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Abstract

A peacock is a family of probability measures with finite mean that increases in convex order. It
is a classical result, in the discrete time case due to Strassen, that any peacock is the family of one-
dimensional marginals of a martingale. We study the problem whether a given sequence of probability
measures can be approximated by a peacock. In our main results, the approximation quality is measured
by the infinity Wasserstein distance. Existence of a peacock within a prescribed distance is reduced to a
countable collection of rather explicit conditions. This result has a financial application (developed in a
separate paper), as it allows to check European call option quotes for consistency. The distance bound on
the peacock then takes the role of a bound on the bid—ask spread of the underlying. We also solve the
approximation problem for the stop-loss distance, the Lévy distance, and the Prokhorov distance.
© 2018 Elsevier B.V. All rights reserved.

1. Introduction

A celebrated result, first proved by Strassen in 1965, states that, for a given sequence of
probability measures (i, ),cn, there exists a martingale M = (M,),en such that the law of
M, is w, for all n, if and only if all u, have finite mean and (u,),cn iS increasing in convex
order (see Definition 2.1). Such sequences, and their continuous time counterparts, are nowadays
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1 See Theorem 8 in [36]. (Another result from that paper, relative to the usual stochastic order instead of the convex
order, is also sometimes referred to as Strassen’s theorem; see [23].)
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referred to as peacocks, a pun on the French acronym PCOC, for “Processus Croissant pour
I’Ordre Convexe” [15]. For further references on Strassen’s theorem and its predecessors, see
the appendix of [6], p. 380 of Dellacherie and Meyer [8], and [1]. A constructive proof, and
references to earlier constructive proofs, are given in Miiller and Riischendorf [27].

The theorem gave rise to plenty of generalizations, one of the most famous being Kellerer’s
theorem [19,20]. It states that, for a peacock (u,);=¢ with index set R™, there is a Markov
martingale M = (M;);>o such that M; ~ p, for all + > 0. Several proofs and ramifications
of Kellerer’s theorem can be found in the literature. Hirsch and Roynette [16] construct
martingales as solutions of stochastic differential equations and use an approximation argument.
Lowther [25,26] shows that under some regularity assumptions there exists an ACD martingale
with marginals (u;);>0. Here, ACD stands for “almost-continuous diffusion”, a condition
implying the strong Markov property and stochastic continuity. Beiglbock, Huesmann and
Stebegg [2] use a certain solution of the Skorokhod problem, which is Lipschitz—Markov, to
construct a martingale which is Markov. The recent book by Hirsch, Profeta, Roynette, and
Yor [15] contains a wealth of constructions of peacocks and associated martingales.

The main question that we consider in this paper is the following: given € > 0, a metric d
on M — the set of all probability measures on R with finite mean — and a sequence of measures
(11)rer iIn M, when does a sequence (v;),er in M exist, such that d(u,, v;) < € and such that the
sequence (v, )7 is a peacock? Here T is either N or the interval [0, 1]. Once we have constructed
a peacock, we know, from the results mentioned above, that there is a martingale (with certain
properties) with these marginals. We thus want to find out when there is a martingale M such that
the law of M, is close to u, for all . We will state necessary and sufficient conditions when d
is the infinity Wasserstein distance, the stop-loss distance, the Prokhorov distance, and the Lévy
distance.

The infinity Wasserstein distance is a natural analogue of the p-Wasserstein distance. Besides
the dedicated probability metrics literature (e.g., [32,33]), it has been studied in an optimal
transport setting in [5]. It also has applications in graph theory, where it is referred to as the
bottleneck distance (see p. 216 of [10]). A well-known alternative representation of the infinity
Wasserstein distance shows some similarity to the Lévy distance. The stop-loss distance was
introduced by Gerber in [11] and has been studied in actuarial science (see for instance [7,18]).

For both of these metrics, we translate existence of a peacock within e-distance into a more
tractable condition: There has to exist a real number (with the interpretation of the desired
peacock’s mean) that satisfies a countable collection of finite-dimensional conditions, each
explicitly expressed in terms of the call functions x > [(y —x)" u1,(dy) of the given sequence of
measures. For the infinity Wasserstein distance, the existence proof is not constructive, as it uses
Zorn’s lemma. For the stop-loss distance, the problem is much simpler, and our proof is short
and constructive. Note, though, that the result about the infinity Wasserstein distance admits a
financial application, which was the initial motivation for this work. The problem is similar to the
one considered by Davis and Hobson [6]: given a set of European call option prices with different
maturities on the same underlying, we want to know when there is a model which is consistent
with these prices. In contrast to Davis and Hobson we allow a bid—ask spread, bounded by some
constant, on the underlying. This application will be developed in the companion paper [12].

Our proof approach is similar for both metrics: we will construct minimal and maximal
elements (with respect to the convex order) in closed balls, and then use these elements to derive
our conditions. In the case of the infinity Wasserstein distance, we will make use of the lattice
structure of certain subsets of closed balls.

The Lévy distance was first introduced by Lévy in 1925 (see [22]). Its importance is partially
due to the fact that d~ metrizes weak convergence of measures on R. The Prokhorov distance,
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first introduced in [31], is a metric on measures on an arbitrary separable metric space, and is
often referred to as a generalization of the Lévy metric, since d¥ metrizes weak convergence on
any separable metric space. For these two metrics, peacocks within e-distance always exist, and
can be explicitly constructed.

The definition of the infinity Wasserstein distance yields a coupling representation, and it is
a natural question whether — assuming the existence of a peacock nearby — there is a filtered
probability space on which the coupling can be realized with a martingale. For finite sequences
of measures with finite support, we show in Theorem 9.2 that this is true, thus extending (a
special case of) Strassen’s theorem in a novel direction.

The structure of the paper is as follows. Section 2 specifies our notation and introduces the
most important definitions. Section 3 contains our main result on approximation by peacocks
using the infinity Wasserstein distance. Its proof is given in Section 4, and a continuous time
version can be found in Section 5. In Section 6 we will treat the approximation problem for the
stop-loss distance. After collecting some well-known facts on the Lévy and Prokhorov distances
in Section 7, we will prove a criterion for approximation by peacocks under these metrics in
Section 8. Section 9 presents our novel extension of (a special case of) Strassen’s theorem, and
some related open problems that we propose to tackle in future work.

2. Notation and preliminaries

Let M denote the set of all probability measures on R with finite mean. We start with the
definition of convex order.

Definition 2.1. Let 1, v be two measures in M. Then we say that u is smaller in convex order
than v, in symbols u < v, if for every convex function ¢ : R — R we have [ ¢ du < [ ¢ dv,
whenever both integrals are finite.> A family of measures (i1,);er in M, where T C [0, 00), is
called peacock, if u; <. u, forall s <t in T (see Definition 1.3 in [15]).

Intuitively, © <. v means that v is more dispersed than u, as convex integrands tend to
emphasize the tails. By choosing ¢(x) = x resp. ¢(x) = —x, we see that u <. v implies that
w and v have the same mean. As mentioned in the introduction, Strassen’s theorem asserts the
following:

Theorem 2.2 (Strassen [36]). For any peacock with T = N, there is a martingale whose family
of one-dimensional marginal laws coincides with it.

The converse implication is of course true as well, as a trivial consequence of Jensen’s
inequality. As mentioned in the introduction, the equivalence also holds for time index set
T =R7*[16,19,20]. For u© € M and x € R we define

R, (x) = /(y —x)"u(dy) and  Fu(x) = pu((—o0, x]).
R

2 The apparently stronger requirement that the inequality [ ¢ dpu < [ ¢ dv holds for convex ¢ whenever it makes
sense, i.e., as long as both sides exist in (—oo, 0o], leads to an equivalent definition. This can be seen by the following
argument, similar to Remark 1.1 in [15]: Assume that the inequality holds if both sides are finite, and let ¢ (convex)
be such that /¢ dj = co. We have to show that then [ ¢ dv = oo. Since ¢ is the envelope of the affine functions it
dominates, we can find convex ¢, with ¢, 1 ¢ pointwise, and such that each ¢, is C? and ¢, has compact support. By
monotone convergence, we then have [ ¢ dv = lim [ ¢, dv > lim [ ¢, du = [ ¢ djp = co. Note that the convexity of
¢ guarantees that [ ¢ dv > —oo0.
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We call R, the call function of w, as in financial terms it is the (undiscounted) price of a
call option with strike x, written on an underlying with risk-neutral law p at maturity. (It is
also known as integrated survival function [27].) The mean of a measure p will be denoted by
Eu = [y u(dy). The following proposition summarizes important properties of call functions.
All of them are well known. In particular, the equivalence in part (iv) has been used a lot to
investigate the convex order; see, e.g., [29].

Proposition 2.3. Let w, v be two measures in M. Then:

(1) R, is convex, decreasing and strictly decreasing on {R,, > 0}. Hence the right derivative
of R, always exists and is denoted by R;/r
(ii) limy R, (x) = 0 and lim,_, (R, (x) + x) = Eu. In particular, if u(la, 00)) = 1 for
a > —oo, then Ep = R, (a) + a.
(iii) Rl/t(x) =—1+F,(x)and R,(x) = fxoo(l — F,.(»)dy, forall x e R.
(iv) u <¢ v holds if and only if R, (x) < R,(x) forall x € R and Ep = Ev.
(v) For x; < x2 € R, we have R, (x2) — R, (x1) = fxxlz R;t(y) dy.

