(1.3) @Jexp(—;ﬂﬂ) C(P) dp =~ Z Czj)-w(lj)
Y j=0 =7

(n — o0).

Lemma (Temme). Let Ay, (z) be holomorphic in a strip containing the
real axis in its interior. For j € N, if there are y;j,0 € R such that

vi: AV (2) = O (Iz11e)

and if there are holomorphic functions a, ; such that

one has
tvn
(1.4) B (1) = O (tyi)Bn (00) + LY ¢, ()
vn
where
j=0
and
N - Ct,j
j=0
with
Ct,0 = bo—at,
and

d
teey =Dbj —ay;+ | 5:Csj-1 .

(Re(z) — Fo0)

(n — oo),

(t e R),

(n — o),

(n — oco)

(n — oco)

(j >0).

Here, @(t) = ®’(t) denotes the standard normal density function.



INTEGRAL TRANSFORMS

We first establish the link between the Laplace transform and gener-
ating functions and then present some handy inversion formulas.

LAPLACE TRANSFORM

Usually, the unilateral Laplace transform or the Laplace transform of
a real variable is considered. In the following, we introduce the bilateral
Laplace transform of a complex variable. We refer to Widder, 1941 and
Doetsch, 1958 for a rather extensive treatment of related issues.

Let f(t) be a real-valued function of a real variable t.

Definition. The bilateral Laplace transform L¢(z) of f(t) is defined by

+o00
(2.1) L¢(z) = J e V(1) dt (zeC).

—00

In case the complex variable is purely imaginary, meaning that z = iy,
then L¢(z) becomes the common Fourier transform F¢(y) of f(t).

We next obtain a formula which recovers f(t) from its Laplace trans-
form L¢(z). A historical remark can be found in Tamarkin, 1926.

Lemma. Let f(t) be a continuous function of bounded variation. For
v € R, if L¢(y) converges absolutely, one has the inversion formula

: Y+id
(2.2) f(t) = 511_{1;0 = J eL¢(z) dz. (t € R).
vY—1d

This formula is called Bromwich’s, Mellin’s or Fourier and Mellin’s
inversion formula. Moreover, we speak of Bromwich’s integral and of
Bromwich’s contour. If y is zero, then the formula becomes Fourier’s
inversion formula. In this case, the contour clearly coincides with the
imaginary axis and the integral is said to be Fourier’s integral.

If Bromwich’s integral, which is given as Cauchy principal value, even
exists as improper integral, then both integrals coincide, that is

Y+id Y+ioco
lim eZLe(z)dz = J e*L¢(z) dz.
d—00

v—1id Y—ioco

It is worth mentioning that there are other inversion formulas for
the Laplace transform such as Post’s inversion formula, which involves
differentiation instead of integration. See Cohen, 2007 for details.

11



INTEGRAL TRANSFORMS 12

GENERATING FUNCTIONS

From now on, let X be a real-valued random variable with distribution
function Fx(t) and suppose that X has a density function fx(t).

Definitions

At first, the following definitions and notations might seem needlessly
complicated. However, they will turn out to come in very useful.

Definition. The moment-generating function Mx(z) of X is defined by

+oo
Mx(z) = E(e*X) = J e?X dp (zeC).

—00

In case the complex variable is purely imaginary, that is z = iy, then
Mx (z) becomes the common characteristic function Cx(y) of X.
The n-th moment mx ¢ of X at z¢ € C is defined by

Myt = MY (z¢) (n € N)
and the n-th moment mx , of X is defined by
mx =M (0) (n € N).
For the sake of clarity, we write
UX,t = Mx 1,t, HUX =MxX1

and, using this notation,

2 2 .
GX,t T mX_HX)Z)t’ O-X T mX_HX)z'

Clearly,
E(X) =ux, V(X)=o%.
The n-th standard moment vx n ¢ of X at z¢ € C is defined by

mX*TTLX,Tl,t (n c N)

VX,TL,t = 0—1’1
X,t

and the n-th standard moment vx » of X is defined by

mx_
VX, = IXmmon :X’n (Tl S N)
Ox

Definition. The cumulant-generating function Kx(z) of X is defined by

+o00
Kx(z) = log E(e*X) = log J e?X dP (zeC).

—0o0



INTEGRAL TRANSFORMS

The n-th cumulant kx ¢ of X at zy € C is defined by
KX n,t = K;n) (z¢) (n e N)
and the n-th cumulant kx » of X is defined by
kx.n =K (0) (neN).

The n-th standard cumulant Ax ¢ of X at z¢ € C is defined by

k
Axn,t = —nt (n € N)
VKX 2t
and the n-th standard cumulant Ax n, of X is defined by
k
Axon = —a (n € N).

VKX 2
Relationships

As indicated,

Mx(~2) = Liyfz), Kx(—z) = log Liy(2).

Furthermore,
+00
(2.3) mx,n =EX") = J " (t) dt
and
+o0o
X — " t— "
(24) Vi = E({HX] ) - J [ “X] fx(t) dt.
(025% ox
Note that
Hx = kx,1, 0% = kx,2.

