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Abstract

We study non-Gaussian fractional stochastic volatility models. The volatility in such a model is
described by a positive function of a stochastic process that is a fractional transform of the solution
to an SDE satisfying the Yamada—Watanabe condition. Such models are generalizations of a fractional
version of the Heston model considered in Béuerle and Desmettre (2020). We establish sample path
and small-noise large deviation principles for the log-price process in a non-Gaussian model. We also
illustrate how to compute the second order Taylor expansion of the rate function, in a simplified example.
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In this paper, we introduce and study a general class of non-Gaussian stochastic volatility
models. The main building block of the volatility in such a model is a Volterra type integral
transform of the solution to a stochastic differential equation satisfying the Yamada—Watanabe
condition, while the volatility is described by a positive function of such an integral transform.
Interesting special cases of non-Gaussian models are the models in which the kernels appearing
in the integral transforms possess certain fractional features. Examples of such kernels are the
kernels of fractional Brownian motion, the Riemann—Liouville fractional Brownian motion, or
the fractional Ornstein—Uhlenbeck process. We call the corresponding models non-Gaussian
fractional stochastic volatility models. Our class of models is related to the fractional Heston
model (see [1,11]), as explained in Section 4.
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In a Gaussian model, the stochastic volatility is described by a positive function of a Volterra
Gaussian process. Such models have recently become popular objects of study. Numerous
examples of Gaussian models are given in [10,12,13]. The non-Gaussian stochastic volatility
models are less studied. To our knowledge, the general class of models introduced in the present
paper has never been considered before.

The main results obtained in the present paper are Theorems 1.6 and 1.7. In these theorems,
small-noise and sample path large deviation principles are established for the log-price process
in a non-Gaussian stochastic volatility model. In the proofs of Theorems 1.6 and 1.7, we use
on the one hand known techniques form the general theory of large deviations, and on the other
hand also employ new techniques. For example, a part of our proof of Theorem 1.7 is based
on the results of Chiarini and Fischer (see [5]) concerning small-noise large deviations for 1t6
processes. Although we cannot use heavy machinery of the theory of Gaussian processes in
the non-Gaussian case, we still borrow some techniques employed in [9,12,13] in the proofs
of large deviation theorems for Gaussian models. In Section 5 of the present paper, we show
how to obtain a Taylor expansion of the rate function in a simplified example.

Recently, there has been a surge of interest in using stochastic Volterra equations for financial
modelling. While small-noise large deviations for such equations are well studied in the case of
Lipschitz coefficients (see [17,18,20,21]), similar LDPs for equations in which non-Lipschitz
functions are used in the description of the dynamics are scarce. In the papers [8] and [11],
concrete models with finite-dimensional parameter spaces are considered, whereas [4,9,12—14]
deal with large deviation principles for Gaussian models. In the present paper, we assume that
the volatility process is a positive function o of the following process:

v, =/ K(t,s)U(Vy)ds, (1.1)
0

where U is a continuous non-negative function, assumptions on the kernel K will be specified
below, and V solves a one-dimensional SDE, driven by a Brownian motion B and satisfying
the Yamada—Watanabe condition. A (semi-)explicit generating function, as is available in the
rough resp. fractional Heston models considered in [8,11], is not required. Also, our process
Vs clearly non-Gaussian in general, which sets our results apart from the related papers
with Gaussian drivers mentioned above. While our setup allows a lot of freedom in choosing
the diffusion V and the other ingredients, we note that truly rough models are not covered,
because (1.1) is a Lebesgue integral and not an integral w.r.t. Brownian motion. However, the
models that we are considering may be rough at + = 0 (see Remark 4.2). The asset price is

given by

ds, = S,o(V)(pdW, + pdB,), 0<t<T,

s | (1.2)
o= 1.

Here, B, W are independent standard Brownian motions, p € (—1,1) and p = /1 — p2. The
extension to arbitrary Sy > 0 is straightforward. We now specify the conditions under which
our main results, Theorems 1.6 and 1.7, are valid. Assumptions 1.1, 1.3 and 1.4 formulated
below are in force throughout the paper.

Assumption 1.1. Throughout the paper, K is a kernel on [0, T]? satisfying the following
conditions:
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(@)
T
sup / K(t,5)*ds < oo. (1.3)
tef0,71Jo
(b) The modulus of continuity of the kernel K in the space L?[0, T] is defined as follows:
T
M(h) = sup / |K(t1,s)—K(t2,s)|2ds, 0<h<T. (1.4)
{t1,02€[0,T):|ty —1|<h} JO
It is assumed that there exist constants ¢ > 0 and r > 0 such that
M(h) < ch” (1.5)
for all h € [0, T].
(c) K(t,s)=0forall0 <t <s <T.

The function K is a Volterra kernel in the sense of [12] and [13]. The conditions in
Assumption 1.1 have been used earlier; e.g., (b) and (c) are parts of the definition of a Volterra
type Gaussian process in [15,16]. It is a standard fact that the associated integral operator

T
IC(h)(t):/ K(t, s)h(s)ds (1.6)
0

is compact from L2[0, T] into C[0, T]; see e.g. Lemma 2 of [12] for a proof. A standard
example of a kernel satisfying Assumption 1.1 is the fractional kernel I'(H + %)’l(t —s)f=172,
0 < s <t, with Hurst parameter H € (0, 1). We note that I" denotes the gamma function here,
whereas later we will use the letter I" for the solution map of the ODE (1.16).

Definition 1.2. Let w be an increasing modulus of continuity on [0, co), thatis w : Ry — Ry
is an increasing function such that w(0) = 0 and lim,_,o w(s) = 0. A function 4 defined on R
is called locally w-continuous, if for every § > 0 there exists a number L(8) > 0 such that for
all x,y € [-4, 6]

[h(x) — h(Y)| = L(&a(|x — yI). (1.7
Assumption 1.3. The function U : R, — R, is continuous, and ¢ is a positive function on
R, that is locally w-continuous for some modulus of continuity w as in Definition 1.2.