Conversely, if a function R : R — R satisfies (1) and (i1), then there exists a probability measure
w € M with finite mean such that R, = R.

As for (v), note that R;L is increasing, thus integrable, and that the fundamental theorem
of calculus holds for right derivatives. See [4] for a short proof. The other assertions of
Proposition 2.3 are proved in [16], Proposition 2.1, and [15], Exercise 1.7. For a metric d on
M, denote by B¢(j, €) the closed ball with respect to d, with center 1 and radius €. Then our
main question is:

Problem 2.4. Given € > 0, a metric d on M, and a sequence (i, ) ey in M, when does there
exist a peacock (v,)pen With v, € B?(u,,, €) for all n?

Note that this can also be phrased as

doo ((Mn)neNs (Vn)neN) <e,

where

doo ((Mn)neNs (Vn)nEN) = supd(ﬂn’ V)
neN
defines a metric on MY (with possible value infinity). For some results on this kind of infinite
product metric, we refer to [3]. Clearly, a solution to Problem 2.4 settles the case of finite
sequences (fn)n=1,....ny> 00, by extending the sequence with w, := w,, for n > no.

To fix ideas, consider the case where the given sequence (it,,),=12 has only two elements. We
want to find measures v, € B(u,, €), n = 1,2, such that v; <. v,. Intuitively, we want v; to be
as small as possible and v, to be as large as possible, in the convex order. Recall that a peacock
has constant mean, which is fixed as soon as v; is chosen. We will denote the set of probability
measures on R with mean m € R by M,,. These considerations lead us to the following problem.

Problem 2.5. Suppose that a metric d on M, a measure u € M and two numbers € > 0 and
m € R are given. When are there two measures u™", ™ € B?(u, €) N M,, such that

Wit <ov <. u™ forallv e BY(u, )N M,, ?
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We now recall the definition of the infinity Wasserstein distance® W, and its connection to
call functions.

Definition 2.6. The infinity Wasserstein distance is the mapping W : M x M — [0, c0]
defined by

WS(w, v) =inf [ X — Yl

where the infimum is taken over all probability spaces ({2, F, P) and random pairs (X, ¥) with
marginals given by © and v.

For various other probability metrics and their relations, see [13,32]. We will use the words
“metric” and “distance” for mappings M x M — [0, co] in a loose sense. Since all our results
concern concrete metrics, there is no need to give a general definition (as, e.g., Definition 1 in
Zolotarev [37]). The metric W has the following representation in terms of call functions (see,
e.g., [24], p. 127):

W (u, v) = inf{h >0: R, (x—h) < R,(x) <R, (x+h), Vx € R]. 2.1
By (2.1) and Proposition 2.3(iii), W can also be written as
WGe v =inf{h > 0: Fu(x = b) < Fy(x) < FuGe+h), Vx € R).

We will see below (Proposition 3.2) that, when d is the infinity Wasserstein distance, Problem 2.5
has a solution (™", ™) if and only if [m —Eu| < €. As an easy consequence, given (f,),1.2,
the desired “close” peacock (v,),=12 exists if and only if there is an m with [m — Eu,| < €,
lm — Eus| < € such that the corresponding measures ™", 10 satisfy " <. puJ. Then,
(v1, v2) = (U™, 1) is a possible choice.

Besides the infinity Wasserstein distance, we will solve Problems 2.4 and 2.5 also for the
stop-loss distance (Proposition 6.1), for index sets N and [0, 1] (see Theorems 3.5, 5.1, 6.3,
and 6.5). For the Lévy distance and the Prokhorov distance we will use different techniques and

solve Problem 2.4 for index set N (see Corollary 8.4 and Theorem 8.5).

3. Approximation by peacocks: infinity Wasserstein distance (discrete time)

We now start to investigate the interplay between the infinity Wasserstein distance and the
convex order. Recall that M,, denotes the set of probability measures on R with mean m. Itis a
well known fact that the ordered set (M,,, <.) is a lattice for all m € R, with least element §,,
(Dirac delta). See for instance [21,28]. The lattice property means that, given any two measures
w,v € M,,, there is a unique supremum, denoted by p Vv v, and a unique infimum, denoted by
w A v, with respect to convex order. It is easy to prove that the corresponding call functions are
R,»w = R,V R, and R, = conv(R,, R,). Here and in the following conv(R,, R,) denotes
the convex hull of R, and R,, i.e., the largest convex function that is majorized by R, A R,.

In the following we will denote balls with respect to W by B°. The next lemma shows
that (B*(u, €) N M,,, <) is a sublattice of (M,,, <), which will be important afterwards.
Recall that two measures can be comparable w.r.t. convex order only if their means agree. This
accounts for the relevance of sublattices of the form (B*°(u, €) N M,,, <) for our problem: If
a peacock (v,),en satisfying v, € B*®(u,, €) for all n € N exists, then we necessarily have
v, € B®(p, )N M, n e N,withEvy =Evy, =--- =m.

3 The name “infinite Wasserstein distance” is also in use, but “infinity Wasserstein distance” seems to make more
sense (cf. “infinity norm”).
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Lemma 3.1. Let € > 0 and p,vi,v; € M such that Evi = Ev, = m. Then if v, v, €
B>®(u, €) N M,, we have vi V v, € B®(u, €) N M, and vi A vy € B®(u, €) N M,,.

Proof. Denote the call functions of v; and v, with R; and R,. We start with vy Vv v,. It is easy
to check that R : x +— R;(x) V Ry(x) is a call function satisfying R'(x) € {R](x), R5(x)} for
all x € R. By Proposition 2.3(ii), it is also clear that v; V v, € M,,. This proves the assertion.

As for the infimum, we will first assume that there exists xo € R such that Ri(x) < Ry(x)
for x < xg and Ry(x) < Ry(x) for x > xj. Then there exist x; < x¢ and x, > x( such that the
convex hull of R, and R, can be written as (see [30])

Ry (x), x < xp,
R — R
conv(Ry, Ry)(x) =  Ri(x1) + w(ﬁf — Xx1), x € [x1, x2],
2 — X
RZ(x)s X 2 X3.

Now observe that for all x € [x, x2)
R (x —€) < Ry(x) < Ry(x2—)
Ra(x2) — Ri(x1)

X2 — X1
R|(x1) < R} (x) < R (x +e),

and hence conv(R|, R,) (x) € [R/’L(x —€), R:L(x + €)]. Therefore vi A v, € B®(u, €) N M,,.

For the general case, note that for all x € R we have by [30] that either conv(R;, R,)(x) =
R, (x) A R,(x), or that x lies in an interval I such that conv(R;, R») is affine on I. If the latter
condition is the case, then we can derive bounds for the right-derivative conv(R{, R>)'(x), x € I,
exactly as before. The situation is clear if either conv(R;, Ry)(x) = Ri(x) or conv(R;, Ry)(x) =
Ry(x). O

IA

We now show that the sublattice (B> (u, €)N.M,,, <.) contains a least and a greatest element
with respect to the convex order. This is the subject of the following proposition, which solves
Problem 2.5 for the infinity Wasserstein distance. As for the assumption m € [Eu — €, Ep + €]
in Proposition 3.2, it is necessary to ensure that B*(u, €) N M,, is not empty. Indeed, if
W>(u1, no) < € for some uy, up, € M, then by (2.1), Proposition 2.3(ii), (v), and the continuity
of call functions, we obtain

Ry (x+€) < R,,(x) <R, (x—¢€), xeR (3.1)
By part (ii) of Proposition 2.3, it follows that [Ex; — Eu,| < €.

Proposition 3.2. Given € > 0, a measure p € M andm € [Eu — e, Eu + €], there exist unique
measures S(u), T(u) € B®(u, €) N M,, such that
S(u) <cv <. T(w) forallv e B®(u,e)NM,,.
The call functions of S(u) and T () are explicitly given by
R0 (x) = Ry (x) = (m 4 Ru(x —e)— (Ep+ e)) V R,(x + €), 3.2)
R™(x) = Ry (x) = conv(m + R+ ) — (B —€), Rul- — e))(x). (3.3)

To highlight the dependence on € and m we will sometimes write S(ju; m, €) and R;fin( -,m,€),
respectively T (u; m, €) and R}™(-;m, €).
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Fig. 1. Illustration of the function Rl’fi“ = Rg(u) (lower solid curve): to the left of v, Rg(,) is as steep as possible and to
the right of v, Ry, is as small as possible.

Proof. We define Rg‘i“ and Rﬁ“”‘ by the right hand sides of (3.2) resp. (3.3), and argue that the
associated measures S(u) and 7'(u) have the stated property. Clearly Rﬁi“ is a call function, and
we have

ERZ“" = lim (m + Ru(x —€) — (En +¢) -I—x) v (Rﬂ(x +e) +x)

X—>—00
=mV (Eu—¢€) =m.
From the convexity of R,, we can deduce the existence of v € R U {£00} such that
m+ R, (x —€) — (ER, +¢), x<wv,
R/L(x +¢€) X = 0.