Consider the n-th incomplete exponential Bell polynomial

n—m-+1 ! Tx: L
N i | e 1
=1 7=

where the sum is taken over all nonnegative integer solutions to

n—m-+1 n—m+1

> L=m, ) jy=mn
j=1

j=1

13



The first moments

INTEGRAL TRANSFORMS

and cumulants.

n mx,n VX,n kX,n }\X,n

1 mean 0 mean —

2 — 1 variance 1

3 — skewness — skewness
4 — kurtosis —

excess

14



INTEGRAL TRANSFORMS

Firstly,

n
(2.5) mx n = ZBn,j(kXJ)---)kX,n*jJﬂ)
=1

and

n

(2.6) kX,n = Z(_] )ji] (] - 1)' Bn,j (mX,1 yer oy MX n—j+1 )
j=1

Secondly,
n
(2.7) VX,n = ZBTI,)'(O)AX,Z)" -)}\X,nfj+1)
j=1

and

n
(2'8) }\X,n = Z(_1 ))_1 () - 1)' Bn,j (O>VX—}J.X,2> <oy VX—pux,m—j+1 )
j=1

See appendix A for the first few instances of these relationships.

Independence

Let the sum of n independent random variables Xj be given by

Sn = ZXJ’

j=1

(2.9) Ms,(z) = [[Mx,(2), Ks,(z)=D Kx(z) (neN).
j=1 j=1

INVERSION FORMULAS
As to the following lemmas, note that Fubini’s theorem justifies inter-

changing the order of integration as long as all points of the integration
contour have a positive real part which is bounded away from zero.

Lemma. If y € R, then

(2.10) fx(t) = =— J ekx(z)=tz q, (t € R).

15



INTEGRAL TRANSFORMS

Proof. By Bromwich’s inversion formula,

Y-+ico

1
fx(t) = = J etZLfX(z) dz,
Y—ioco
but
Y+ioco Y-+ioco
J e?Le(z) dz = J ekx(z)—tz g,
Y—1ioco Y—ico
O
Lemma. If y > 0, then
: Y-+ioco . (2)—tz
(2.11) PX>t)==— J ——dz (t e R).
i z
Y—ioco
Proof. By the inversion formula (2.10),
00 : Y+ioco 00
Jf(s) ds = = J ekx(z) J e **dsdz,
t vY—ioco t
but
< —tz
J et ds = ©
z
t
O
A more general formula in Daniels, 1987 states the following.
Lemma. If y € R, then
1 v ieo er(z)ftz
P(X>t)=H(y)+ =— J —dz (t e R),
2mi z
Y—ioco
where
1 if y <0,

Hy)=141/2 ify=0,
0 if y > 0.

16



INTEGRAL TRANSFORMS

Lemma. If y > 0, then

Y-+ico

er(z)—tZ
(2.12) E(X—tllix=1)) = 5 J — &z (t eR).
Y—1ioo
Proof. By the inversion formula (2.10)
[ Y+ioco 00
1 Kx(z) sz
[s —tif(s)ds = =— ehx [s — tle®* ds dz,
2mi
t Y—ioco t
but
T —tz
J[s —tle’*ds = ¢ 5
z
t
O
Note that
E(X —tlix=q) = E(X—1]7) (t eR).
Lemma. If y > 0, then
1 v ieo , eKX(z)ftz
Y—ioco
Proof. First, assume that X has a positive lower bound. Let
X
Q(F) ::J —dP (Fe 7).
F KX

Writing the expectation as an integral, one has

E(XIix>4) = uxQ(X > t).

By the inversion formula (2.11),

QX >1t) = T J (=)t d
- 2mi z =
Y—1ico
However,
XX o M) Mx(2)
Hx KX (29

17



INTEGRAL TRANSFORMS

SO
KR (2) = log K (z) + Kx(2) — log ux.

Hence,

+1ico
Y eKx(z)—tz

1
E(Xll{x>t}):—2m J K§<(z)7Z dz.
Y—ioco

Secondly, assume that X has a negative lower bound —a < 0. Then
Y=X+a
has a positive lower bound. As one can easily see, we have that
Ky(z) = Kx(z) + az, K{(z) =K(z) + a.
Clearly,
E(Xlix=t;) =E(YL{y_q>¢}) —aP(Y—a>1t).

By the first step,

Y-+ioco
1 ) er(z}—O—az—z[t—O—a}
E(Ylyy q=q) = 5 J [Kx(z) + d . dz,
Y—ioco
but, by the inversion formula (2.11),
a oo oKx(z)—tz
Tm J TdZ:aP(Y*a>t)
Y—ioco
Combining both equations, we consequently get
1 yico , eKx(z)ftz
E(XH{X>‘E}) = Tm J Kx(Z)T dz.
Y—ioco

Thirdly, assume that X is unbounded. For any constant —a < 0,
Z = max(X, —a)
is bounded from below. Clearly, we have

E(XLix>1)) = E(Z11z-1)) (t> a).

18



INTEGRAL TRANSFORMS

By the second step,

Y-+ico

1 , eKZ(z)—tz
E(Zﬂ{2>t}) o J KZ(Z)T dz,
Y—ioco
hence
Y—+ioco
tz
E(Z1 =— M5 (z)—
(Zlizo0) = 5= J b(z)— dz
Y—ioco
As one can show, one has the relationship
MZ(z) t Mx(z)
Thus, by monotone convergence,
Y-+ioco
E(X1 ) = 1 J M (z) e dz
Y—ioco
which finally yields
. 1 Y-H.ooK/ er(Z)ftZ .
1 = — -
(XIix>1)) oy J x(z)— z
Y—ioco

(a — o0).

(t € R),

(t € R).

19



SADDLEPOINT METHOD

The saddlepoint method or steepest descent method deals with the
asymptotic expansion of integrals on the complex plane. It is an exten-
sion of Laplace’s method, which is merely concerned with integrals on
the real axis. The method goes back to B. Riemann and P. Debye.