The process V in (1.1) is assumed to solve the SDE

dV, =b(V,)dt +5(V,)dB,, 0<t<T,

1.8
V():U()>O, ( )

where & and b satisfy the Yamada—Watanabe condition in Assumption 1.4. A well-known
example is the CIR process, where ¢ is the square root function.
Assumption 1.4.

(R1) The dispersion coefficient & : R — [0, co) is locally Lipschitz continuous on R\{0},
has sub-linear growth at oo, and ¢(0) = 0, while o(x) > O for all x # 0. Moreover,
there exists a continuous increasing function y : (0, oo) — (0, co) such that

/ood—“—oo (1.9)
or Y@? .
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and

lo(x) —a(y)| <y(x —y]) forall x,y e R, x # y.

Here, the sub-linear growth at oo is understood in the sense that for every x( there exists
a u such that for all x > xy we have

6 (0)1* < (1 + |x]%).

(R2) The drift coefficient b : R — R is locally Lipschitz continuous, has sub-linear growth
at oo, and b(0) > 0.

The process V is non-negative (see the remark after Theorem 2.2). Next, introducing a
small-noise parameter ¢ > 0, we define the scaled version V?® of the process V by

Vi =b(Vf)dt + /e5(Vi)dB,,

1.10
Vo =vo >0, ( )
and the scaled asset price by
dSt = JeSEa(VEYpdW, + pdB,). (1.11)
Here, we write V¢ for the process
t
Vi = / K(t, )U(VE)ds. (1.12)
0
The scaled log-price process X® = log S®, which is the process of interest for our large
deviations analysis, is now given by
1 t R t R
X! = _58/ o(VEYds + \/E/ o(V))d(pW;+ pBs), 0<t<T. (1.13)
0 0
Definition 1.5. In addition to IC from (1.6), we define the integral operators
“:C[0,T]— C[0, T],
Y1 HJ[0,T] — C[0, T]
by
t
o= [ Kaouisends. reo.r) (1.14)
0
t
g() = / K@, s)Uu(s)ds, t€][0,T], (1.15)
0

where v is the solution of the ODE
b =b()+5()g, v(0) = vp. (1.16)

Clearly, we have ¢ = v, where v solves the ODE (1.16). Moreover, f = KU o f)
and ¢ = K(U o I'(g)), where I" maps g to the solution of (1.16). By Assumption 1.1 the
integral operators of Definition 1.5 are well-defined. In fact, for our kernel K, we get that
K : L?*[0,T] — C[O0, T]. Note that for h € H}[0, T], we have h € C[0, T]. Further, for
f € HJ[0,T] we have Uo f € L*[0, T] and for g € H[0, T] we have U ov € L*[0, T]. This
can be easily seen using the fact that U is continuous and the input functions are continuous
on a bounded interval and hence bounded themselves.

We can now state our main results.
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Theorem 1.6. The family X7 satisfies the small-noise large deviation principle (LDP) with

speed =" and good rate function Iy given by

[ (x = plo (KW o T(f), 1))’
2 pHo (KU o I'(f N 1)

1 . .
Ir(x) = inf + 50 ] (1.17)
feH 2
for all x € R, wherever this expression is finite. The validity of the LDP means that for every
Borel subset A of R, the following estimate holds, where A° and A denote the interior resp.

the closure of A:

- 1nf Ir(x) < 11m 1nfalog P(X% € A) <limsupelog P(X} € A) < — inf Ir(x).
e\0 xeA

(1.18)

1

Theorem 1.7. The family of processes X° satisfies the sample path LDP with speed ¢~ and

good rate function Q given by
g(t) = po(K(U o I'()®) /() LN
o= fle“,fl[z/o (et ) @3 ), ora]

for all g € HO1 [0, T], and by Q(g) = oo, for all g € C[0, T]\HOI[O, T]. The validity of the
LDP means that for every Borel subset A of C[0, T, the following estimate holds:

- 1nf 0(g) < 11m1nf810g P(X® € A) <limsupelog P(X* € A) < — 1nf 0(g).
e\

(1.19)

Using the definition of /C, the rate functions in Theorems 1.6 and 1.7 can be equivalently
written as

1) = mf[ (x = p Jy oy K@, DU (f))ds) f @) d1)* / o dt}
rerfl2 B [ o (fy K@t $)UT(f)(s)) ds)? dt
and
) — pa(fy K, s)U(F(f)(s))ds)f(t)) /T .o ]
f d dt |,
e = flenH1|:2/0 (* po (i KU (F)s) ds) ), MO
respectively.

The structure of this paper is as follows. In Section 2, we recall small-noise large deviations
for SDEs satisfying the Yamada—Watanabe condition. In Section 3, we prove the main results,
i.e. the small-noise LDP for the log-price. In Section 4 we clarify the relation of a special case
of our setup to fractional Heston models considered in the literature. In Section 5 we compute
the coefficients in the second-order Taylor expansion of the rate function in Theorem 1.6 for
a special, simplified example. As was mentioned above, Assumptions 1.1, 1.3 and 1.4 are
supposed to be satisfied throughout the rest of the paper.

2. LDPs for the driving processes
2.1. Sample path LDP for the diffusion
We apply a result of [5], which is based on a representation formula for functionals of

Brownian motion obtained in [3], to obtain an LDP for (\/¢B, V?). While the Yamada—
Watanabe condition from Assumption 1.4 covers virtually all one-dimensional diffusions that

584



S. Gerhold, C. Gerstenecker and A. Gulisashvili Stochastic Processes and their Applications 142 (2021) 580-600

have been suggested in financial modelling, we note that Assumption 1.4 could still be
weakened, if desired, e.g. by inspecting the proof of Theorem 4.3 in [3].