RIM™(x) = {

Hence we get that (Rg‘i“)/(x) € [R, (x —¢), R (x +€)] for all x. By (2.1), the measure associated
with RL“i“ lies in B®(u, €) N M,,. To the left of v, R/’I“" is as steep as possible (where steepness
refers to the absolute value of the right derivative), and to the right of v it is as flat as possible
(see Fig. 1). From this and convexity, it is easy to see that S(u) is a least element.
Similarly we can show that IERElax = m, and thus it suffices to show that
(R?a")’(x) € [R;L(x —€), R;L(x + o)l

But this can be done exactly as in Lemma 3.1. O

Remark 3.3. It is not hard to show that

m—I—RM(x—I—e)—(]E/L—e), x < xj,

max Euw—¢€)—m

R,La(x)= Ru(x1+e)+%(x—xl—26), X € [x1, x1 + 2€],
Ru(x —€), x > x; + 2e,

where

m—(IE,u—e)}'

x1=inf{xeR:R;(x+e)z— e
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Before formulating our first main theorem, we recall that a peacock is a sequence of
probability measures with finite mean and increasing w.r.t. convex order (Definition 2.1). We
now give a simple reformulation of this property. For a given sequence of call functions (R}, ),en,
define, for N e Nand xy, ..., xy € R,

N
By, i) = RiGe) + D (Run) = RaCun)) = Rt (on). (3:4)

n=2

Proposition 3.4. A sequence of call functions (Ry,),en With constant mean defines a peacock if
and only if ®&y(x1,...,xy) <O0forall N € Nand x{,...,xy € R.

Proof. According to Proposition 2.3(iv), we need to check whether the sequence of call functions
increases. Let n € N be arbitrary. If we set the nth component of (xi, ..., x,+1) to an arbitrary
x € R and let all others tend to oo, we get

Dy11(00, ..., 00,x,00) = Ry(x) — Rpy1(x).

The sequence of call functions thus increases, if @ is always non-positive. Conversely, assume
that (R,),cy increases. Then, for N € Nand x, ..., xy € R,

N N
Dy(xr, o xn) <RI+ Y Rug1Gen) = Y Ru(a—1) — Rivg1(xy)

n=2 n=2
N+1 N

=Ri(x1)+ Y RuCta-1) = Y Ru(x—1) — Ryya(xn)
n=3 n=2

= Ri(x1)) — Ry(x1) <0. O

We now extend the definition of @y for x;,...,xy € R, m € R, and € > 0 as follows, using
the notation from Proposition 3.2:

Dn(x1, ..., xy;m, €) = R™(x1;m, €)

N
+ Z(Rn(xn + 6O'n) - Rn(xnfl + EO',,))

n=2
—RyT (xy;m, €). (3.5)
Here, Rﬁ“i" is the call function of S(uy; m, €), Rﬁf‘ﬁ‘, is the call function of T'(uy41; m, €), and
17 ifxnfl > Xn,
O = 8gn(x,—1 — x,) = 10, if x,—1 = xp, (3.6)
_19 ifxn—l < Xn,
depends on x,,_; and x,,. Clearly, fore =0 and Eu; = Eu, = - -+ = m, we recover (3.4):
@N(xl,...,xN;m,O)= @N(xl,...,xN), NGN, xl,...,xNe]R. (37)

The following theorem gives an equivalent condition for the existence of a peacock within W>°-
distance € of a given sequence of measures, thus solving Problem 2.4 for the infinity Wasserstein
distance, and is our first main result. Note that the functions @y defined in (3.5) have explicit
expressions in terms of the given call functions, as R™" and R™* are explicitly given by (3.2)
and (3.3). The existence criterion we obtain is thus rather explicit; the existence proof is not
constructive, though, as mentioned in the introduction.
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Theorem 3.5. Let € > 0 and (i,)nen be a sequence in M such that
I=(\[Epn — € Epuy + €]
neN

is not empty. Denote by (R, ),en the corresponding call functions, and define @y by (3.5). Then
there exists a peacock (v,),en such that

W (p, vy) <€, foralln €N, 3.8)
if and only if for some m € I andforall N € N, xy, ..., xy € R, we have

Dn(xy, ..., xy;m,€) <O0. 3.9)
In this case it is possible to choose Evi = Ev, = --- = m.

The proof of Theorem 3.5 is given in Section 4, building on Theorem 4.1 and Corollary 4.2
below. In view of our intended application (see [12]), we now give an alternative formulation
of Theorem 3.5, which avoids the existential quantification “for some m € I”. Note that the
expressions inside the suprema in (3.10)—(3.12) are similar to @y, defined in (3.5). Corollary 3.6
is proved towards the end of Section 4.

Corollary 3.6. Let € > 0 and (iu,)nen be a sequence in M such that

I=(\[Epn — € Epu, + €]
neN
is not empty. Denote by (R,),cn the corresponding call functions. Then there exists a peacock
(Vn)nen such that (3.8) holds if and only if

Ny
sup {Rl(Xl +€)+2Rn(xn +€Un)
NyeN n=2

x ,...,le eR

— Ry(xn—1 + €0y) — Ry 11(xy — 6)} =0, (3.10)

Ny
sup {R](X] - 6) + Z Rn(xn + 60',1) - Rn(xn—l + 6011)
NpeN =2

x ,..4,XN1 eR

— Ry 41(xn +€) + Epy, 11 _EMI} < 2e, (3.11)

N
sup {R](x, + )+ Y Ru(xy + €0,) — Ry(xn1 + €0y)
NieN

XX Ny eR n=2

- RN|+1(-XN1 + G) + ]E/’LN1+1 }—'_

Ny

sup {RI(YI -+ Z Ry(yn + €0y) — Ry(yn—1 + €0y)
NyeN
yl,...,2yN2€]R n=2
— Ry, 1w, — €) — Em} <2e. (3.12)

For € = 0, condition (3.9) is equivalent to the sequence of call functions (R, ) being increasing,
see Proposition 3.4. For € > 0, analogously to the proof of Proposition 3.4, we see that
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Fig. 2. The call functions of 1+ (lower solid curve) and p» (upper solid curve) from Example 3.7, form =4 and € = 1.
The call function of vy is the call function of p; shifted to the right by one. Similarly, shifting the call function of u; by
one to the left yields the call function of v,.

(3.9) implies
R,(x +¢€)<R,;1(x —¢€), xeR,neN. (3.13)

It is clear that (3.13) is necessary for the existence of the peacock (v,),en, since, by (3.1) and
Proposition 2.3(iv),

Ri(x+€)<R,(x) <R, (x) SR 1(x—¢€), xeRneN
On the other hand, it is easy to show that (3.13) is not sufficient for (3.9):

Example 3.7. Fix m > 1 and € = 1 and define two measures

_ 2 sl =
—m+10 m+1m+ls M2 = Om+1,

where § denotes the Dirac delta. It is simple to check that (3.13) is satisfied, i.e.

231

R, (x+¢€)<R,(x—¢€), xeR.

Now assume that we want to construct a peacock (v,),=1 > such that W*(u,,, v,) < 1. Then the
only possible mean for this peacock is m, since Eu; = m — 1 and Epy = m + 1 (see the remark
before Proposition 3.2). Therefore the peacock has to satisfy v, € B®(u,, 1) N M,,, n = 1,2,
and the only possible choice is
2 m—1
M= 1+m+15m+2, V2 = .
But since R,, (x) > R,,(x) for x € (1, m + 2), (v,),=1,2 is not a peacock; see Fig. 2.

If the sequence (it,,),=1.2 has just two elements, then it sufﬁces to require (3.9) only for N = 1.
It then simply states that there is an m € [ such that R{""(x; m, €) < RY™(x;m, ¢€) for all x,
which is clearly necessary and sufficient for the existence of (v,),=1.2.
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Example 3.8. Unsurprisingly, the peacock from Theorem 3.5 is in general not unique: Let € > 0
and consider the constant sequences R, (x) = (—x)*, n € N, and

—X, x < —€,
e(x+e)
Py(x,c) = —ﬁ —€ =x =g,
0, X > c.

Then, for any ¢ € [0, €], it is easy to verify that the sequence of call functions P,(, c) defines a
peacock satisfying (3.8).

4. Proof and ramifications of Theorem 3.5

The following theorem furnishes the main step for the induction proof of Theorem 3.5, given
at the end of the present section. In each induction step, the next element of the desired peacock
should be contained in a certain ball, it should be larger in convex order than the previous element
(v in Theorem 4.1), and it should be as small as possible in order not to hamper the existence of
the subsequent elements. This leads us to search for a least element of the set A, defined in (4.1).
The conditions defining this least element translate into inequalities on the corresponding call
function. Part (ii) of Theorem 4.1 states that, at each point of the real line, at least one of the
latter conditions becomes an equality.

Theorem 4.1. Let i1, v be two measures in M such that the set
Al = {0 € B®(u;e): v <, 0} 4.1)
is not empty.
(i) The set AIVL contains a least element S, (1) with respect to <., i.e. for every 0 € AIVL we have
v <¢ Su(p) <c 0.
Equivalently, if
R,(x) < RrquEv.e(x), x €R,

where T (1) was defined in (3.3), there exists a pointwise smallest call function R* which is
greater than R, and satisfies
(R*Y(x) € [R;L(x —€), R;L(x +€)] forall x € R.