To start with, we recall some basic facts from real and complex analysis
about the analytic description of some surface. Let u(x,y) be a smooth
real-valued function of two real variables x and y. The gradient

Vu(xe, yi) = (ux, uy) (Xt Yi) (xt,yt € R)

points in the direction of the greatest rate of increase of u(x,y) at the
point (x¢,yt). We hence speak of a steepest ascent contour or of a
steepest descent contour if its tangent at each point (x¢,yt) has the
direction Vu(xt,y¢) or the direction —Vu(x¢,yt), respectively. The
contour is steepest contour if it is either a steepest ascent or a steepest
descent contour. The gradient is orthogonal to the level contour

LL71 (u(xtayt)) = {(X)U): u(xyy) = u(xt)yt)})

along which u(x,y) takes on the given constant value u(x¢,y¢). A point
(xt,Y¢) is said to be a critical or a stationary point of u(x,y) if

vu(xt)yt) = O)

whereas a critical point of wu(x,y) which is, however, no local extremum
of u(x,y) is said to be a saddlepoint of u(x,y). Next, let

f(z) = f(x +1y) = ul(x,y) +iv(x,y)

be a holomorphic function. The real part u(x¢,y¢) and the imaginary
part v(x¢,yt) are linked through the equations

Ux (X, Yt) = Uy (xt,Yt), Uy (xt,Yt) = —vx(xt, Yt),

being the analytic expression for the geometrical insight that f(x + iy)
has the same limit as x + iy approaches x{ + iy along the real axis and
the imaginary axis, respectively.

Lemma. A critical point of u(x,y) is a saddlepoint of u(x,y).

Proof. Let H denote the Hessian matrix of u. On the one hand, we have

)2 <0.

detH = uxxuyy - (uxy)z - _(\))zcy) - (uxy
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u(x,y)

(xt,Yt)

Some function u(x,y) near its saddlepoint (x¢,yt).
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On the other hand, det H is the product of both eigenvalues of H. As
a consequence, the eigenvalues of H have a different sign so that H is
indefinite. This is why a critical point of u is a saddlepoint of . O

Lemma. The level contour of u(x,y) is orthogonal to the level contour
of v(x,y). In particular, the steepest contour of u(x,y) coincides with
the level contour of v(x,y) and vice versa.

Proof. Since
Vu - Vv =u,v, +uyvy =0,

the gradient Vu is orthogonal to the gradient Vv, which clearly means
that the level contour of u is orthogonal to the level contour of v. [

Next, we informally state Cauchy’s integral theorem as a lemma.

Lemma. Let two different contours connect the same two points. If a
function is holomorphic everywhere in between the two contours, then
the two contour integrals of the function are the same.

By referring to de Bruijn, 1958, Copson, 1965 and Murray, 1974, we
address ourselves to the discussion of the steepest descent method.
Our concern is the asymptotic behaviour of the integral

(3.1) J ef(Fg(z) dz (n — oo0),
C

where f(z) and g(z) are holomorphic functions and C is some integration
contour. Let f(z) be given by its real and imaginary part as

f(z) = f(x + iy) = u(x,y) + iv(x,y).

Relying on Cauchy’s integral theorem, we aim to deform C without
crossing any singularity in the integrand. The reason is threefold.

First of all, we want the deformed contour to pass through a critical
point of f(z) for it facilitates expanding into a convergent power series
as the first derivative vanishes. Secondly, we want v(x,y) to take on a
constant value along the deformed contour. In this way, we obviate the
need for considering rapid oscillations of the integrand when n becomes
large. Thirdly, we want u(x,y) to drop from the critical point of f(z)
at the fastest possible rate so that the largest values of the integrand
become concentrated in a small contour segment.

Therefore, we first choose a critical point z¢ of f(z). Following the
initial reasoning, z¢ must be a saddlepoint of f(z). Surprisingly, the
latter two demands can both be fulfilled since the contour, along which
v(x,y) is constant, coincides with the contour, where w(x,y) exhibits
the fastest rate of change. We thus move from the saddlepoint z¢ along
the steepest descent contours.

Along the deformed contour, we define a positive real function by

(3-2) $(z) = f(z¢) — f(z) = ulxe, yo) —ulx,y) > 0,

22



SADDLEPOINT METHOD

whose inverse function determines z as a function of ¢. We write

¢ =d(z), z=z(d).

Employing integration by substitution for contour integrals, all that
remains to consider is the asymptotic behaviour of the expression

(3.3) enflz) J e“‘bg(z(dﬂ)jdz) do (n — 00).
0

In chapter 5, we shall present an application of the steepest descent
method. Instead of approximating f(z) in the exponential, where the
error would clearly be beyond control, one can approximate dz/d¢ by
expanding it into a convergent power series near the saddlepoint z;.
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DENSITY EXPANSIONS

In this chapter, without going into exhaustive detail, we introduce
Gram and Charlier’s and Edgeworth’s expansion, following the presen-
tation in Butler, 2007 and referring to Brenn and Anfinsen, 2017 for an
overview of different approaches. Let X denote a real-valued random
variable with expectation p, variance o and density function fx(t).

In the following, consider the normal density function

1 [t — p?
0ltin0) = L exp( T4 (te®

and the standard normal density function

@(t) = o(t;0,1) (t e R),
which are related by
olt:n,0) = o(D) (t < R),
where
=t (teR).

