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1 Black-Scholes model

1.1 Basics

Samuelson 1965, Black-Scholes 1973, Merton 1973
Finite time interval ¢ € [0,7]. (Sometimes ¢ € [0, c0) is considered.)
Riskless asset B; = €™, where r € R is deterministic (same interest rate
for savings and loans).
Risky asset: geometric Brownian motion (see below).
No market frictions:

1. Agents can trade in continuous time

2. Any position size is possible (no shortselling constraints, assets are
divisible)

3. No bid-ask spread (one price process for the risky asset)
4. No market impact

Brownian motion (BM): (W})o<t<r defined on a filtered probability space
satisfying the usual conditions. BM satisfies

1. Wo=0

2. W is adapted and has continuous paths

3. For s < t, W, — W, is independent of Fj

4. Wy — Wy ~ N(0,t — s)

Geometric Brownian motion: Sy > 0,

dS; = puSydt + 0 S, dW,, drift p € R, volatility o > 0.

Implicit definition (SDE). Explicitly:
Proposition 1.1. The unique solution of this SDE is

Sy = Soexp(cWy + (1 — 20°)t).

Proof. Define Y; := (TWt—I—(p,—%O'Z)t. First, assume Sy = 1 and then multiply
by Sp. Apply Ito’s formula to S; = h(Y;) with h(x) = e”.
Uniqueness: Exercise (or from general theory of SDEs). O



Note: For =0, S is a martingale (more on this later). Indeed,
E[GU(Wt_Wu)’fu] — E[eo(Wt—Wu)] _ 6%02(1&—@‘

Definition 1.2. A trading strateqy is a pair of progressively measurable pro-
cesses, ¢ = (¢}, ¢ )o<i<r- Its value process is

Vi(6) = 615 + 67 B..

The strategy is self-financing, if fOT(ng}L)Qdu and fOT |p2|du are a.s. finite and

WW%ﬂM@+A¢M&+A¢w&,OSt§F

Define the discounted asset price S* := S/B.

Sy = Syexp(oW, + (u —r — 30°)t),

dS; = (u —r)S;dt + o S;dW;.
S* is a submartingale for 1 > r, and a supermartingale for u < r.

Definition 1.3. A measure Q ~ P is an equivalent martingale measure
(EMM), if S* is a local Q-martingale.

Theorem 1.4. Q is an EMM <= for every self-financing trading strategy ¢,
the discounted value process V* :=V(¢)/B is a local Q-martingale.

Proof. <=: Consider the buy-and-hold strategy ¢, = (1, —Sj). Then
V(o) = B;I(St — SoBt) =S¢ — S
—: Calculate dV;* = d(B; 'V;) by the Ito product rule:

dV*=d(B™'V) =BV + VdB™ ' +d[B",V]
0

= B} (¢'dS + ¢*dB) + (¢*S + ¢*B)dB™"
= ¢"(SdB™' + B7'dS) + B '¢*Brdt + ¢*B(—rB™")dt = ¢*dS*. O

Example 1.5 (Simplified Girsanov). Let dW; = dW; — \(t)dt, where X\ is
a determanistic L? function, and define

An easy calculation shows that Egle"Vr] = e”’t/2 y e R, and so W* has the
one-dimensional marginals of a standard BM under Q.
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Theorem 1.6. In the Black-Scholes model, the unique EMM is given by

dQ r—p L(r—p)’
T _ P By, U TR )
dP exp( o Wr 2 o?

W =W, — =Lt is a Q-Brownian motion, and dS; = oSfdW;'.
Proof. By Girsanov’s theorem (see the exercise class). ]

We have
S; = Soe " exp(oWy + (1 — 20°)t) = Syexp(oW; — 10%t).

Thus, under Q, S* is a geometric BM with drift 0, and thus a true Q-
martingale (not just local). Dynamics of S under Q:

dS = pSdt + oSdW = pSdt + o SAW™ + (r — p)Sdt = rSdt + o SdW™.

The following definition serves to rule out riskless gains by so-called “doubling
strategies” (see Section 1.7).

Definition 1.7. A self-financing trading strategy is admissible w.r.t. Q, if
V*(¢) is a Q-martingale.

From now on, “strategy” in the BS model always means a self-financing
trading strategy which is admissible w.r.t. the unique EMM.

Definition 1.8. The BS model is the market (S,B) with the set of Q-
admissible trading strategies, for the unique EMM Q.

Definition 1.9. A market model is free of arbitrage, if there is no strategy
with Vo(¢) =0, Vr(¢) > 0 and P[Vr(¢) > 0] > 0.

Theorem 1.10. The BS model is free of arbitrage.