(i1) The call function R* is a solution of the following variational type inequality:

min{R*(x) — R/(x), (R (x) — R, (x — ©),

R (x +e) — (R*)/(x)} —0, xeR (4.2)

Proof. The equivalence in (i) follows from Proposition 2.3(iv); note that the existence of
T(u; Ev, €) follows from A}, # . We now argue that S, () exists. An easy application of Zorn’s
lemma shows that there exist minimal elements in AZ. If 6, and 6, are two minimal elements of
AZ then, according to Lemma 3.1, the measure 6; A 6, lies in B*(v, €) N Mp,,. Moreover, the
convex function R, nowhere exceeds Rg, and Ry,, and hence we have R, < conv(Rs, A Rp,) =
Ry, no,- Therefore 6 A 0, lies in A;. Now clearly 6; A 6, <. 6; and 6] A 6, <. 6,, and from the
minimality we can conclude that 6; A 6, = 6 = 6,.
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Now let 6* be the unique minimal element and let 6 € A} be arbitrary. Exactly as before we
can show that 6™ A 0 lies in AZ. Moreover 8* = 6* A0 <. 6 and therefore 6* is the least element
of Aj.

It remains to show (ii). We set

R*(x) = inf{Ry(x): 6 € A},}. 4.3)

Clearly R* is a decreasing function with lim,_, ., R*(x) = 0 and lim,_, o R*(x) + x = Ev.
We will show that R* is convex, which is equivalent to the convexity of the epigraph £ of
R*. Pick two points (x1, y1), (x2, y2) € £. Then there exist measures 6,6, € A,UL such that
Ro,(x1) < y1 and Rg,(x2) < y>. Using Lemma 3.1 once more, we get that 0 := 0; A 0, € A;
and Ry(x;) < y;,i = 1,2. Therefore, the whole segment with endpoints (x;, y;) and (x;, y) lies
in the epigraph of Ry and hence in £. This implies that R* is a call function, and as we already
know that A}, has a least element S, (11), the measure associated to R* has to be S, (1). Also, we
can therefore conclude that the infimum in (4.3) is attained for all x.

Now assume that (4.2) is wrong. Since all functions appearing in (4.2) are right-continuous,
there must then exist an open interval (a, b) where (4.2) does not hold, i.e. R*(x) > R,(x) and
(R*)'(x) € (R, (x —€), R (x +¢)) forall x € (a, b).

Case 1: There exists an open interval I < (a, b) where R* is strictly convex. Then we can
pick x; € I and h; > O such that x; + #; € I and such that the tangent

Pi(x) = R*(x)) + (R*) (x)(x —x1), x € [x1,x1 + hy]

satisfies R,(x) < Pj(x) < R*(x) for x € (x1,x; + h1]. Also, since (R*)(x;) > Rl;(xl —€)
and since R,l,l, is right-continuous, we can choose A small enough to guarantee (R*)'(x;) >
R,/L(xl + hy — €). Next pick x; € (x1, x; + hy), such that R;L(- + €) is continuous at x, and set

Py(x) := R*(x2) + (R") (x2)(x —x2), x € [x2 — ha, x2].

We can choose %, small enough to ensure that R,(x) < P,(x) < R*(x) and (R*)(x;) <
RL(xz — hy + €). Also, if x; and x; are close enough together, then there is an intersection
of P, and P, in (x;, x»). Now the function

Pi(x) v Py(x), x € [x1, x2],
R*(x), otherwise,

ﬁ(x) = {

is a call function which is strictly smaller than R* and satisfies ﬁ’(x) € [R;L(x —€), R; (x + )]
for all x € R. This is a contradiction to (4.3). See Fig. 3 for an illustration.

Case 2: If there is no open interval in (a, b) where R* is strictly convex, then R* has to be
affine on some closed interval I C (a, b) (see p. 7 in [34]). Therefore, there exist k, d in R such
that

R*x)=kx+d, xel.

By Proposition 2.3(ii), the slope k has to lie in the open interval (—1, 0), since R* is greater than
R, on I. We set

a = sup{x € R: (R")(x) < k} > —o0,

b, = inf{x ceR:(RY(x) > k} < 00;
the finiteness of these quantities follows from Proposition 2.3(ii). From the convexity of R,

and the fact that R, < R*, we get that R*(x) > R,(x) for all x € (ay, b;), as well as
(R*)(x) > R (x —€) for all x € (a1,b) and (R*)'(x) < R (x + €) for all x € (a, b;). We
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1 T2

Fig. 3. Case 1 of the proof of Theorem 4.1. If R* is strictly convex, then we can deform it using two appropriate tangents,
contradicting minimality of the associated measure.

now define lines P; and P, with analogous roles as in Case 1. Their definitions depend on the
behavior of (R*) at a; and b;.

If (R*Y(a1—) < k, then we set x; = a; and Py(x) = R*(x1) + k1(x — x1) for x > x;, with an
arbitrary k; € ((R*) (x1—), k); see Fig. 4.

If, on the other hand, (R*)'(a1—) = k, then we can find x; < a; such that R*(x;) > R,(x;)
and (R*)'(x1) > R}, (x| — €). In this case we define

Pi(x) = R*(x)) + (R*) (x)(x — x1), x> x.
Similarly, if (R*)'(b;) > k, then we define x, = by and Py(x) = R*(x3) + k(x — xp) for
x < x and for k, € (k, (R*)' (b)), and otherwise we can find x, > b; such that R*(x,) > R,(x7)
and (R*) (x;) < R;L(xg + €). We then set
Py(x) := R*(x2) + (R") (x2)(x — x2), x < x3.
We can choose iy, hy > 0, d < d and k1, ko such that the function

Pi(x), x € [x1, x1 + hq],

kx +d, X € [x1 4+ hy, xo — hs]
Py (x), X € [x2 — ha, x2],
R*(x), otherwise,

ﬁ(x) =

is a call function which i~s strictly smaller that R* but not smaller than R,,. Also, if 4 and h, are
small enough we have R'(x) € [R),(x —€), R (x + €)] for all x € R, which is a contradiction
to(4.3). O

In part (i) of Theorem 4.1, we showed that A;i has a least element. The weaker statement
that it has an infimum follows from [21], p. 162; there it is shown that any subset of the lattice
(M., <¢) has an infimum. (The stated requirement that the set be bounded from below is always
satisfied, as the Dirac delta §,, is the least element of (M,,, <.).) This infimum is, of course,
given by the least element S,(u) that we found.

If v =4, then S, (1) = S(u), the least element from Proposition 3.2. In this case we have

R, (x —e), x < x¥,
R, (x+e), x=x",

(R*Y(x) = {
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al] = I bl

Fig. 4. Case 2 of the proof of Theorem 4.1, with (R*)'(a;—) < k and (R*)' (b) = k.

where x* is the unique solution of
m+ Ry(x —€) — (Ep + €) = Ru(x + ).

The following corollary establishes an alternative representation of the inequality (4.2), which
we will use to prove Theorem 3.5. Note that, in general, (4.2) has more than one solution, not all
of which are call functions. However, R* is always a solution.

Corollary 4.2. Assume that the conditions from Theorem 4.1 hold and denote the call function
of S,(i) by R*. Then for all x € R there exists y € R U {£o0o} such that
R*(x) = Ry(y) — Ru(y + €0) + R, (x + €0),
where o = sgn(y — x). Here and in the following we set R(co) = 0 for all call functions R and
Ri(—o0t€) — Ry(—o0*t €)= XErPOO(Rl(x +e€)— Ry(x £ ¢€)),

for call functions R and R,.

Proof. By Theorem 4.1 we know that R* is a solution of (4.2). Let x be an arbitrary real
number. If R*(x) = R,(x), then the above relation clearly holds for y = x. Otherwise, we
have R*(x) > R,(x), and one of the other two expressions on the left hand side of (4.2) must
vanish at x. First we assume that (R*)'(x) = R;L(x + €). Define

y=inf{z > x: (R")(z) < R, (z+e)}.

If y < oo, then by definition (R*)'(y) < R),(y +€). By (4.2), we have R*(y) = R,(y). It follows
that

R*(2) =R*(y) +/ (R™)(x) dx = Ry(y) +f R,(x t+e)dx =
y y

R,(y)— R,(y +€)+ Ry(z+¢€), forallze [x,y].

If y = oo, then this equation, i.e. R*(z) = R,(z 4 €), z > x, also holds.
If, on the other hand, (R*)'(x) = R (x — ¢€), then we similarly define y = sup{z <
x: (R")(z) > R (z—€)}. If y > —oo then (R*)'(y—) > R, ((y—€)—) and hence R*(y) = Ru(y)
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by (4.2). Therefore we can write
R*2)=R,(y) — Ry,(y —€)+ Ry (z —¢€), forallz e[y, x].

If y = —oo then (R*)'(z) = R;(z — ¢€) for all z < x. The above equation holds if we take the
limit y — oo on the right hand side. [J

Corollary 4.3. Using Proposition 3.2 and Theorem 4.1, for a given sequence of measures
(Mn)nen in M, we inductively define the measures

01 =Sui;m,e), 6 =Sy, (ux), k=2,
if the sets

{veBYu, e o1 <c v}
are not empty. Then the following relation holds:

Ry, (x) = Ry, ,(y) — Ry, (y + €0) + Ry, (x + €0),
wheren > 2, y € RU {£o00} depends on x and o = sgn(y — x).