Considering the differential operator

dTl

Dn = w (n S N),

the n-th Hermite polynomial

n .
Hn(t) = Z an,jt! (n e N)
j=0
is defined by
Hn(t) = @(—t)[-DI"o(t) (n € N).
Subject to certain conditions, we have the representation

fx(t) =Y bj[=Dle(t:p, 0) (teR).

j=0
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Since the Hermite polynomials are orthogonal in the sense that

+o00
0 if
| Hotwrm@oma={" T e,
e n ifn=m
it follows that
+o00
om _ .
b; = T’ J H;(5)fx(s) ds (j € N).
As
t; _
DIl o) = 2Rk ) (neN),
we arrive at
(4.1) fx(t) = @(tm,0) ) ¢jH;(t) (t € R),
j=0
where
1 +00
cj = ]T J Hj(g)fx(s) ds () e N)
so that, by (2.4),
1 j
(4.2) Cj = Z aj1VX,1 (jeN)
)i
or, equivalently, by (2.7),
14 !
(4.3) ¢y = ] Z aj,1 Z Bi,r(0yAx,2y -y AX 114 1) (G €N).
“1=0 =1

The expansion (4.1) is either referred to as Gram and Charlier’s
expansion in case the coefficients (4.2) are considered or referred to as
Edgeworth’s expansion in case the coefficients (4.3) are considered.

A list of the first few Hermite polynomials Hy, (t) and of the first few
coefficients (4.2) as well as (4.3) can be found in appendix A. Note that
the Hermite polynomials Hy, (t) can be calculated explicitly through

[n/2]

_11j+n—2t
(4.4) Hat= 3 o

il N).
2 -2 (neN)
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Consider
_ 1 &
Xn ::n;xj (n e N),
]:

the sample mean of n independent and identically distributed random
variables Xj with moment-generating function Mx(z) and cumulant-
generating function Kx(z). By independence, using (2.9), we get

s, = B(exp(2 j_ixj)) - }jE(exp(j;xj)) = mp(2).

Hence,
z
K, =nkx(7))
and
n .
(5.1) )\ij = \/?7\)()]' (] S N)

In the following, we examine the asymptotic behaviour of both the
density function fyn(t) and the distribution function an(t) for a given
value of t. To be precise, we approximate fyn(t) by the first terms of its
asymptotic expansion, whereas we approximate an(t) by the first terms
of the sum of two seemingly unrelated asymptotic expansions. Since both
approximations were originally established by the use of the saddlepoint
method, they are commonly called saddlepoint approximations.

DENSITY FUNCTION

The inversion formula (2.10) yields the integral representation

Y-+ioco
J exp (n [KX(Z) — tz]) dz (t € R),

Y—ioco

(5.2) fi (t) = Zlm

from which one can basically pursue two ways. Both the saddlepoint
method and Esscher’s method lead to the same approximation.
The saddlepoint approximation of the density function originates with

the pioneering Daniels, 1954, which is why it is sometimes called Daniels’
formula. Our exposition is based on Field and Ronchetti, 1990.
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Saddlepoint method

The integral (5.2) is clearly of the form (3.1) with the functions

f2) =Kx(@)—tz, glz) =3,

and a single real saddlepoint z¢ which satisfies the saddlepoint equation
K%(Zt) =t

can be shown to exist under mild conditions so that the steepest ascent
contour goes along the real axis. To move from z. along the steepest
descent contour, we now deform the integration contour as follows.
First of all, after constructing a circle of radius ¢ around z, follow
the steepest descent contour Dy inside the circle, starting from z¢ in the
direction orthogonal to the real axis. Along this contour, the imaginary
part v(x,y) vanishes. Secondly, at the points z; and z;, where D enters
the circle, continue in the direction orthogonal to Dy on the contours D4
and D, of constant real part u(x,y). Thirdly, at the points z3 and z4,
where Dy and D3, as can be shown, cross the original vertical contour
going through z., proceed along the vertical contours D3 and Dy.
Hence, consider

zlm Jexp(n[KX(Z) - tz]) dz,
D

where
D=DouUD;uUD,UD3UD4UDs.

Along the straight line z = z; 4 iy, we have

“+o00
of(z) _ otz J exp([ze + iy]s) dFx(s).

—0o0

However, writing the integral as

+oo +o0
J exp([z¢ +iy]s) dFx(s) = Mx(z¢) J ei‘-’SN&EZt) dFx(s),

we conclude that
ez = e7=Mx(z¢)Cly),
where C(y) is some characteristic function. Since, in general, one has

Yy #0: Cly) <1,
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=Y

The deformed contour D.
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hence

Ja<1: }e”z)| = etxy) C geflz)

the contribution along D\ D¢y outside the circle can be neglected.
It remains to consider D¢ inside the circle. By (3.2), define

d(2) = Kx(z) — tz — [Kx(z¢) — tz¢].

By expanding,

writing

and setting

(= [z—zt] Vkx,2,0

we get
i = 3 AXght 75
50 (&)-j}_z Sl

Consequently,

11)( = 1+ZZ ,)+1t

By the generalised binomial theorem, the first terms are

: _ )\X,3,t 2 )\X,4,t }‘X3t 3 4
(o) = c ey |2t B oy o)

which can be expressed as a function of . Threefold recursion gives

X3t At A3 |3
Clp) =+ P4 | P I i3 4 0(u)

Following (3.1), we consider the asymptotic behaviour of

P (z2)

exp(n[Kx(z¢) — tz¢]) J exp (—%tl)z) o di,
P(z1)

n

2minvkx, 2t
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which yields, by Watson’s lemma (1.3), the second-order approximation

(5.3 (0~ el + 241 fn — oo),

[ m
ht (n) = m exp (Tl [KX (Zt) - tZt} )
or, equivalently,
_ n _n2
hun)i= [ exp(=7pi)

Pt = sgn(zt)\/Z [tze — Kx(z1)].

where

with

One has

Axat O3
3 24

xt,0 = ], Kt,1 =

Regarding the inversion of i({), one can use the following lemma
about Lagrange’s inversion formula as well. See Charalambides, 2001.