Proof. If Vr(¢) > 0 and this is positive with positive probability, the same
holds under Q, and we get Vo(¢) = Vi (¢) = Eo[Vi(¢)] > 0. O

Note that this argument does not work if V* is a strict local martingale.
In Section 1.7, we will se an example of such a trading strategy.

Definition 1.11. A replicable claim is an Fr-measurable random variable X
such that there is a strategy ¢ with Vr(¢) = X a.s.

Theorem 1.12. For a replicable claim X in the BS model, let m,(X) = Vi(¢)
be its price process, for some replicating strateqy ¢. This process does not
depend on the choice of ¢.



Proof.
m(X)

B,

This yields the risk-neutral valuation formula: the price of a replicable
claim is the risk-neutral expectation of its discounted payoff.

= V/"(¢) = Eo[V7(¢)| 7] = Eq[Br ' X|F. =

m(X) = BEg[B:' X|F] = e "I VEQ[X|F], 0<t<T (1.1)

It is clear that m(X) is the only arbitrage-free price for the claim at time 0.
Indeed, if someone would pay 7 > m(X) for it, then sell it to him, pocket
the difference 7 — my(X), and replicate the claim, using the initial capital
7T0(X).

If you can buy the claim for 7 < 7y(X), do so, and go short in the
replicating strategy to receive mo(X) — 7 > 0 up front.

Note that (1.1) is linear in X, which is a natural property of a pricing
rule.

1.2 Black-Scholes formula, Black-Scholes PDE

A call option is the right to buy at time 7" one share for the price K. Payoff
at maturity is (Sr — K)T. Define
log(s/K) + (r &+ $0%)1

NG

Note that dy = d; — o+/7. With ® the standard normal cdf, define ¢ :
R* x [0,T] — R* by

dio(s,T) =

c(s,7) == sP(dy(s,7)) — Ke " ®(da(s,T)).
For 7 = 0, take the limit (s — K)7 of the right hand side.

Theorem 1.13 (BS formula). The call option is replicable in the BS model,
and its price process is given by Cy = (S, T —t). Explicitly:

Cy = S,®(dy (S, T —t)) — Ke " TDd(dy(S,, T — t)).
A replicating strategy is given by

br = %(St, T —1t)=®(dy(S;, T —1t)) (“delta hedging”),
QS? == e_rt(C(St, T — t) — QSzSt)



Intuitively, delta hedging is based on the Taylor approximation

c(Styar) — c(Si) ~

First, we assume that there are smooth functions v, g, h with C; = v(Sy, t),
(&1, 02) = (g(Si,t), h(Si,t)). By the self-financing property, with V; = V;(¢),

dV = gdS + hdB
= g(uSdt +oSdW)+ rBh dt
r(V—gS)
= (p—r)Sgdt + ocSgdW + rVadt.

On the other hand, by Ito’s formula (note that partial derivatives of functions
are denoted by indices),

. (91)(St,t) 8'0(St,t)
=5 dt + s dS; +

= vedt + v5dS + %vssd[S, S]
= vdt + v (uSdt + o SAW) + %azvssSth.

182'11(5’“ t)

dv 2 0s?

d[s, S

As we must have v = V| we can subtract dV from dv and obtain
0= (vy + pSvs + %v350252)dt + v, SodW + (r — p)Sgdt — 0 SgdW — rvdt.
Diffusion coefficient and drift must vanish:
oS(vs—g)=0 = g=u,,

0=v + puSvs + %%80252 +(r—pn)sS g —rv
<~

Vs

We obtain the Black-Scholes PDE for the value function:

vr(s,t) + 10752 05(s, ) + rsvs(s, t) — rv(s,t) = 0

Note that the PDE does not depend on u, and that we have not used the
call payoff. The value function of the put, with payoff (K — S7)*, and those
of other European, not path-dependent claims satisfy the same PDE, as we
will prove in Section 1.4. After these motivating remarks, we give two proofs
of the BS formula.



First proof of Theorem 1.13. Define v(s,t) := ¢(s,T — t), with ¢(-,-) from
above. The function v satisfies the BS PDE (exercise). Define ¢; := v(S;, t)
and ¢? = B;'(v(S;,t) — vs(S,1)S;). By definition, the value process is
Vi(¢) = v(S,t). By Ito’s formula and the BS PDE,

dV = v,dS + 302 5%v,,dt + vidt
= v,dS + (rv — rSvs — vy + vy)dt
v — Sl

= ¢'dS +rB dt = ¢'dS + ¢*dB.

Thus, ¢ is self-financing. Admissibility (cf. the proof of Theorem 1.4):

Vi) = Vi (6) + / 0u(Sun 1) dS

— Vi) + / B(dy(Su, T — u)oSEdIV:.