Proof. The result follows by simply applying Theorem 4.1 and Corollary 4.2 with v = 6,_; and
u=p,. O

The next corollary will be useful later on in Theorem 9.2 and is an easy consequence of (4.2).

Corollary 4.4. Let i, v be as in Theorem 4.1 and additionally assume that both measures have
finite support. Then S, () has finite support too.

Proof. By (iii) of Proposition 2.3, the finiteness of the support of a measure 6 is equivalent to
Rj having a finite range. Therefore, we can partition the real line into a finite number of intervals
Iy, ..., Iy suchthatforalln € {1, ... N} the functions R}, R, (. — €) and R} (. + €) are constant
on ,. Since Rg, () solves (4.2), we can conclude that Ry, takes at most three distinct values
on each I,,. Hence, R/Sv(u) is piecewise constant and S, (1) has finite support. [

We can now prove Theorem 3.5, our main result on approximation by peacocks. We first prove
the “if”” direction, which, unsurprisingly, is the more difficult one.

Proof of Theorem 3.5. Suppose that (3.9) holds forsomem € I andall N € N, xq, ..., xy € R.
We will inductively construct a sequence (P,),cn of call functions, which will correspond to the
measures (V,),en. Define Py = R‘lni“( .;m,€). For N = 1, (3.9) guarantees that R{ni“(x) <
Ry™(x). Note that the continuity of the R, guarantee that (3.9) also holds for x,, € {£o0}, if we
set sgn(co—o0) = sgn(—oo+00) = 0. We can now use Theorem 4.1 together with Corollary 4.2,
with R, = Ri“i“ and R, = R», to construct a call function P,, which satisfies

Py(x) = RM(x)) + Ry(x 4 €0) — Ry(x; +€0), x €R,
where o = sgn(x; — x), and x| depends on x. If we use (3.9) we get that
RM™(x1) + Ry(x + €02) — Ro(x1 + €02) < RM™(x;m,€), n >3, x;,x eR.

Hence P>(x) < R™(x) for all x € R and for all n > 3. Now suppose that we have already
constructed a finite sequence (P, ..., Py) such that P, < P,;;, 1 < n < N, and such that
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Py < R} forall x € R and for all n > N 4 1. Then by induction we know that for all x € R
there exists (xy, ..., xy_1) such that

N-1

Py(x) = RM™(x)) + Z(Rn (xXn + €0u) — Ru(xn1 + eon))
n=2
+RN()C + EO’N) — RN(XN—I +€O’N),

with oy = sgn(xy_1 — x). In particular, we have Py < Ry%|. We can therefore again use
Corollary 4.2, with R, = Ry41 and R, = Py, to construct a call function Py, such that

N
Pyii(x) = Rllmn(xl) + Z(Rn(-xn + Ean) - Rn(-xnfl + 60'n))
n=2

+Ry11(x + €oni1) — Ryg (xn + €oni),

where oy = sgn(xy — x) and (xy, ..., xy) depend on x. Assumption (3.9) guarantees that
Pyii < Ry forallm > N + 1.

We have now constructed a sequence of call functions, such that P, < P,;. Their associated
measures, which we will denote by v,, satisfy W*(u,, v,) < € and v, <. v,4;. Thus we have
constructed a peacock with mean m.

We proceed to the proof of the (easier) “only if” direction of Theorem 3.5. Thus, assume that
(Vn)nen 1s a peacock such that W*°(u,, v,) < € and set m = Ev;. Denote the call function of v,
by P,. We will show by induction that (3.9) holds. For N = 1 we have

RI™(x;m, €) < Pi(x) < Pa(x) < R§™(x;m,€), x€R,
by Proposition 3.2.
For N =2 and x; < x, we have

A X
R (x1;m, €) + Ra(xo — €) — Ry(x1 — €) < Pa(xy) +/ R)(z — €)dz

X1

< Pz(x1)+f 2 Py(z)dz

x|
= Py(x2) < P3(x2) < Ry™(x2; m, €).

Similarly, if x, < xy,

A X1
R (rys m, €) + Ra(xa + €) — Rolx1 +€) < Palx)) — / Ry(z + €)dz

X2

< o)) — / Py dz

X2
= Py(x3) < P3(x2) < R3™(x2;m, €).

If (3.9) holds for N — 1 and xy_; < xp, then

N
Rinin(xl; m, E) + Z (Rn (xn + Ean) - Rn (-xnfl + 60'n))
n=2

< Py_1(xny—1) + Ry(xy —€) — Ry(xn—1 —¢€)

XN
< PyGrvn) + / Pl (2)dz

AN—1
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< Pyi(xy) < Ry (xn;m, €).

The case where xy_; > xy can be dealt with similarly. [

Proof of Corollary 3.6. First, by going through the proof of Theorem 3.5 a second time, we see
that R, (xy; m, €), in the definition of @y can be replaced by

RS (xy:m, €) = (m + Ryi1(xy +€) — (En — 6)) A Ry1(xy — €),
which is R, (xn; m, €) without the convex envelope.
Next, we can split up (3.9) into four inequalities according to the different components of

Ry, and R{“i“. In two of these inequalities m does not appear, and these are exactly equations

(3.10) and (3.11). The remaining two inequalities are given by
N
Ri(xi —€)+m — Bui +€)+ Y Ry(x, + €0y)
n=2
— Ry (xn—1 + €0,) — Ry41(xy +€) <0,
N
R](X] + E) + Z Rn (xn + E(Tn) - Rn (xn—l + Ean)

n=2
- (RN+1(XN +e)+m— Eunyr — 6)) =<0.
In particular, m can only exist if
Ny
sup {Rl(xl +€)+ Y Ru(xy + €0,) — Ry(xy1 + €0y)

NieN

XX Ny eR n=2

— Ry, 41(xn, +€) +EMN1+1} —€<

Ny

Agg\] { - Rl(yl - E) - Z Rn(yn + 60’,,) - Rn(yn—l + GO'n)
yl,..,,yNze]R n=2
+ Rny110w, —€)+EM1} +e, 4.4

in which case m can be chosen arbitrarily from the closed interval with bounds given by the left
hand side resp. right hand side of (4.4). A simple modification of (4.4) yields (3.12). O

Remark 4.5. In Theorem 3.5, it is actually not necessary that the balls centered at the
measures [, are all of the same size. The theorem easily generalizes to the following result:

For m € R, a sequence of non-negative numbers (€,),cn, and a sequence of measures (i, )N in
M, define

On(X1, ..., XN m, €1, ..., eng1) = RM™(x15m, €)

N
+ Z(Rn(xn + Ellon) - Rn(xn—l + Enan)>
n=2
=Ry (xens m, €ny1),
NEN, X],...,)CNGR, (45)
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with o, defined in (3.6), and assume that
= m[Ean — €, ]E/Ln + €]
neN

is not empty. Then there exists a peacock (v,),n such that
W (i, v,) < €,, foralln €N,

if and only if for some m € [ and forall N € N, x;, ..., xy € R, we have
Pn(X1, ..., XN M, €L, ... €n+1) < 0.

To prove this result, simply replace € by ¢, in the proof of Theorem 3.5.

Remark 4.6. If a probability metric is comparable with the infinity Wasserstein distance, then
our Theorem 3.5 implies a corresponding result about that metric (but, of course, not an “if and
only if” condition). Denote by W7 the p-Wasserstein distance (p > 1), defined by

. 1/p
WP(u, v) = mf(IEuX _ Y|”]) . wveM.

The infimum is taken over all probability spaces ({2, F,P) and random pairs (X, Y) with
marginals given by u and v. Clearly, we have that for all u, v € M and p > 1

W, v) = WP(u, v).

Hence, given a sequence (i,)qen, (3.9) is a sufficient condition for the existence of a peacock
(Vn)nen, such that W?(u,, v,) < € for all n € N. But since the balls with respect to W? are in
general strictly larger than the balls with respect to W, we cannot expect (3.9) to be necessary.

5. Approximation by peacocks: infinity Wasserstein distance (continuous time)

In this section we will formulate a version of Theorem 3.5 for continuous index sets. We
generalize the definition of @y from (3.5) as follows. For finite sets 7 = {¢, ..., ty+1} € [0, 1]
witht; <t < --- < tyy1, We set

Gr(x1, ..., xy;m, €) = RM™(xi;;m, €)
N
+ 3 (R Cn + €00) = Ry, (3 + €03))

n=2
—R™ (xy;m, €). 6.1

IN+1
Here, Rf‘lli“ is the call function of S(u,,; m, €), Rg‘vi‘] is the call function of T'(u,y,; m, €), and
o, = sgn(x,—; — x,) depends on x,_; and x,. Using &7, we can now formulate a necessary
and sufficient condition for the existence of a peacock within e-distance. The continuity
assumption (5.2) occurs in the proof in a natural way; we do not know to which extent it can
be relaxed.

Theorem 5.1. Assume that (j4;)ie0.17 is a family of measures in M such that

I'= () [Ep — € B, +e]
t€[0,1]
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is not empty and such that
li%n s = Wy weakly, t € [0, 1]. (5.2)
st

Then there exists a peacock (V;);e[0,1] With

WOO(Mr, V;) <e€, forallt €]0,1],

if and only if there exists m € I such that for all finite sets T = {t1, ..., ty+1} C QN[0 1] with
Hh<th<---<tygp, andforall xi,...,xy € R we have that
Dr(xyy ..., xy;m,€) <0. 5.3)

In this case it is possible to choose Ev, = m for all t € [0, 1].