Lemma. If

Q=Y B, =Y S (1 #0)
=1 " j=1"
such that
Y =9(C) =9 (CW)), =) =),
then
d ATy .
(54) [dtbj(’(lb)]w_o B [dcﬂ [w(&)} L_O AR

Lagrange’s inversion formula (5.4) and Watson’s lemma (1.3) yield

()~ hen) ) 25 (n — o0),
j=0
where
1y o P! .
%5 = 95 [d@i [up(é)} o (j €N).
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Esscher’s method

The following definition and method originate with F. Esscher.
Definition. The Esscher transform fx_ of X for s € R is defined by
(5.5) fx,(t) = exp(st — Kx(s))fx(t) (t € R).

Note that fx, is a density function. The set of Esscher transforms fx
indexed by s is known as natural exponential family of X. One has

_ _ 2 _ _
Hx, = kxo1 =kx1,sy 0%, = kx,2 = kx,2,s-

Now, Esscher’s method for establishing the saddlepoint approximation
of fyn(t) comprises three steps. First of all, s¢ is chosen such that

HX,\ o = b
which amounts to solving the saddlepoint equation
Ki(st) = t.
Secondly, we write
fx (1) = exp(KXn(s) — st)an’S(t).

Thirdly, by Edgeworth’s expansion and (5.1),

— n ] AX)4vt 5)\5(,3,‘(
s ()~ 1/ ST [1 - [ ; 34| (n— oo).

Altogether, we again arrive at the saddlepoint approximation

fx, (1) ~ he(n) [cxt,o + 06;,1 ] (n — o0).

Roughly speaking, Edgeworth’s expansion is used locally at the point
where the approximation is to be obtained. For this reason, Esscher’s
method is sometimes called Edgeworth’s indirect expansion. In the tails
of the distribution, the first proves surprisingly accurate, while the latter
can be inaccurate. In other words, one replaces a global high-order
approximation by a local low-order approximation around each point of
interest. Martin, 2004 provides a daring but intuitive derivation.

Remarks

Naturally, the question arises whether the first-order approximation
given by h¢(n) is exact or exact up to normalisation. Interestingly,
this is the case for three probability densities fx(t) only, namely for
the probability density of the normal distribution, in which case the
dominant term is exact and the higher order terms are zero, and for the
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probability density of the gamma and of the inverse normal distribution,
in which case the dominant term is exact up to a constant and the higher
order terms, which are nonzero but independent of t, can be included in
the normalisation constant. We refer to Daniels, 1980 for details.

DISTRIBUTION FUNCTION

Originating with Lugannani and Rice, 1980, the saddlepoint approxi-
mation of the distribution function Fyn(t) is commonly called Lugannani
and Rice’s formula. The second-order approximation takes the form

68 P~ otvip+ 2P o Bl o),

where @ (t) denotes the standard normal distribution function and ¢(t)
the standard normal density function. The coefficients are given by

1 1 1 1 )\X 3.t Xt 1
Bro=———, Buii=——3+ 3+ g b
SO ) pi qi 29 a

and

qt = ztV Kx,2,t-

Approximation (5.6) can be derived from Daniels’ second-order for-
mula (5.3) using Temme’s lemma (1.4). See Reid and Fraser, 1992.
Consider

then
Pt
Bn(t) = 21 J exp(—zp )An(ps)dp5>
“oo
where
An(ps) d‘i\/ﬁ{wo‘:‘] (n — co).
Since
ds _ ps
dps  zg’

it follows that

1

a
An(ps)waps,O‘i‘% (n—>oo),
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where
X, 1
apg,0 = ) ap,,1 = Ps%s, .
S qS
As
Bn(oo) = 17
we have
bo=1, b1 =0
From

PtCp,,0 = Do — Qp,0

it follows that

1 1
Cpt)o =

Ps=Pt

Ps=Pt

Pt qt'
As
C =b;—a + ic
Pt pe,1 — U1 Pt, ] dps Ps,0 |
we get
Pt&+t,1 1 I: 1 dqs:|
PtCpe,1 = — + |- y
P qt [ p% q% dps
but
% _ p75 psAX,3,s
dps Qs 2
so that
S S 0. K 5
e P? d4i 297 q

Taking a closer look at Lugannani and Rice’s formula (5.6), it reveals
the flavour of a series expansion. Indeed, one has the approximation

(5.7)

Fy, (1)~ (ﬁpt - -t Aq)) (n— o),

which originates with Barndorff-Nielsen, 1991, after whom the formula
is called. Note that it is guaranteed to take values between 0 and 1.
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EXAMPLES

We finally give two examples which both deploy Daniels’ first-order
formula (5.3) and Lugannani and Rice’s first-order formula (5.6).

The first example shows that the saddlepoint approximation of both
the normal density and the normal distribution function is exact.

Example. In case the random variables X;j are normally distributed
with mean px and variance Gi, then the corresponding sample mean is
normally distributed with mean pyx and cr%( /n. Hence, one has

2
fx (t) = \/Tntiexp (—n[tzch] ) (neN)

and
nit —
Fe ()= (‘ﬂox “X]> (n € N).
Since
155,
Kx(z) = uxz + 7OX%
we get
Ki(z) = ux + 0%z
so that
t—ux
Zt = 2}1
OX
and
kx,z,t = 0'%(-
Hence,
t—px
Pt =4t = ox

Therefore, the first-order approximations are exact, meaning that

(1) = (1) (teR)
and
Fy, (t) = ©(vpy) (tR).