If assumptions (H1)—(H6) of [5] hold, then the family of processes (/¢ B, V¢). which satisfy
the two-dimensional SDE

JEdB\ (0
< dvf )‘ (15(Vf)> d’+f( V) )dBl’ @1

admits an LDP due to Theorem 1 in [5]. For V¢, (H1)-(H6) have been checked in [5, pp. 1143—
1144]. For (4/¢B, V*?), the proofs are similar. The assumptions (H1)-(H3) are clearly satisfied.
Let us check condition (H4), namely unique solvability of the control equation (7) in [5]. Here,

it is
o\ _ (0 ! ) 0 ! 1
<¢2(1)> N (v()) +/0 (b((pz(s))> ds +/0 (5((p2(s))> f(s)ds, 2.2)

where f € L2[0, T] is the control function. We also. have ¢y, ¢, € C[0, T]. It follows that
the unique solution of (2.2) is given by Fvo( = <f 0 f(;s)ds)’ where the function ¢, is the
2

unique solution of the equation

@at) = U0+/0 b(ga(s)) ds +/O o () f(s)ds, te€][0,T], 2.3)

which exists, and is positive, by [5, Proposition 1]. This establishes condition (H4) in our
setting. Note at this point, that the ODE (2.3) is formulated for f € L?[0, T] to match the
notation of [5]. Alternatively it can also be written, with a ¢ € H, I and ¢ instead of f, see
(1.16). Condition (HS5) for the second component of I, was checked in [5, p. 1144]. For the
first component, (H5) is true by the following simple fact.

Lemma 2.1. The map f +— fo f(s)ds is continuous from B, into C[0, T, where B, is the
closed ball of radius r > 0 in L*[0, T] endowed with the weak topology.

Proof. If f, € B, converges weakly to f, then the convergence is uniform on compact subsets
of L?[0, T]. Since {Lio; : 0 <t < T} is compact, we have

ff(u)du—/ fa(u)du
0 0

The tightness assumption (H6) can be established as in [5]. The verification, which is based
on the sub-linear growth of b and & and the uniform moment estimate in Lemma A.2 of [5],
is found on pp. 1137-1138 of [5]. See also Section 4.2 of [5]. Now, Theorem 1 of [5] implies
the following assertion, in fact a Laplace principle. But since the rate function is a good
rate function (which is shown in [5]), we also get an LDP with the same rate function. See
Theorems 1.2.1 and 1.2.3 of [7].

sup -0, n—>o0. O 2.4)

te[0,T]

Theorem 2.2. The family of processes (\/¢B, V®) satisfies an LDP in the space C|[0, T]?
with speed =" and good rate function I : C[0, T]*> — [0, oo] given by

1(p1, 92) = inf / f@?dt, (2.5)

{feL2[0 T): Ty (f)= ( )
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whenever {f e L?[0,T]: Z_“vo(f) = (51)} # @, and (@1, ¢2) = 00 otherwise. Here, Fvo(f)
2
maps f to the solution of (2.2).

Note that the positivity of the solution of (2.3) shows that I(¢;, ¢2) = co whenever @, is
negative at some point. Thus, Theorem 2.2 implies that V is a non-negative process, as noted
after Assumption 1.4.

The condition ]_"vo(f) = (zl) implies that fot f(s)ds = ¢1(t), or f(t) = ¢1(¢). Therefore
2

¢2(1) = bpa(1)) + G (92())g1 (1),
and hence (recall that ¢, is positive by [5, Proposition 1])
_ 0 - b(go(1))

@1(7) - (2.6)
1 5 (@2(1))
Therefore, the following statement holds:
Corollary 2.3. For every ¢, that is absolutely continuous on [0, T'| with ¢,(0) = vy
" 9a(t) — b(pa(t L (T /a(t) — b(a(1))\2
I(/ @a( 2 (¢2(1)) dr, <p2) _ _[ <§02( 2 (a( ))) a, @7
0 a (1)) 2 Jo o (pa(1))

if the integral is finite, and 1(¢1, ¢2) = 00 in all the remaining cases.
2.2. Sample path LDP for (\/€B, V¥)

In this subsection we lift the sample path LDP in Theorem 2.2 to one for the family of
processes we get when applying the “hat” operator defined in (1.12) to V®.

Lemma 2.4. The mapping [ +— f is continuous from the space C[0, T] into itself.

Proof. For f € C[0,T] and all t;,1, € [0, T],

1

T
F = ) = — D} ([ UrR ds)” = Cpln - .

0
The number r in the exponent of the last term comes from an estimate for the modulus of
continuity of the kernel given by (1.5). Here we used the local boundedness of the continuous
function U, and also (1.4). Now, it is clear that the function f is continuous on [0, T']. It
remains to prove the continuity of the mapping f f on C[0, T]. Suppose fr — f in
C[0, T]. Then we have

1 1

R R T T 5
||f—fk||C[0,T]§(/o UCs) = Uils)Pds)” sup (fo K@sPds)'.  28)

t€[0,T]

[~}

Moreover,
Co = max{|| fllcro.71- sup Il fill cro.ry} < 0.
k

It follows from Assumption 1.1 and (2.8) that there exists a constant C; for which
If = fellcrom < €1 sup [UCf(s) — U(fils))]. (2.9)
5€[0,T]
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and the previous expression converges to zero by the uniform continuity of U on [—Cy, Cpl.
This completes the proof. [

The next assertion establishes the LDP for (/¢ B, V*¢).