Proof. By Theorem 3.5, condition (5.3) is clearly necessary for the existence of such a peacock.
In order to show that it is sufficient, fix m € I such that (5.3) holds. We will first construct v, for
q € D, where

D=1{a2""€[0,1]:a,b e Ny.
For n € N, define measures (recall the notation from Theorem 4.1)
6" =m0 and 6 = Sym (o). 1<k=2"
Condition (5.3) guarantees that these measures exist. Obviously,

915") Sc 9(")

W, neN, 0<k<2"' (5.4)

We show by induction on k that
0" <05, neN, 0<k<2"l (5.5)
For k = 1, we have
)
61" = Sy (1a1-)
+1
e Sy (Hy1n) = 0P neN.
For k > 1, we obtain
(n)
9k+1 = SOI((n)(/L(k+1)2]—n)
=c Sgglzﬁ-l)(ll(kﬂ)zl—n)
+1
e Sy (i) = 053, n €N,

where the first “<.” follows from the induction hypothesis and the definition of S.(-). Thus, (5.5)
is true.
For g = a27? € D, define

pm — g™

q aon—b-1 € Boo(:uqu €), n>b.

By (5.5), we have vf]”) <. vf]”“), n > b. Let R, be the call function associated to vé"). Then we
have

RS(uq;m,e) =< Rn < Rn+l =< RT(u_q;m,e)a n > ba (56)
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and thus the bounded and increasing sequence (R,) converges pointwise to a function R. As a
limit of decreasing convex functions, R is also decreasing and convex and together with (5.6) we
see that R is a call function with lim,_, _,, = R(x) + x = m. Therefore R can be associated to a
measure v, € M,,.

Next, we will show that v, € B*(u,, €). From the convexity of the R, we get that

Rn(x + h) - Rn(x)

R'(x) = lim lim

hl0 n—o0 h

> lim lim R (x + h)
h|0 n—o0

> lim lim R}, (x—l—h—e)—R/ L —e),
hl0 n—o00

and similarly
R, h) — R,
R'(x) = lim lim &) = Ral)
7|0 n—o0 h

<lim lim R)(x)
h|0 n—o0

< nlirrgo Rﬂq(x +€)= Rﬂq(x + €),

thus W>(vy, 1g) < €.
For two elements g < g’ of D, it is an immediate consequence of (5.4) that vfl”) <c v((;,') for

large n, and therefore v, <. v,. It follows that (v;);ep is a peacock. Now pick ¢ € [0, 1]\ D
and a sequence D > ¢, ' t. The sequence of call functions corresponding to v,, increases
and converges to a call function, which is clearly independent of the choice of g,. Denote the
associated measure by v;; it satisfies Ev; = m. Fix x € R and define

={h eR: F,, continuous at x + h — €}.

Note that (0, 00) \ H is countable. We obtain
(x +h) = Ry, (x)

R, (x) =lim lim Rva,

70 n—00 h

> lim lim R, (x + h)
hl0 n—o0

>11m11mR (x+h—€)
hl0 n—00

= lim lim R (x+h—e)
hy0,heH n—00

! !
= ]hl?(} R, (x+h—€)=R, (x—¢),

where the last but one equality follows from (5.2). Similarly we see that Rl’), x) < R;/u (x + ¢€).
We have shown that v; € B*(u,, €) forall ¢ € [0, 1]. From the definition of v, we have v, <. v,
forq <t,g e Dand v, <. v, for p > ¢, p € D. This implies v; <. v, forall0 <s <t <1,
and thus (v;),ep0,17 is a peacock with mean m. 0O

6. Approximation by peacocks: stop-loss distance
The stop-loss distance [7,11,18] is defined as
d“(w, v) = sup | R, (x) — R,(x)|], p,ve M.
xeR
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We will denote closed balls with respect to @5~ by BSL. In the following proposition, we use the
same notation for least elements as in the case of the infinity Wasserstein distance; no confusion
should arise.

Proposition 6.1. Given € > 0, a measure u € M and m € [Eu — €, Eu + €], there exists a
unique measure S(i) € BSH(u, €) N M,y,, such that
S(u) <cv, forallv e BS*(u,e)N M,,.
The call function of S(w) is given by
min +
RI™(x) = Ryy(x) = (m —x) " v (Ru(x) —€). 6.1)
To highlight the dependence on € and m we will sometimes write S(i; m, €) or Rl‘:‘i“( -y m, €).
Proof. It is easy to check that Ry, defines a call function, and by (ii) of Proposition 2.3 we
have
ERsq = lim Rygy(x) +x
= xkrfloo(m V (Ru(x) 4+ x —€))
=mv(IE,u—e)=m.
The rest is clear. [J
Remark 6.2. The set BS“(u, €) N M,, does not contain a greatest element. To see this, take an

arbitrary v € BSt(u, €) N M,, and define x, € R as the unique solution of R, (x) = %e. Then
for n € N define new call functions

R, — R,
R = (x — x0) (xo0 + n’z (x0) R (o), % € Do, %0+ 1,

R,(x), otherwise.

It is easy to check that R, is indeed a call function and the associated measures 6, lie in
BS(u, €) N M,,. Furthermore, from the convexity of R, we can deduce that R, < R, < R,
and hence v <. 0, <. 6,4+. The call functions R,, converge to a function R which is not a call
function since R(x) = R,(xo) = 5 for all x > xo. Therefore no greatest element can exist.
Howeyver, it is true that a measure v is in BSL(/L, €) if and only if R;fi“( 3 Ev,e) <R, <R, +e.

Theorem 6.3. Let (i,)nen be a sequence in M such that

I=(\[Eun — € Epy + el
neN

is not empty. Denote by (R,),cn the corresponding call functions. Then there exists a pea-
cock (Vp)nen such that

d(pn,va) <€, neN, (6.2)
if and only if

Ri(x) < R,(x)+2¢, forallk <nandx eR. (6.3)



S. Gerhold and 1.C. Giiliim / Stochastic Processes and their Applications 129 (2019) 2406-2436 2427

Proof. We first argue that (6.3) is equivalent to the assertion

There is m € I such that R,’(ni“(x; m,e) < R,(x)+e¢€, forallk <mandx eRR, 6.4)
where R}:‘i" denotes the call function of S(uui; m, €). Indeed, by (6.1), (6.4) clearly implies (6.3),

and the converse implication follows from the obvious estimate (m — x)™ < R, (x) + ¢, valid for
arbitrary m € I.
Now suppose thgt (6.4) holds. We will define the measures v, via their call functions P,.
Define P(x) = R"(x; m, €) and
P,(x) = max{P,_1(x), R"™"(x;m,€)}, n=>2. (6.5)
It is easily verified that P, is a call function and satisfies

RM™(x) < Py(x) < Ry(x)+¢€, x€R, (6.6)

and therefore v,, the measure associated to P,, satisfies v, € BS“(u,, €). Furthermore P, <
P,+1, and thus (v,),en is a peacock with mean m.

Now assume that (v,),en 1S @ peacock such that A (ten, vy) < €. We will denote the call
function of v, by P, and setm = Ev; € I. Then for k < n and x € R we get with Proposition 6.1

RI™(x;m, €) < Pu(x) < Py(x) < Ry(x) +e. O

Note that (6.4) trivially holds for k¥ = n. Moreover, unwinding the recursive definition (6.5)
and using (6.1), we see that P, has the explicit expression

P,(x) =max{(m —x)*, Ri(x) —€,...,R,(x) —€}), xeR,neN

The following proposition shows that the peacock from Theorem 6.3 is never unique.

Proposition 6.4. In the setting of Theorem 6.3, suppose that (6.4) holds. Then there are infinitely
many peacocks satisfying (6.2).

Proof. Define P, as in the proof of Theorem 6.3, and fix xo € R with P;(xo) < €. For arbitrary
c € (0, 1), we define

Pi(x0), x < Xo,
P (x0) + ¢ P{(x0)(x — xo), X > Xo.

G(x) = {

Thus, in a right neighborhood of xo, the graph of G is a line that lies above P;. We then put
P, = P, Vv G, forn € N. It is easy to see that (P,) is an increasing sequence of call functions
with mean m, and thus defines a peacock. Moreover, we have

Py <(Ri+€)VG <R, +e,
by (6.6) and the fact that G < €. The lower estimate f’n > P, > R, — € is also obvious. [

Theorem 6.3 easily extends to continuous index sets.

Theorem 6.5. Assume that ({4;)ic0.17 is a family of measures in M such that
L= [ [Eu — e Eus +e]
t€l0,1]
is not empty. Denote the call function of p, by R,. Then there exists a peacock (V;)ieo,1] with

d"(wi,v) <€, forallt €[0,1],
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if and only if
Ri(x) < R(x)+2¢, forall0<s <t <1landx eR. 6.7)

Proof. As in the discrete case (Theorem 6.3), (6.7) is equivalent to the statement

There is m € I such that R;“i“(x; m,€) < R,(x)+ ¢,
forall0 <s <t <landx € R. (6.8)

If (6.8) holds, then we set
P,(x) = sup R;“i“(x; m,e€), tel0,]1].

s<t
Then P, is a call function which satisfies lei“(x; m,€) < P;(x) < R;(x)+ € for x € R. The rest
can be done as in the proof of Theorem 6.3. [

7. Lévy distance and Prokhorov distance: preliminaries

The Lévy distance is a metric on the set of all measures on R, defined as
d“(u, v) = inf{h >0: Fux —h)—h < Fy(x) < Fu(x +h) + h, Vx € R}.