The second example considers the Gumbel distribution, which is one
out of three special cases of the generalised extreme value distribution
from extreme value theory. See, for example, McNeil et al., 2005.
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Although our saddlepoint approximations are based on the asymp-
totic behaviour of the sample mean as n — oo, it turns out that the
approximations are surprisingly accurate even in the case n = 1.
Example. The standard Gumbel density function is given by

t

(5.8) fx(t) =e te ¢ (t eR)
and the distribution function takes the similar form
t

(5.9) Fx(t)=e ¢ (t € R).

By a simple transformation, it follows that

+o00 +o00
Mx(z) = J e*tete ¢ dt = J s e Sds=T(1—2z2),
—0 0

where I'(z) is the gamma function

Nz)= | t7 e tdt.

o—3

Consequently,
Kx(z) = log (1 — z)
and
Kx(z) = —bo(1 —2), Ki(z) =11(1—2),

where \o(z) and 1 (z) are the digamma and the trigamma function.
Therefore,

(5.10)  fx(t)~ /2m|)1(]1—zt) exp(log(M(1 = 20)) —tzi)  (n=1)

and

(5.11) Fx(t)~ Opd) + olpy) |-~ (n=1),
Pt qt

where

pt = sgn(zt)\/Z[tzt —log(T(1 —z¢))], qe =ze /1 (1—2z¢)

and z is defined as the solution of the saddlepoint equation given by

—Po(T —z¢) =t.

See appendix B for the implementation of the following plots.
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First-order approximation (5.10) of the Gumbel density function (5.8).

First-order approximation (5.11) of the Gumbel distribution function (5.9).
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APPLICATION



RISK MEASURES

We consider the total profit and loss variable X with density function
fx(t) and continuous distribution function Fx(t) of some portfolio.

In the following, we introduce two common risk measures, namely the
value at risk and the expected shortfall, and show how the saddlepoint
approximations can be applied. Regarding the approximation, we confine
ourselves to n = 1, thus considering X as a single random variable.

VALUE AT RISK
Definition
The value at risk of X at the confidence level « is defined by
(6.1) N = VRx « = inf{t € R: Fx(t) > o} 0<a<1),

which is simply the a-quantile of X. It is the smallest number such that
the probability that X exceeds it is no larger than 1 — . Clearly,

Fx(VRx,«) = @

so that computing the value at risk at some confidence level « is the
inverse task of computing the tail probability at some loss level t.

Approximation

For fixed o, Lugannani and Rice’s formula (5.6) yields

1 1
(6.20) &~ ®(py) + @(py) [pn _ qn} (m=1),

where z, satisfies the saddlepoint equation
(6.2b) Kk (zq) =

The coefficients are

Pn = Sgn(zn)\/Z[znn —Kx(zo)],  dn =2zqvkx,2,n-

As py and gy involve z,, one is faced with the task of solving the
coupled equations (6.2a) and (6.2b) simultaneously for z,, and n.
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EXPECTED SHORTFALL
Definition
The expected shortfall of X at the confidence level « is defined by
(6.3) V= ESx,« = E(X[X > VRx,«) O<a<1)
and one can show that
1 1 ]
(64) ESX,cx = m E(XH{X>VRX‘D¢}) = m JVRX,B dB

x

Hence, ESx, « is the expected loss beyond the threshold VRx . In-
stead of considering VRx  for some fixed value of , we average over
all VRx g with 3 > «, thus looking further into the tail distribution.

Approzimation

The following approximation of the expected shortfall can be estab-
lished in two different ways. We refer to both Martin, 2006 and Broda
and Paolella, 2010. For fixed «, the inversion formula (2.13) yields

1 ihioo , . ekx(z)=am
E(X]l{X>T]}) = R J KX(Z)T dZ,
Y—ioco

where the singularity in the integrand can be rewritten as

Kx(z) [Hx+ K&(Z)—MX}
z |z z )

By the inversion formula (2.11), the first term gives

Y—+ioco

Kx(z)—zn

HX €

— ——dz = P(X .

i J " z=ux P(X>n)
Y—ioco

By the saddlepoint method, one can show that

Y+ioco

1 eKx(z)—zn _

- J [Kl2) ] S ae = T By (n=1)
Y—ioco

Altogether, we get the approximation

n— BX

E(XL(xon)) ~ Hx P(X > 1) + fxm. (=1
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Replacing P(X > n) by Daniels’ second-order formula (5.3) and fx(n)
by Lugannani and Rice’s second-order formula (5.6), we arrive at

(6.5) E(XLix=n}) ~ ox[1 = @(pn)] — @(pn)[yo +vi] (n=1),
where
_ Mx n
Yoi= > — —
Pn dn
and
ux M MAxn,3  Nn,1 1
Yi=——3 T3 - - :
Py 4y 247 dn  Zndn

In a similar way to how Lugannani and Rice’s formula (5.6) was
established, approximation (6.5) can be derived from Daniels’ second-
order formula (5.3) by Temme’s lemma (1.4) as follows. Consider

n
By(n) = J stx(s) ds,

then
T 1
Bitn) =5 | exp(=592)Ai(p) dpe,
where
ds S
A ~— 1+« n=1).
](pS) dps m[ S,]] ( )
Since
ds Ps
dps Zs)
it follows that
Aq (ps)”aps,O‘i‘aps,] (m=1),
where
S S
a‘ps,o = -pqis) aps)1 — —psqisw.
As
B] (OO) = KX,
we have

bo =ux, by =0.
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From

PnCp,,0 =bo—ap 0

it follows that

Cpn,0 = X_1
Pn dn
As
PnCpy,1 =b1—ap 1 — [ddcps,O],
Ps Ps=Pn
we get
v =P [ [ ]
Ps=Pn
but
ds  ps
dps  zs
and
dgs _ Ps | PsAxs,3
dps  qs 2
so that
et _TF’? " (:31 ' n)\;;? - nz:’] - Zn]qn’
Note that

E(XLix=n}) = x — Bi(n).
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EULER CONTRIBUTIONS

Suppose that the total profit and loss variable X arises from d inde-
pendent single profit and loss variables Yj. We therefore consider

The single variables Y; may have a different economic interpretation
depending on the area of application. They may, for instance, represent
different lines of business, investments in assets or perhaps loans.