Theorem 2.5. The family of processes (\/¢B, \75) satisfies an LDP in the space C[0, T]?
with speed ¢! and good rate function given by

(1. KW o T(y)) = / I dr, (2.10)

if the expression in (2.6) exists, and I(Y, ¥,) = 00 otherwise. As above, I' is the solution
map of the one-dimensional ODE (1.16), which means that ¢ = I'({r)) solves the ODE

¢ = bl) + 5 ().

Proof. We know that ( /¢ B, V?) satisfies the LDP in Theorem 2.2. The mapping (¢, ¢2) —
(¢1, ¢2) of CIO, T1? into itself is continuous due to Lemma 2.4. Hence, we can use the
contraction principle, which gives

I, y) = inf I1, ¢2) = inf (Y1, ¢2).
{(91.02)€CI0. T (Y1.92)=(p1.62)} G2=Y
The necessary condition under which we have I(y,¢;) < oo is ¥ = d%;’(;/))z) (see

Corollary 2.3). O

Since B and W are independent, the following result is an immediate consequence of
Theorem 2.5 and Schilder’s theorem.

Corollary 2.6.
(i) The family (\/eWr, /B, Ve) satisfies an LDP with speed ¢~ and rate function

. T 1 (7.
[y, v1, KU o (1)) = 53* + 5 / Vidr, .11
0
for y € R and ¥y, € HOl [0, T, if all the expressions are finite, and f(y, Y1, Yn) = o0
otherwise. .
(ii) The family of processes (\J¢W, \/eB, V?) satisfies an LDP with speed ¢~' and rate
function
(o, Y1, K(U o T(y))) = / Yro(1) dit + / iy, (2.12)

for Yo, Yy € Hol[O, T], if all the expressions are finite, and 1(1,00, Vi, ¥n) = o0
otherwise.

3. Proof of the LDP for the log-price
3.1. Proof of Theorem 1.6 (one-dimensional LDP)
It is clear that the one-dimensional LDP in Theorem 1.6 is a special case of the sample

path LDP in Theorem 1.7. For the reader’s convenience, though, it seemed better to us to first
prove Theorem 1.6, and then refer to some parts of this proof in the proof of Theorem 1.7.
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We build on some ideas of [12]. To match the notation there, we note that ¥ B from [12]
corresponds to our process V¢ as defined in (1.12). In the original proof of [12] the author
first supposes T = 1. Here, for convenience, we immediately allow a general T > 0. By the
following lemma, it suffices to prove an LDP for the drift-less process

dX: = Jea(VENpdW, +pdB), 0<t<T. 3.1)

Lemma 3.1. The families (X% )¢>0 and (XT)5>0 are exponentially equivalent, i.e. for every
8 > 0, the following equality holds:

limsup € log P(| X5 — )A(;| > §) = —oo0. (3.2)
e\

Proof. By the same reasoning as in Section 5 of [12], there is a strictly increasing continuous
function 1 : [0, c0) — [0, oo) with lim, ~o n(u) = oo and &) < n(u) for all u € R. Let

11 [0, 00) — [0, c0) be the inverse function. Replacing \/§1§ in [12] by \A/s, we get the
estimate

P(X5 — X5| > 8) = ( fa(V)zds>8)<P<; an(\?f)ds>3)
0

( / n( sup |\7f|)ds > 8) = P(%sTn( sup |\7t€|) > 8)

0<t<T 0<t<T

= P(nCsup 17D > 22) = P ( sup 191> w7 (2)

0<t<T 0<t<T
< exp(—%J(A)),
(3.3)

where J is the rate function of sup,_,.r |\A/f|, and A = (n"( =), 00). Since J is a good rate
function, we know that J(x, co) /' 0o as x /' 00, SO we get (% 2). 0O

We will next reason as in [12], p. 1121, using the LDP for (,/eWr, \/¢B, Ve in
Corollary 2.6. Analogously to [12], we define the functional @ on the space M = R x C[0, T]?
by

T

T 5 \/2 .
¢(y,f,g)=p(/0 o(g(s)) dS) y+p/0 o(g(s)) f(s)ds, 3.4

if (f,g) = (f, f) with f € Hol[O, T], and &(y, f,g) = 0 otherwise (recall the defini-
tion (1.15)). Further, for any integer m > 1, define a functional on M by

. T 5 12 m—1
2o )= ([ 0P as) "y 40 3t (bt — hiw). (3.5)
0 k=0
where #; == kT for k € {0, ..., m}. The following approximation property is the key to applying

the extended contraction pr1nciple (see (4.2.24) in [6]).

Lemma 3.2. For every o > 0,

lim sup sup |9(y. f. /) = Py, £. ) =0. (0
MO feHJI0. TRy 4] i f()>ds=a)
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Proof. The proof is similar to that of Lemma 21 in [12]. We need to change the range
of the integrals and suprema to [0, 7] instead of [0, 1]. Hence, the grid points for 4, are
t = %k for k € {0,...,m}, like in (3.5). We use a different integral operator than [12],
and so we have to show that the set Eg = { f:fe Dg} is precompact in C[0, T'] for
Dg = {f € Hy[0,T] : fOT f(s)?ds < B}. For f € Dg, we have f € L*[0, T] and therefore
can use Eq. (16) of [5] to estimate the solution of the ODE

v =1+ [ b(v(s))ds + / &(v(s)) f(s)ds
0 0
as follows:
sup [v(s)[> < (3lug|? + 6272 + 62T | f113)e TTHII) = 2,
0<s<T

Here, © comes from the sub-linear growth condition for the coefficient functions of the
diffusion equation for V in Assumption 1.4. Since the continuous function U is bounded on
the interval [—Cg, Cgl,

{Uov: f e Dg, © =bv)+a)f} (3.7)

is a bounded subset of C[0, T]. The compact operator /C, as defined in (1.6), maps the set
in (3.7) to a precompact set in C[0, T']. So we can conclude that Eg is precompact. After that,
the proof continues like in [12]. [

Definition 3.3. Let 7 € [0, T'] be fixed. Consider the grid #; := T% for k € {0, ..., m}. There
is a k such that ¢ € [#, tx41). Denote by =(¢) the left end of the previous interval. Explicitly,
we put

=)= 0] (338)

E@) = [ .
where [a] stands for the integer part of the number ¢ € R. For T = 1, this reduces to
HOERS

We will next prove that &,,(/eWr, J/¢B, V¢) is an exponentially good approximation as
m /' 00 to (\/eWr, /€B, V¢). We start with an auxiliary result.