Its importance is partially due to the fact that ¢ metrizes weak convergence of measures on R.
The Prokhorov distance is a metric on measures on an arbitrary separable metric space (S, p).
For measures 1, v on § it can be written as

d¥(u, v) = inf{h > 0:v(A) < w(A") + h, for all closed sets A S},

where A" = {x € S :infeap(x,a) < h} The Prokhorov distance is often referred to as a
generalization of the Lévy metric, since d° metrizes weak convergence on any separable metric
space. Note, though, that d" and d® do not coincide when (S, p) = (R, | . |). It is easy to see
([17], p. 36) that the Prokhorov distance of two measures on R is an upper bound for their Lévy
distance:

Lemma 7.1. Let i and v be two probability measures on R. Then d™(j, v) < d¥(u, v).

For further information concerning these metrics, their properties and their relations to other
metrics, we refer the reader to [17] (p.27 ff). Now we define slightly different distances df; and
dllj on the set of probability measures on R, which in general are not metrics in the classical sense
(recall the remark after Definition 2.6). These distances are useful for two reasons: First, it will
turn out that balls with respect to @ and d” can always be written as balls w.r.t. d}; and d}, see
Lemma 7.2. Second, the function d[lj has a direct link to minimal distance couplings which are
especially useful for applications, see Proposition 7.4. For p € [0, 1] we define

diu,v) =inflh > 01 Fu(x =) = p < Fi) < Fu(x +h) + p, ¥x € R .1)
and
P, v) = inf{h > 0: v(A) < u(A") + p, forall closed sets A C s}. (1.2)

It is easy to show (using complements) that d’]?(,u, V) = d;(v, ) (see e.g. Proposition 1 in [9]).
Note that d[': (u, v) = 0 does not imply that u = v. We will refer to d‘f; as the modified Lévy
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distance, and to dg as the modified Prokhorov distance.* The following Lemma explains the
connection between the Lévy distance d" and the modified Lévy distance d*, resp. the Prokhorov
distance d” and the modified Prokhorov distance d .

Lemma 7.2. Let p € M. Then for every € € [0, 1] we have

B(u,€) = B{(ju,€) and B'(uu,€) = Bl (. €).

Proof. For v € M, the assertion v € BF(u, €) is equivalent to

w(A) <v(A) +e+8, 8>0, AC Reclosed, (7.3)
whereas v € Bf(,u, €) means that

n(A) <v(A) +e€, §>0, ACRclosed. (7.4)

Obviously, (7.4) implies (7.3). Now suppose that (7.3) holds, and let § | 0. Notice that At C
A<*%2 for §; < 8,. The continuity of v then gives

w(A) < v(A) +e <v(A)+e §>0, AC Reclosed,

and thus B®(i, €) = BP(u, €). Replacing A by intervals (—oo, x] for x € R in (7.3) and (7.4)
proves that BX(u, €) = B:‘(/L, ). O

Similarly to Lemma 7.1 we can show that the modified Lévy distance of two measures never
exceeds the modified Prokhorov distance.

Lemma 7.3. Let u and v be two probability measures on R and let p € [0, 1]. Then
dy (1, v) < dy(p, v).

Proof. We set € = d};(u, V). Then for any x € R and all n € N we have
1
Fu(x) = v((=oc,x]) = pu((—oocx +e+ ) +p
1
ZF,/,(X‘FE-FZ)“FP,

and by the symmetry of d® the above relation also holds with x and v interchanged. This implies
that dj;(uu, v) <e. O

The following coupling representation of d[f,’ was first proved by Strassen and was then
extended by Dudley [9,36].

Proposition 7.4. Given measures i, v on R, p € [0, 1], and € > 0 there exists a probability
space (2, F, P) with random variables X ~  and Y ~ v such that

P(|X — Y| >€) < p, (7.5)
if and only if
dy (1, v) < €. (7.6)

4 Note that our definition of the modified Prokhorov distance does nor agree with the Prokhorov-type metric
from [32] and [33].
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8. Approximation by peacocks: Prokhorov distance and Lévy distance

In this section we will prove peacock approximation results, first for the modified Prokhorov
distance and later on for the modified Lévy distance, the Prokhorov distance, and the Lévy
distance. It turns out that Problem 2.4 always has a solution for these distances, regardless of
the size of . In the following we denote the quantile function of a measure u € M by G, i.e.

Gu(p)=inf{x eR: F,(x) > p}, pel0,1].

Proposition 8.1. Let u € M, p € (0, 1], and m € R. Then the set
B, (1t,0) N M,,
is not empty. Moreover, this set contains at least one measure with bounded support.
Proof. The statement is clear for p = 1, and so we focus on p € (0, 1). Given a measure u we

set I =[G,(%), Gu(1 — £)). We will first define a measure 7 with bounded support which lies
in B,lj(,u, 0), and then we will modify it to obtain a measure 6 with mean m. We set

0, x<GA§y
Fy(x) = Fu(x), xel,
1, x> G,(1-2),

4

which is clearly a distribution function of a measure 7. Note that 1 has bounded support, so in
particular n has finite mean. Next we define

p p
9:@——) Ls..
VAR

where w is chosen such that E6 = m. Since n has bounded support, we can deduce that 0 also
has bounded support. Now for every closed set A € R we have

P P
0(A) < (1 - 5)’7(14) t35
<(1- g)n(A N int()) + p

< u(A)+ p,

where int(/) denotes the interior of /. For the last inequality, note that y and n are equal on
int(7). The last equation implies that 6 € B}:(,u, onNnM,. O

Note that in Proposition 8.1 it is not important that © has finite mean. The statement is true
for all measures on R. The same is true for all subsequent results of this section.

Proposition 8.2. Let v € M be a measure with bounded support and p € (0, 1). Then for all
measures (1 € M there exists a measure 6 € B,I,)(M, 0) with bounded support such that v <. 6.

Proof. Fix u,v € M and p € (0, 1), and set m = Ev. Then, by Proposition 8.1, there is a
measure 6y € B; /z(u, 0) N M,, which has bounded support. For n € N we define

—(q_r P P
911—(1 2)00+ 48m—n+ 48m+n-
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These measures have bounded support and mean m. Furthermore, for A C R closed, we have
14 14
0,(A) < (1— E)QO(A) +3
< 0(A)+ 5 < pA)+p, nel,

and hence v, € B;’(u, 0) for all n € N. Now observe that foralln € Nand x € [m — n, m + n]
we have

Ry, (x) = (1 — g)Rao(x) + %(m +n—x), (8.1)

which tends to infinity as n tends to infinity. Outside of the support of 6, (i.e. outside the interval
[m —n, m +n]) the call function of 6, equals the call function of the Dirac measure §,, with mass
at m. Therefore there has to exist ng € N such that v <. 6,,. O

In Proposition 8.2 it is important that p > 0. For p = 0 the limit in (8.1) is finite.

Theorem 8.3. Let (i,)nen be a sequence in M, € > 0, and p € (0, 1]. Then, for all m € R
there exists a peacock (v,)en With mean m such that

dp (s, vn) < €.

Proof. If p = 1 then BE(;L, 0) contains all probability measures on R, which is easily seen
from the definition of df:, and the result is trivial. So we consider the case p < 1. Since
B}(w,0) € Bp(u, €), it suffices to prove the statement for € = 0. By Proposition 8.1, there
exists a measure v; € BE(HI ,0) N M,, with bounded support. By Proposition 8.2 there exists
a measure vy € BE(m, 0) such that v; <. v,. Since v, has again finite support, we can proceed
inductively to finish the proof. [

Setting € = p € (0, 1] in the previous result, we obtain the following corollary.

Corollary 8.4. Let (i,)nen be a sequence in M and € > 0. Then, for all m € R there exists a
peacock (v,)nen With mean m such that

d¥(pn, ) < €.

Proof. By Lemma 7.2 we have BP(u, €) = Bf(u, ¢) forall uw € M and € € [0, 1]. The result
now easily follows from Theorem 8.3. [

Since balls with respect to the modified Prokhorov metric are smaller than balls with respect
to the Lévy metric, we get the following corollary.

Theorem 8.5. Let (i,)nen be a sequence in M, € > 0, and p € (0, 1]. Then, for all m € R
there exists a peacock (v,),en wWith mean m such that

dy(tn, V) < €.
In particular, there exists a peacock (v,;),en With mean m such that
d"(pn, va) < €.
Proof. Fix ¢ > 0 and p € (0, 1], and let (v,),en be the peacock from Theorem 8.3 resp.

Corollary 8.4. Then by Lemma 7.3 resp. Lemma 7.1, we have v, € BIE(M,,, €) resp. v, € B
(n,€)foralln e N. O
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Foru e M,e >0, p € (0,1),and m € R, the set B[];([L, €) N M,, always contains a least
element with respect to <., with an explicit call function. See Section 2.4.3 in [14].