Furthermore, we introduce weight variables a; so that

d
X(a) = Z a;Yj,

j=1

which suggests the interpretation of aj as amount of money invested in
the asset Yj or as loan exposure if Yj is some Bernoulli variable.
Optimising the risk of the portfolio, one might be interested how each
component contributes to the overall risk. We tackle the question how
risk measures can be decomposed into its different risk sources.
Hereafter, let p(a) denote some risk measure of X(a). For details on
the following definition, see McNeil et al., 2005 or Tasche, 2008.

Definition. The Euler contribution 7, ;(a) to p(a) is defined by

— a@
7 aa)-

(a).

o5 (a)

One can interpret 71, j(a) as the amount of economic capital allocated
to the position a;Yj when the total position has profit and loss X(a).

PROPERTIES
In case p(a) is a positive homogeneous risk measure such that
Vx > 0: p(xa) =xp(a),

then it follows, by use of the multivariable chain rule, that

(a) = [dx (a)] - [d (xa)} Y (o)
P = ldx P o = dxp o = P,

j=1

which is commonly known as Euler’s theorem.
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EULER CONTRIBUTIONS

Both the value at risk and the expected shortfall are positive homoge-
neous risk measures so that the Euler contributions add up to the risk
measure itself. To stress the dependence on the weight variable, let

ﬂ(a) = VRX[a),oo 19((1) = ESX(a) [ 4

Subject to certain conditions, Tasche, 1999 shows that

M @BV 1X(@) =n(@), 2 (@) = E(Y;|X(a) > n(a)).

aa]- aa]-

so that, in accordance with Euler’s theorem,
Z a; E(Y;j [X(a) =n(a)) = E(X(a)|X(a) =n(a)) =n(a)
and, similarly,

Za) (Y;1X(a) > n(a)) = E(X(a)| X(a) > n(a)) =(a).

APPROXIMATION

We proceed with deriving saddlepoint approximations for the Euler
contributions 71, j and 7ty j, where the confidence level « is fixed.

For the sake of clarity, we drop both the weight variable a and the
integration contour in case it corresponds to Bromwich’s contour.

Value at risk

We follow Martin et al., 2001. By the inversion formula (2.11),

Fx(n) = dz.

2mi

1 eKx(z)—mz
|=—=—

Differentiating both sides with respect to a; then yields

E’B( )_1Je‘<x(2>—nz aKx() o d
E)aj n C2m z aa]- z aa] z

Since the confidence level « is fixed, we have

Fx (T]) = o,
so the derivative with respect to a; is

9Fx
aa]'

m)=0
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After rearranging, we get

Kx(z)—mz
o = J eT OKx (z) dz/J'eKX(Z)nZ dz.

aa)- aa)

By the saddlepoint method, one can show that

(7.1) fwfi_(ln) (n=1),

thus yielding the approximation

a aKX
(7.2) T, N;]Taj( ) (n=1),
where z,, satisfies
0Kx
Tz( ) =n.

Note that the cumulant-generating function has the property

a; oK
T22X (),
z 0qj

0K x
0z

I\/]m

(z) =

1

—.

from which we arrive at the possibly surprising result that
n

This means that the approximations (7.2) of the Euler contributions
T,,; to M add exactly up to n, despite merely being approximations.
Writing

% s,
dq;

FL

Y= (Y,...,Yn),
then it follows from
19K = =
;TS(Z) = Jyj eXp(Z Za]’Uj) de(y)/Jexp<Z Zajyj) dPy(y)
=1 j=1
that the Euler contributions satisfy

O.] aKX
zn 0gy

a; minY; < ———(zy) < aj maxj.

In case the variables Y;j are Bernoulli variables, then

1 9Kx
~ zy 0g
which suggests the interpretation of risk-adjusted default probabilities.

——(zq) <1,
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Expected shortfall

We follow Martin, 2009. By the trivial identity
E(XX[X>n)=n+EX-n[X>n)

and the inversion formula (2.12), we get

d=n+ dz.

1 J ekx(z)—mz

271 — of z2

Differentiation then yields

00 on 1 eKx(z)—mz MoKy on
—-— = . 5 (z) —z—| dz.
da; 0a; 2mi[l — o z 0a; 0q;

However,

1 [ eKx(z)—mz
szz dz=T-a

hence the expression becomes

) 1 J eXx(z)—mz K

. d
d0a; ~ 2mill — o (=) dz,

Zz aa]-
where the singularity can be rewritten as

1 0Kx 2)

2o P T T 0w
z< 0q; z z

3R -

By the inversion formula (2.11), the first term gives

1% J' eKx(z)—mz

— =y, P :
i ,— dz=py,P(X>n)

By the saddlepoint method, one can show that

1T [1][10K _ f 1 9K

thus yielding the approximation

aj f 1 9K
USE R ﬁ( [uij(X >1)+ XZT) [Znaa)j((zn) - uvju,

where z,, satisfies

X (1) =
0z )=
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APPENDIX



EXPRESSIONS

Moments as cumulants

According to (2.5), one has

my = Ki,

my =ky + k%,

m3 = k3 + 3kakq + k3,

my = ka4 +4kskq + 3k + 6kokf + k7.