Lemma 3.4. For every y > 0,

lim sup lim sup ¢ log P( sup |V — ‘72(1)| > y) = —00. (3.9)
m—00 e\ 1€[0,T]

Proof. This corresponds to Lemma 23 in [12], but we need to adjust some estimates in the
proof, since we do not have Gaussianity in our setting. As in [12] we use

P( sup |Vf — Vi, | > y) < P< sup |‘7,§ - ‘A/lﬂ > y). (3.10)
1€[0,T] tl,tze[(),?]
lty—1y |<T/m

589



S. Gerhold, C. Gerstenecker and A. Gulisashvili Stochastic Processes and their Applications 142 (2021) 580-600

Then, for |s —t| < T/m, we have

T
Ve — Vel = ‘/O (K(r,v) — K (s, v))U(Vf)dU‘

T
</ M(=) sup |[U(V})I|
m  yel0,7]

cT\"/? .

=(5)7 swp w0,
m vel0,T]

where M is the modulus of continuity of the kernel function in Assumption 1.1. We know that

V¢ satisfies an LDP, by Theorem 2.2. Using this, we can estimate

P(sup 105 = V2l > v) = P( sup UV > ye 2T P 2)
te[0,T] s€[0,T]
—1

= exp(— I (007 ) ).

for & small enough. Here, J is the good rate function corresponding to sup, o 7y |U(V)], which
satisfies an LDP, as seen from applying the contraction principle to the continuous mapping

— su |U(f(s))|. From this, we can write
f Psef0,7]
N ~ 1 r
lim sup ¢ log P( sup |V —VZ,l > y) < ——J((y(ﬂ)z,oo)) (3.11)
e\0 1€[0,T] 2 cT

Since J has compact level sets, the term on the right-hand side explodes for m " co. U

Next, we show that the discretization functionals &,, yield an exponentially good approxi-
mation.

Lemma 3.5. For every § > 0,

lim lim sup & log P(}@(JEWT, VEB, V&) — &,,(JeWr, eB, V)| > a) = —00.
0

m—00 6\

(3.12)

Proof. This lemma corresponds to Lemma 22 in [12]. As in the proof of that lemma, it suffices
to show

t
lim limsup ¢ log P<\/E|,o| sup ‘/ as(’”)st‘ > 8) = —00, (3.13)
m=00  e\0 tel0,71' Jo
where ot(’”) =o( \7;?) — o(f/gm). We have to redefine S,(]’") in order to take a general 7 > 0 into
account:
: n 5 fe
£ 1nf{t €[0,T]: — L |V + |V — VE | > n] AT.
" q(n) ! ®

Note that we use the convention inf# = co here. The equations (55)—(65) in [12] remain the
same, except that we replace ! B by V¢ and use our redefined versions of o™ and S,(I"’). Thus,
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formula (65) in [12] can be applied. The estimates (66) and (67) have to be replaced by

t
P(Jam mp}/’ﬁmd34>5)
te[0,7T] 0
t
SP(s,gm><T)+P(«/EIpI sup ‘/ ep
0

1e10,50™)

and

PE™ <T) < P( sup (== V7| 419 = V2)) > ”)
1€[0,T] 6]( ) (3 14)

< P( sup V] >
1€[0,T]

M) + P( sup |V© — Vg(,)| > 2).
2 1€10,7] 2

Using Lemma 3.4, we can handle the second term, and so it remains to find an appropriate
estimate for the first term. Here we need to adapt the reasoning in [12] because of the lack
of Gaussianity. By the LDP for V® and the contraction principle applied to the mapping

S = sup,cpo.r 1 F (D], we get

P((sup 1771 > 20) < exp(= - - 1y (at. o0)). (3.15)

1€[0,T]
for ¢ > 0 small enough, where I, is the rate function of sup,¢(o 7 |\A/f|. Note that g(n) /' oo
for n \( 0. So, we get
5 . )
imsup limsup e log P( sup |V | > —) = —o0. (3.16)
N0 N0 1€[0,T] 2
Using (3.9) and (3.16), we get (73) and (74) of [12]. Finally, we can complete the proof as
in[12]. O

Let us continue the proof of Theorem 1.6. Lemma 3.2 states that condition (4.2.24)
in [6] is satisfied. Furthermore, due to Lemma 3.5, we know that &,,(/¢eWr, /¢B, \73) is
an exponentially good approximation of ¢(,/eWr, \/¢B, VE) as m /" 0o. Hence, we can use
the extended contraction principle (Theorem 4.2.23 in [6]), and get that X % satisfies an LDP
with good rate function I and speed e~'. We know from Lemma 3.1 that )E'ET and X% are
exponentially equivalent, and so we finally arrive at Theorem 1.6.