Since ® < 1 and [ Eg[(S;)*du < oo (consider the Gaussian mgf), V* is a
true martingale. O]

We now give a second proof of the BS formula. Consider again X = (Sp—
K)*, and X* := B:'X. Since X* € L*(Q), the martingale representation
theorem implies that there is a predictable process # such that

T
X* = Eg[X"] + / 0, dW*,
0

with [, 6,dW; a martingale. Since dS* = ¢S*dW*, a natural choice for
the risky position is h; := 0;/(0S;). Define the candidate discounted value
process

t
V= Eo[X"] + / hodS?,
0

and the candidate replication strategy
¢t i=h, ¢*:=BY(V-¢'9),

where of course V' = BV*. Clearly, V(¢) = V = BV* = X by definition.



We check that ¢ is self-financing:

d(BV*) = BdV*+V* dB
——
rBdt
= BhdS* +rVdt
= Bh(B7'dS+ S dB~ ) +rVdt
—rB—1dt
=_h dS+r(V —hS)B 'Bdt
¢1
= ¢p'dS + ¢*dB.
We have thus shown that X = (Sr — K)7 is replicable. By the risk-neutral
valuation formula, its price process is independent of the replication strategy,

and given by
Ct = BtEQ[BElX’J—"t]

As S is a time-homogeneous Markov process and X is a deterministic function
of Sr, there must be a deterministic function c(+, -) such that C; = ¢(S;, T —t).
Recall the following property of conditional expectations:

Lemma 1.14. Let U,V be random variables, g : R*> — R measurable with
E[lg(U,V)]] < o0, and G C F be a sub-c-algebra. If V is G-measurable,
and U 1is independent of G, then

E[h(U,V)|G] = E[h(U,v)]]

v=V"
We compute

Eq[(Sr — K)"|F] = EQ[(StE — K)"|F

- E@[(Ste‘f(W%—Wt*W—%JZXT—“ — K)"|F]
= Eq[(se”WF—WOHr=2o(T=0 _ [)*| F]|_s,
_ EQ[(SeoW;_t—k(r—%gZ)(T—t) . K)+”s:5“

and see that it suffices to consider ¢ = 0. Then,

EQ[BEI(ST - K)+] == ]EQ[B;IST].D] - EQ[BEIK].D] = Jl — JQ,



where D := {Sy > K}. For J,, we have
Jo = efrTKQ[SOeUWI’H»(Tf%JQ)T > K]

— e[V Sl %U%T}
VT oVT
:qu_m<@%mwvﬁﬂq
VT oVT
= e "TK®(dy).
Define P by -
A ewi—terr _ Sr
40 =e = S

This is sometimes called the share measure. By Girsanov, W, == W} — ot is
a standard BM under P. Then,

_rd
Jy = Eg[Silp] = E [%s;b]
= SoE[1p] = SoP[Sr > K] = SoP[S; > KB;']
= SoP[e" VT +2°T > KB = Sy®(dy).
This finishes the second proof of the BS formula; note that it provides a
derivation of the formula, and not just a verification. On the other hand, it
does not yield the delta hedge and the PDE.

Time-dependent coefficients: The BS model dS/S = pdt + odW has
just one single parameter that can be calibrated to market prices of options,
the volatility . As a simple extension, consider the dynamics

dSt/St = ,LL(t, St)dt + U(t)th,

where ;1 and ¢ are deterministic functions. Exercise: Generalize the BS

formula (/T — t becomes \/ftT o(u)2du).

Put-call parity: A put option is the right to sell one share at T" for the
price K. Clearly, the difference between call and put payoff is

(St — K)* — (K — Sp)" = S7 — K.
By risk-neutral valuation,
C,—P,=8,— Ke "I, (1.2)
which gives the BS formula for a put option:

p(s,7) = Ke " ®(—dy) — sP(—dy).
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1.3 The Greeks

The Greeks are sensitivities of option prices, i.e. derivatives w.r.t. the pa-
rameters. Some of the most important ones are (with ¢ the standard normal
pdf):

e The BS call delta ¢, = ®(dy) > 0

e The BS call gamma ¢y, = fﬁ}l >0

e The BS call theta ¢; = 7Z=¢(dy) + Kre™"®(d2) >0 (if r > 0)

e The BS vega ¢, = sp(di)y/7 >0

We know already that the delta is the risky position of a hedge portfolio,
i.e. a portfolio in risky and riskless asset that replicates the call.

A large gamma is an indication of a rapidly changing delta, which means
in practice that the hedge of a call should be frequently adjusted. Also, at
least for small maturity, the term log(s/K’) in the definition of d; shows that
gamma is largest if s = K, because of the thin tails of the Gaussian pdf.