9. A variant of Strassen’s theorem

So far, we discussed the problem of approximating a given sequence of measures (u,) by
a peacock (v,). If the distance is measured by W, then the existence of such a peacock has
two consequences: First, there is a probability space with a martingale M* with marginals (v,,)
(by Strassen’s theorem). Second, the deﬁmtlon of wee 1mp11es that for each € > ¢ there is a
probability space supporting processes M and X satisfying IP’[lM — X,| > €] = 0forall n.
It is now a natural question whether a martingale M with marginals (v,) can be found such that
there is an adapted process X satisfying P[|M,, — X,| > €] = 0. We answer this question
affirmatively for finite sequences of measures with finite support. This restriction suffices for
the financial application that motivated our study (see [12]), and it allows to replace “for all
€ >¢€...P[|M, — X,| > €] =0"simply by P[|M, — X,,| > €] = 0. The result (Theorem 9.2)
is a consequence of Theorem 3.5 and the following lemma.

Lemma 9.1. Let € > 0. Let (v,)n=1,...n, be a peacock, and (p,)n=1,...n, be a sequence of
measures in M. Assume that there is a finite filtered probability space (§2*, F*, (F; ) 1<n<ny> P*)
with a martingale M* satisfying M: ~ v, for 1 <n < ny.

Assume further that there is a finite probability space (Q F, ]P’) supporting two processes M
and X satisfying M, ~ v, X, ~ Un for 1 <n <ngyand

.....

IP[|M,1—X,1|>6]=(), n=1,...,no. ©.1)

Then there is a finite filtered probability space (12, F, (F,)1<n<n,» P) with processes M and X
combining all properties mentioned, i.e.:

M is a martingale

X is adapted

M, ~v,, Xp~ W, n=1,...,np
P[M, — X,|>€]=0, n=1,..., no

Proof. Let n’ € {1,...,np} and assume, inductively, that we have already constructed a
filtered probability space (2, F, (F,), P) that satisfies the requirements, where the conditions
concerning X hold for n < n’, i.e. there are processes M = (M) 1<n<ny and X = (Xp)1<p<n’
such that

e M is a martingale

e X is adapted

o M,~v,, n=1,...,no,

o X, ~ i, 1<n<n|

o P[IM,—X,|>¢]=0, 1<n<n

Note that in case n’ = 1 (induction base) we may simply take (2, F, (F,,), P) = (2%, F*, (F)),
P*). Let z € R be an arbitrary member of the image of M,, and define

U:=AU---UA, =M ),
where Ay, ..., A, are (distinct) atoms of F,,. We denote the preimage of z in 17 by
&1, ..., &) =M, ().
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As My ~ i, ~ Mn/, we have
P[U] =P[A;U---UA,] =Pla, ..., o) 9.2)

To make room for an appropriate X,/ on a new filtered probability space, whose constituents will
be denoted by 2/, F’ etc., we divide each “old” atom

A =Hwn,...,0n}, 1=<r=<m,
into / “new” atoms
AD = (o), ..., j’k)} l<r<m, 1<i<I.
Then, define

Q2 =\U)U U AD
1<r<m
1<i<l

and 7' =29 WeletP :=Pon 2\ U and

Plo] = w l<r<m 1<i<l,1<j<k.
Z" 1]P>[a)i/]
The sigma-algebra 7, is generated by the atoms of 7, but with each atom A, replaced by the
atoms AW, ..., AD, Slmllarly, we define 7, forn < n’ and n > n’. E.g., if A decomposes

into atoms A1 = BUBin Fuw+1, then we replace B and B by B N A(ll), ...,BN A(Z) and
BN A(ll), ...,BnN A(,l), respectively, and so on. Clearly, this defines a filtered probability space
(2", F',(F)),P). On this space, we define M’ like M, forgetting that the atoms Ay, ..., A,
were split: M) := M, foralln on 2\ U and

M) = Myw,), 1<r<m 1<i<l, 1<j<k.,1<n<n.

Thus, the adapted process M’ has the same marginal laws as M. Now we verify that M’ is a
martingale. Let n; > n’. (The cases of time points ny, n, in other positions relative to n’ work
very 51m11arly, but need additional cumbersome notation.) First, let A’ be any atom of F, distinct
from AV, ..., AD 1 <r < m. Then we compute
werr My ()P [w]
E[M, |A'] = Locw M,
! PlA]
_ Toen My @)Plo]
B P[A']
= E[M,,|A']l = My (A") = M, ,(A").
Forr e {1,...,m}andi € {1,...,1}, we have
Z (l)
s Mm(wrj)P[w,,-]
= o
Zj:l P[wrj]
= E[M,,|A,] = My(A,) = M, (AD).

E'[M,, |AD] =

Therefore, M’ is a martingale. Now we define the process (X),)i<n<»’ as X on 2\ U, and

X)) =Xy, 1<r<m 1<i<l 1<j<k,l<n<n.



2434 S. Gerhold and 1.C. Giiliim / Stochastic Processes and their Applications 129 (2019) 2406-2436

As for n’, we put
X (@) =Xp@), 1<r<m 1<i<l,1<j<k. 9.3)

To make the definition complete, let X;, ‘= M,y on {2\ U, although this is of no relevance,
because this definition will be overwritten when we continue the construction for the next
element of the image of M, . As the right hand side of (9.3) is independent of j, the process
(X])1<n<w is adapted to (F,)1<u<,. We now show that the random variables

.....

have the same law. Indeed, for 1 < i <[ we have

m  ky
Pl =560 =3 Y Pl

=1 j=1. i’ 5 A
r=tJ ﬂ:X:l,(wi;)):Xn/(a)i)

=S y HonPlen)

; ) ) P
r=l =1 X, (@;)=X, (&) Zl”=1 [i]

m  ky
Y Pl Y Play]

1
S, Pla] : ] .
=1 r=1j=1 i X, (@)= (@)

where we used (9.2) in the last inequality. It remains to verify

PM,—X,| >€]l=0, 1<n<n.
From the definition of M’ and X', this is clear for n < n’, and for n = n’ it is obvious that
M — X,| <€on {2\ U.For an arbitrary element wf’]) , we have

1M () — Xy (\ )] = | My (@) — X (@)

= | My (@) — Xp(@)] < €.

The last inequality follows from (9.1), as we may assume w.l.o.g. that P puts mass on all elements
of 2.

Recall that U was defined as the preimage of z. Repeating the procedure we just described for
all values in the range of M, completes the induction step. [

For the formulation of the main result of this section, recall the definition of @y in (3.5).
Theorem 9.2 holds for € = 0, too; then it is just a special case of Strassen’s theorem (recall
Proposition 3.4 and (3.7)).

Theorem 9.2 (A Variant of Strassen’s Theorem). Let € > 0 and (4,)p=1
measures in M with finite support such that

I = ﬂ [E/*L11_€sE/Ln+€]7é(/)~

1<n<ng

no be a sequence of

.....

Then the following conditions are equivalent:
(i) Forsomem € I andforalll < N < ngand xy, ...,xy € R, we have

@N(x],...,XN;m,E)SO.
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(ii) There is a filtered probability space (2, F, (F,)1<n<n,» IP) supporting two processes M and
X such that

M is a martingale w.r.t. (F)1<n<n,

— X is adapted to (F,)1<n<n,

- M,~v,, n=1,...,no,

- X, ~ WUy, n=1,...,ny
P[IM, — X,| >€]=0, n=1,...,n.

Proof. Suppose that (ii) holds. Since P[|M,, — X,,| > €] = 0, we have W*(u,, v,) < €. As M
is a martingale, (v,) is a peacock, and so (i) follows from (the easy implication of) Theorem 3.5.

Now assume that (i) holds. Then Theorem 3.5 yields a peacock (v,)1<n<n, satisfying
W(n, vy) < € for 1l < n < ny. Using Corollary 4.4, we see that the finiteness of the support of
the w,, implies that we can choose (v,)1<n<n, With finite support, too. From Strassen’s theorem
we get a filtered probability space (2%, F*, (F,), P*) with a martingale M* satisfying M ~v,
for 1 < n < ny. Moreover, as WOO(M,,, vn) < ¢, there is a probability space (.Q ]-" IP’) with two
processes M and X satisfying M, ~ v,, X, ~ , for all n and

IP’[|Mn—Xn| >e]l=0, n=1,...,n.

(This is an easy consequence of Proposition 7.4 and the finiteness of the supports of 1, and v,.)
We may assume that both 2* and {2 are finite. Indeed, we may clearly replace them by the finite
sets

all intersections of sets from {(M;‘)_l(z) 1z € supp(vy), 1 <n < ngp}
respectively

all intersections of sets from {A;In_ Y(2) 1 z € supp(vy), 1 <n < ng}

and {X,'(2): z € supp(ua), 1 < n < no}

and update the sigma-algebras and the filtration of 2* accordingly. The assertion then follows
from Lemma 9.1. O

In future work, we intend to prove an appropriate version of Theorem 9.2 (possibly featuring
d(l)) or d[lj instead of W) for infinite sequences of general probability measures. Also, a natural
problem is to extend our peacock approximation results to other distances, such as the p-
Wasserstein distance W” (p > 1). Note that a related problem (involving the sum of the W2-
distances of all sequence elements) has been solved in [35].
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