According to the extended contraction principle, we have

Ir(x) = inf{I(y, f.8) : x = &(y. f. )}

The rate function / is only finite for

H(, £,KW o D) = 59>+ 3UF. )

Recall that I" is the one-dimensional solutlon map that takes f to the solution of the ODE
v =bW)+a)f, v(0) = vy, and that the function @ can be written as

B(y, f,8) = py/(0(g)%, 1)y + plo(g), f).
Hence, if x = &(y, f, g), then
x — plo(g) f)

(02 1)
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Inserting this into the rate function obtained through the contraction principle, we get
Ir(x) = infl{i(y. f.g) 1% = Dy, f.g). [ € Hy. §=K(U o I'(f)
T, 1 x = plo(KW o T(f)). f) |
=infy >y + S (f, /)iy = . f € H
127+ AV (KU o T(fHP,T) 3§
T x—=ploUo (/). I\, 1, ;
—_ + =(f, .
3G emas ey ) T2 )

3.2. Proof of Theorem 1.7 (a sample path LDP)

(3.17)

We adapt the arguments on pp. 3655-3658 in [13]. As in the preceding section, our
starting point is that we already have an LDP for (W, /2B, V), see Corollary 2.6. We
redefine the functions ¢ and ®,, so that they map CI0, TP to C[0,T]. Forl € HO1 [0, T] and
(f, g) € C[0, T? such that f € H![0, T] and g = f,

(L, f. g)1) = ,5/0 o (f(s)i(s)ds +,0/0 o(f(s)f(s)ds, 0<t<T. (3.18)

In addition, for all the remaining triples (/, f, g), we set &(l, f, g)(t) = 0 for all ¢ € [0, T]. By
the following lemma, we can remove the drift term.

Lemma 3.6. The families of processes X° and X¢ are exponentially equivalent, i.e. for every
8 > 0, the following equality holds:

limsup e log P(|| X* — X®|lco.r) > 8) = —o0. (3.19)
e\0

Here, X¢ is defined in (3.1).

Proof. By taking into account the proof of Lemma 3.1, we see that just one additional estimate
is needed, namely

N N 1 ~
I1X* = XNlcro,r1 = sup 1X; — X7| < §8T77( sup |V/]).
O<t=<T 0<t<T
Then we directly get
B e 1 % e -1 28
PAX" = X1 > 8) < P(5eTn( sup 1971) > 8) = P( sup |91 > 07" ().
2 0<t<T 0<t<T eT
which is exactly the same expression as in the proof of (3.2). [

The sequence of functionals (®,,),>1 from C[0, T]* to C[0, T] is given for (r,h,l) €
C[0,T]? and ¢ € [0, T] by

5-1)
D (r, h, (1) = ﬁ( Z o (I (1) — r(@)] + a(l(E(t))) [r(t) - r(E(t))])
k=0 (3.20)
(% —11
+p< Z o (LE)h(ter1) — h(@)] + o (I(2(1))) [h(t) - h(E(t))]).
k=0

It is not hard to see that for every m > 1, the mapping &,, is continuous.
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Lemma 3.7. For every ¢ > 0and y > 0,

lim sup sup IDCr, f, 1) = Pu(r, £, Plico.rp = 0. (3.21)
mI% e, HeHYI0.T12: 4 [ iy ds+] [ Fiords<c)

Proof. Lemma 3.7 can be obtained from the proofs of Lemma 3.2, Lemma 21 in [12] and
Lemma 2.13 in [13]. The only difference here is that the supremum is taken over two functions
from D, = {w € HO1 [0,7T]: fOT w2 ds < n}. By the uniform bound in the proof of Lemma 21
of [12], this is actually irrelevant. [

Next, we will show that the family &,,(\/eW, \/€B, V¢) is an exponentially good approxi-
mation for &(\/eW, /B, V?), as m 7 oco.

Lemma 3.8. For every § > 0

lim limsup e log P(|| B(v/eW, /eB, V) — &,,(/eW, VeB, V)l cpo.r) > 8) = —o0.

M—00 N\ ()

(3.22)

Proof. In the proof of Lemma 3.5, the estimate (3.13) was formulated stronger than needed.
We can directly use this to show (2.13) of [13]. We can also get (2.14) of [13] this way. The
ingredients of (55)—(65) in [12] do in fact depend on the Brownian motion B via the process
Ve, However, the reasoning for the estimate

t 52
Pl su SH’/ Gfm)de‘ > 8) <ex (— (3.23)
<ze[o;$)””1 o P\ 20w L(q(n))zw(n)z)

in [12] stays the same if we replace the driving Brownian motion B by W. The rest of the
proof from here on is essentially the same as in the proof of Theorem 2.9 in [13]. U

Just as in the preceding section, we combine Lemmas 3.6-3.8 to see that Theorem 1.7
follows from the extended contraction principle. We have

Q(g) = inf{/ (Yo, Y. 1) : g = D(Wo. Y. ¥2)}-
The rate function I is only finite for

A 1. . 1. .

1Yo, Y1, ¥2) = EWO, Vo) + §<f’ AR

where Y1 = f and y, = (U o I'(f)) for some f € HO1 [0, T]. Recall that the function @ is
given by

o, f,9)t)=p / o(g(s)i(s)ds + p f o(g(s)f(s)ds,
0 0

hence we can write

j_ 02U, 1 8) — po(g)f
po(g) '
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Finally, we get the rate function as follows:
Q(g) = inf{/ (Yo, ¥, ¥2) : g = S(Wo. Y1, ¥2))
= inf{%wo, vo) + %<f', fr:f €Hy, Y= f, Y2 =KWUoTI(f),
3 (2o, Y1, ¥2)) — po (Y2) ¥

o = . 8= 2o, ¥,

o e g = P, 1 Wz‘)} o
il e e e Lp fy e g &P o TGS
= int| 3o, ol + 57, S € 1Y, o = ELET ST

1T 8 = po (KW o T(HNF®)N2 1 fT - }
= "2 di + - dr}.
flenﬂ(}{Z/o (T etw sty ) ), o

4. Fractional CIR stochastic volatility

We describe an example of a model that fits our assumptions, and has already been studied
in the literature on fractional volatility modelling [1]. Let V be a CIR process with positive
parameters «, 6 and ocir, satisfying 2«60 > oczm. In this case,

b(x) =k(@® —x) and &(x) = ocRVX,
and the dynamics of V are
dV, = k(0 — V,)dt + ociry/V:dB,.