Cumulants as moments

According to (2.6), one has

k1 =mjy,

K — .2

2 = Mm3 my,

k3 = m3 —3momy —|—2m?,

kg = mg —4mzmy — Sm% + 12m2m% — 6m‘1‘.
Standard moments as standard cumulants

According to (2.7), one has

V2 :}\2)
V3 :)\3)
V4 = Ag + 373,

Vs = A5 + 107\37\2,
Ve = Ag 4 15A4A2 + TOAZ + 15A3.

Standard cumulants as standard moments

According to (2.8), one has

7\2 = V2,
A3 =3,
_ 2
)\4 = Vg4 — 3V2,
)\5 = V5 — ]0'\/3'\/2,

A = Vg — 15v4vy — 10\/% + 30\/%



EXPRESSIONS

Hermite polynomials

According to (4.4), the first polynomials are

Gram and Charlier’s expansion

According to (4.2), the first coefficients are

co=1,

C1 :O,

C2 :0,

c3 =V3/6,

cq = [vq —3]/24,

Cs = [V5 — 10\/3]/120,
ce = [vg — 15v4 + 30]/720.

Edgeworth’s expansion

According to (4.3), the first coefficients are

Co :],

C1 :O,

C2 :0,

c3 = A3/6,
C4g :7\4/24,
Cs :7\5/120,

c6 = Ae + T0A31/270.



PREPARATION

This thesis was created in W TEX with the template classicthesis. Most
of the figures were first created externally, then transformed into code
blocks and finally embedded into the document by the package tikz.

The figures on page 9 and on page 36 were created using R with the
source code given below and issued into code blocks by the package
tikzDevice. The figure on page 21 was taken from Bleistein and Handels-
man, 1975 and edited in Inkscape. The figure on page 28 was plotted
with GeoGebra following Field and Ronchetti, 1990. Both figures were
then transformed into code blocks in Inkscape by the extension tikz.

Source code of figures on page 9.

library("expint")
Ei <- function(n) expint_El(n) # exponential integral

S_m <- function(n) { # partial sum for fixed m
sum <- 0
for (j in 1:m) sum <- sum + (-1)~(j-1l)=*factorial(j-1)*n~(-j)
exp(-n)*xsum

}

S_n <- function(m) { # partial sum for fixed n
sum <- 0
for (j in 1:m) sum <- sum + (-1)~(j-1)=*factorial(j-1)*n~(-j)
exp(-n)*sum

}

R_n <- function(m) abs(Ei(n)-S_n(m)) # remainder for fixed n
# figure 1

N <- 1:3

curve(Ei,from=1,to=4,xlim=c(1,3),ylim=c(0,0.1))
ei <- vector(length=length(N))

for (n in N) ei[n] <- Ei(n)

points(N,ei,pch=16)

m<-1

curve(S_m, from=1,to=4,1ty=5,add=T)
s_1 <- vector(length=length(N))
for (n in N) s_1[n] <- S_m(n)
points(N,s_1,pch=16)

m<- 2

curve(S_m, from=1,to=4,1ty=2,add=T)
s_2 <- vector(length=length(N))
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for (n in N) s_2[n] <- S_m(n)
points(N,s_2,pch=16)

m<-3
curve(S_m, from=1, to=4,1ty=3,add=T)
s_3 <- vector(length=length(N))
for (n in N) s_3[n] <- S_m(n)
points(N,s_3,pch=16)

# figure 2
M<- 1:10

n<-1

r_1 <- vector(length=length(M))

for (m in M) r_1[m] <- R_n(m)
plot(M,r_1,xlim=c(1,9),ylim=c(0,0.25),pch=16)
axis(1l,at=1:9,labels=1:9)

lines(M,r_1,1ty=5)

n<-2

r_2 <- vector(length=length(M))
for (m in M) r_2[m] <- R_n(m)
points(M,r_2,pch=16)
lines(M,r_2,1ty=2)

n <-3

r_3 <- vector(length=length(M))
for (m in M) r_3[m] <- R_n(m)
points(M, r_3,pch=16)
lines(M,r_3,1ty=3)

Source code of figures on page 36.

f <- function(t) exp(-t)xexp(-exp(-t)) # density function
F <- function(t) exp(-exp(-t)) #distribution function

spe <- function(z,t) -digamma(l-z)-t # saddlepoint equation

f_spa <- function(t){ # saddlepoint approximation of f
z_t <- uniroot(spe,c(-20,0.999),t=t)$root
sqrt(1l/(2xpixtrigamma(l-z_t)))+*exp(log(gamma(l-z_t))-txz_t)
}

F_spa <- function(t){ # saddlepoint approximation of F
z_t <- uniroot(spe,c(-20,0.999),t=t)$root
p_t <- sign(z_t)*sqrt(2*(txz_t-log(gamma(l-z_t))))
g-t <- z_txsqrt(trigamma(l-z_t))
pnorm(p_t)+dnorm(p_t)*(1/p_t-1/q_t)

}

T <- seq(from=-3,to=5,by=0.15)
f_T <- F_T <- vector(length=length(T))

for(t in 1:length(T)){
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f_T[t] <- f_spa(T[t])
F_-T[t] <- F_spa(T[t])
}
# figure 1

curve(f,from=-3,to=5,xlim=c(-2,4),ylim=c(0,0.4))
points(T,f_T)

# figure 2

curve(F,from=-3,to=5,xlim=c(-2,4),ylim=c(0,1))
points(T,F_T)
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