We choose the fractional kernel K (¢, s) = I'(a)~'(t—s)*"!,0 < s < t, and U = id, so that the
process V defined in (1.1) is the Riemann—Liouville integral of order « of the process V. We
assume o € (%, %), which overlaps with the parameter range « € (0, 1) considered in Section 2
of [1], and implies our assumption (1.3). The definition of the model is completed by putting

o(x)=,/og +x, x>0,

where oy > O is the initial value of the stochastic volatility process o(V,). Note a small
difference in notation compared to [1]: We write vy = V; for the initial value of V, and not for
the initial value of the variance process 0(\7,)2 of the stock, which we denote by 002. Unlike [1],
which is a paper on portfolio optimization, we set the drift of the stock to zero, because the
application we have in mind is approximate option pricing in the small-noise regime.

The advantages of using a fractional CIR process instead of the classical CIR process are
described in [1], Section 2, and the references given there. The model captures volatility
persistence, in particular, steep implied volatility smiles for long maturity options and the
comovement between implied and realized volatility. The paper [1] also gives a formula that
makes the long-range dependence of the variance process explicit.

The model we just described is also closely related to the fractional Heston model from [11].
The main difference, besides the zero correlation assumption imposed in [11], is the range of «.
They assume o € (—%, %), whereas we have a € (%, %). Thus, the models we consider in this
paper could be seen as a complement to the fractional Heston model of [11], with positive
correlation and rather general functions b(-), 5(-) and o (-), but at the price of losing roughness
of the volatility paths.

Remark 4.1. The paths of the CIR process V are (% —8)-Holder continuous for any § € (0, %)
(see Lemma 7.1 in [1]). If we choose the fractional kernel K(¢,s) = I'(H + %)’l(t —s)H-172,
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H € (0, 1), in the model considered in the present section, then the paths of V are in the Holder
space HH*173, See Definition 1.1.6 (p. 6) and Corollary 1.3.1 (p. 56) in [19]. In particular,
since H + 1 — 4§ > 1 for small &, the paths of V are C! on (0, T). By modifying the model,
using U(x) = |x — Vp|“ with « € (0, 1] instead of U = id, the paths of V become less smooth,
namely (3k + H + 1 — §)-Hélder continuous. In addition, if o(x) = oo(1 + x#), B € (0, 1),
then the volatility paths t +— op(1 + (\Z)ﬂ) are (%K,B + (H + %),8 — 8)-Holder continuous on
[0, T'], for any small enough § > 0. While this Holder exponent can be smaller than %, the
volatility process is not rough, because o (-) is smooth away from zero, and so “roughness”
occurs only at time zero. Note that in truly rough models, the volatility process is constructed
using stochastic integrals fot K (¢, s)d Wy or related processes, which is not the case in our setup.

5. Second order Taylor expansion of the rate function

In order to compute the rate function, a certain variational problem needs to be solved
numerically. It might be preferable to use the Taylor expansion of the rate function instead,
if it can be computed in closed form. In principle, this can be done using the approach used
in [2], but would involve rather cumbersome calculations. We therefore illustrate the method by
the example V = B (a Brownian motion; thus b=0and& =1), U(x) = x%, vy =0. It is very
easy to see that our main results hold for this example. Indeed, the required results from [5],
for which we made our assumptions on the SDE for V, trivially hold here. The control ODE is
degenerate, and its solution mapping I is just the identity map. The statement of Theorem 2.5
follows from Schilder’s theorem and the contraction principle, and the transfer to the log-price
is a simplified version of the arguments in Section 3.

Proposition 5.1. Let U(x) = x? and V = B. Furthermore, assume that o is smooth (at least
locally around 0). Suppose that the rate function I is also smooth locally around 0. Then, with
oo = 0(0), its Taylor expansion is

I(x) = I(0) + I'(0)x + 1" (0)x*> + O(x%)
=1"0)x*+ 0(x%)

= sz + 0. (5.1)
203

Remark 5.2. Formula (5.1) gives the second order Taylor expansion. However, the ideas in
the proof of Proposition 5.1 can be used for higher orders. Clearly, the computations for the
expansions get even more cumbersome in the latter case.

5.1. Proof of Proposition 5.1

The proof is very similar to the one of Theorem 3.1 in [2]. In the following, we will outline
at which points adjustments are needed. Note that for the special we are treating we have
U(x) = x* and I' = id. To simplify computations in the proof, we put T = 1 and write I = I;
for the rate function. In Proposition 5.1 of [2], there is a representation of the rate function that
coincides with ours, except that different integral transforms are used. For our special case, we
have

I(x) = inf
feH}

(x —pG(f)? 1 .
— + -F = f 7, , 5.2
St aEW) ot Z(p) (5:2)
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where
G(f) = /0 | o (KNS (s)ds = (0 (K(f), f), (5.3)
F(f) = /0 1 o (K(fH)5))* ds = (o> (K(f2)), 1), (5:4)
E(f) = fo N F@Pds = (. f. (5.5)

Recall that I f = fo K(-, s)f(s)ds. In [2] the authors use the same integral transform as used
in [12,13],i.e. € f We have to adjust this to our case of /C( f2). Here, Z, denotes the functional

that needs to be minimized to get the value of the rate function at x.

First, we need to get a representation for the minimizing configuration f* of the functional
Z,. This is done like in Proposition 5.2 in [2]. The corresponding expansions of the ingredients
of the rate function for our setting for § > O are

E(f +88) ~ E(f)+25(f, &), (5.6)
F(f +88) ~ F(f) +28{(0> (K(f?), K(f2)), (5.7)
G(f +88) ~ G(f) + 8({a(K(f), &) + 2(a'(K(fH), FK(fg)) (5.8)

Note, that “ ~ ” is defined in [2] as

A~ B:& A=B+o0(), 6\ 0. 5.9

If f = f* is a minimizer then § — Z,(f + §g) has a minimum at § = O for all g. Using
(5.6)—(5.8) we expand

(x — pG(f +88))°
To(f +6 — + - +8
(f+3dg) = 2 E 1 o0 E(f +8g)

= PG = 28p(x — pGMN ({0 (). &) + 20" (K(F)). FK(f2))
207 FONH(1+ 225 (@ (), K(£9))

E(f)

1 -~
+ S E) + 50/ 8) (5.10)
L - pG(fN? = 28p(x — pG(fN((e(K(f2). &) + 2(c"(K(f2), fK(fg)))
262 F(f)
(@D (K, K(f)) + = E(f) +58(f. %)

(= pG(f)* 28
202F(f)  F(f)

Now, as a consequence, for f = f* and every g € H0' [0, 1],

2p(x — pG(N((o(K(f), &) + 2(c"(K(f2), FK(f2)))
20%F(f)

2@ (K(f), K(fo) + (f, &)

0= 05(Z:(f +388))s=0 = —

~ = pG()
252 F(f)

(5.11)

596



S. Gerhold, C. Gerstenecker and A. Gulisashvili Stochastic Processes and their Applications 142 (2021) 580-600

€ have = 0, for any x. We now test wit = 19 for a fixed ¢t € [0, 1| and obtain
We h o =0, f y x. W ith § = 1o, f fixed [0, 1] and obtai

fr = PO PCUN(E KW, Lo + 240" KW, RS id=0)
P (5.12)

2((@) K(fHH), K(f*id<)),

N pG(f*))?
202 F2(f*)

where we write

N N SNt
id<(s) = g(s) = / gw)du = / Lio.q(u)du = / 1du =s At. (5.13)
0 0 0
Let us recall the ansatz in [2]. The authors of [2] choose for fixed x the optimizing function
f* forZ,,ie. f* = argmin feH] Z.(f). Therefore, the first order condition is Z,(f*) = 0. The

authors of [2] use the implicit function theorem to show that the minimizing configuration f*
is a smooth function in x (locally around x = 0). As Z, is a smooth function, too, this implies
the smoothness of x +— Z,(f*) = I(x), at least in a neighbourhood of 0. Note that for (26) and
Lemma 5.3 in [2], the embedding K : HO1 — C works, because we have already established
that (U o f) is continuous (see Lemma 2.4).

In order to apply the implicit function theorem, the authors of [2] show that the ingredients
of the rate function are Fréchet differentiable by computing their Gateaux derivative. This is
more complicated in our case, because of the different integral transform we use. Therefore we
assume that the rate function is locally smooth around 0 in Proposition 5.1, and, consequently,
that Lemma 5.6 in [2] holds. After establishing that the implicit function theorem can be used,
we can proceed as in [2] up to Theorem 5.12 there.

Next, we will imitate the computations in Theorem 5.12 of [2] in order to get the expansion
of the minimizing configuration in our setting. In fact, if we just want to obtain the second
order expansion of the rate function in our setting for Brownian motion squared, it suffices to
find the first order expansion of f*. Assuming the ansatz

ff=ax+ 0x?), (5.14)
we get
f=ox+ O(xz),
f,x = dx + 0(x?),
o (K((f*)*) = 00 + O(x?),
o' (K(f)H) = oj + O(x?),
F(f*) = oj + 0(x?),
G(f*) = (00, &)x + O(x?).
Therefore,
(E(KW(fHD), Ljo.)) = oot + O(x),
2>’ (K, fER(fid<y) = Ox),
2((a )Y (KW f5), K(fF id<y)) = O(x),
x — pG(f*) = (1 — pogar)x + O(x?),
(x = pG(fH))* = 0(xH).
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We use the previous formulas in (5.12) to obtain

. e = pogar)x + O(x?))(oot + O(x)) 0(x?)
fi= = —— O(x)
P (o5 + O(x?)) 2p%(oy + O(x?)) (5.15)
_ ol — ﬁ_’;fo(;ll)xo'of L oud).
pP=0y

Comparing the coefficients, we get the same result as the authors of [2] for the first order
expansion, i.e.

1-—
o = LU= Po), (5.16)
P20
Setting + = 1 and then computing «; leads to the formula
o =Lt (5.17)
00

Note that the first order expansion of the minimizing configuration f* is exactly the same as
in [2]. The reason is that the expansions of the ingredients of (5.12) are relevant here, and these
expansions coincide. For the second order expansion of the rate function, we need second order
expansions of its ingredients. These are given in the following formulas, where id> denotes the

quadratic function s > s2:

!~ 1p? , 3
—E(fH =524 00,
SEUD 2%zx+ (x7)

(x — pG(fH))? = p*x* + 0(x*)
F(f*) = 0f + (o) (K@), x> + 0(x*)
2
= o + (o) 2 (K(id), )22 + 0.
o)

Finally, we get the Taylor expansion of the rate function by taking into account the reasoning
above. We insert the expansion

=+ 00 = Lix + 0?) (5.18)
00
and the expansions above into Eq. (5.12) for the minimizing configuration. Then, we get
pG(f*))
1.0 = C LU L g
2p°F(fY)
p4x2 + 0(x?) 1p? ,

N + 5557+ 0
25%(0 + (07 5 {K), 1) + 0)) 207" UM

=2

2
19
= 2x +O(x 3)+2 i 24+ 0(x?)

= 5+ P+ 00
20,

1 3
= zx + 003, (5.19)
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and hence the following expansion holds:

1(6) = T.(f%) = ﬁxz + 00 (5.20)
0
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