Gamma appears also in the tracking error, if an asset evolving with a
non-constant volatility is hedged with a BS hedge:

Proposition 1.15. Assume r = 0, and that an asset S has dynamaics
dgt/gt = /ldt + Utth,

with some volatility process (0;). Consider some claim h(Sy). Let v(s,t) be
the BS value function arising from the payoff function h, and Vo = U(S’O, 0)
its BS price, using a constant volatility o®5. Then the tracking error of the
BS hedge is given by

2

Proof. By the BS PDE, we have v; + 1(05%)%s%v,, = 0, and v(s, T') = h(s).
The value process of the hedge satisfies

h(Sr) — Vi = = /0 (S)20.s(t, 8) (02 — (0B5)2)dt.

A ~

T
Ve =V +/ Vs (S, u)dS,.
0

By Ito’s formula, dv = vsdS + vdt + %vssd[g], and so
h(S’T) = U(ST, T)
R T R T 1.
(8, 0) + / vu( G )G, + / (08 0) + 5028 (B0 ) .
0 0
Now use the BS PDE. ]
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Note that the convention 0, instead of 0, with 7 = T —t is also in use for
defining theta, which changes the sign.

The theta of a put may be positive or negative (if » > 0). The following
proof of the monotonicity of the call price is not restricted to the BS model.

Proposition 1.16. Forr > 0, the price of a call option increases w.r.t. time
to maturity.

Proof. The proof is based on the conditional Jensen inequality. For 0 < T' <
T, we have

e M Eq[(St — K)*] = e Eq[Eq|(Sr — K)*|F]
> e Eq[(Eq[Sr|F7] — K)7]
= e TEq[(S7 — "D E)
> e Eq[(Sy — K)*) =
By the put-call parity (1.2), call and put have the same vega. As it is

positive, both option prices increase w.r.t. volatility. See also the exercise
class for more on the Greeks.

1.4 The Feynman-Kac formula for Brownian motion

Lemma 1.17. Let W be a BM, T >0 and h : R — R be such that

/ e~ |h(z)|dx < 00, for all a > 0.

—00

Then the function
u(z,t) == e "TOE[W( W)W, =

is well defined and continuous on R x [0,T], and smooth in the interior. It
satisfies the PDE and final condition

—uy = %um —ru, u(z,T)=h(z).

Sketch of the proof. The final condition follows from the definition. More-
over,

u(x,t) = e "TORR(Wyp — Wy + 2)|W; = z]
e " TR Wr_y 4 2)]

— (Tt /OO h(y)ﬁ exp (—%)dy.

—00

12



Verifying the PDE is a straightforward calculation, applying the standard
criterion for differentiation under the integral sign (involving an integrable
bound for the derivative). O

The preceding lemma is a one-dimensional version of the Feynman-Kac
formula. We will now use it to show that the price function of any European,
not path-dependent claim in the BS model satisfies the BS PDE.

Theorem 1.18. Let T > 0 and g : Rt — R be such that

/ e~ |g(be”®)|dx < 00, a,b > 0.

[e.o]

Then the arbitrage-free price of X = g(St) in the BS model is m(x) =
v(Sy, t), where the function v satisfies

vy + %U2S2Uss +rsvs—rv=0, v(s,T)=g(s).

Proof. By the martingale representation theorem, X is replicable (same ar-
gument as for the call). The risk-neutral valuation formula and the Markov
property of S show that there is a function v such that

m(X) = e "I Eg[g(ST)|F] = v(Si, ).

Define )
Fl,) 1= Sero 3o

and
u(z,t) == e " T IEg[g(f(W5, T)) Wy = a].
N——

St
Clearly, we have u(z,t) = v(f(x,t),t). By Lemma 1.17, —u;, = %um — ru.
The assertion follows easily from (write s = f(z,1))
Ut = Us(f(:L‘,t), t) ft(xat) +Ut(5>t)v
S~—— S~——
s (r—502)f(x,t)
Uy = U5(37 t) fx(xa t)
—
of(z,t)
Uy = Vss(8,1) fu(@,1)* + v5(5,1) foa(m,t). O
2f(=,t)
o f(xz,t

Depending on the option payoff, further boundary conditions will be
needed to make the solution of the PDE unique. E.g., for a call we have

13



the conditions ¢(0,7) = 0 and ¢(s,7) ~ s as s 1 co. The latter holds for any
model of the form S; = Spexp(X;), where Xy = 0 and X does not depend
on Sy. Indeed,

e~ TEq[(Sr — K)*] = e T SyBa(eXT — K/So)*],

and the expectation converges to Eg[e*7] = ¢"T by dominated convergence.

1.5 Implied volatility

The implied volatility is the volatility parameter that makes the BS formula
equal to a given call price, i.e. “the wrong number put into the wrong formula
to get the correct result”.

The quantity Sy/ K is often called moneyness of a call, and log(Sy/K) the
log-moneyness. In what follows, the put log-moneyness k := log(K/Sy) is
more convenient. By abbreviating y = ov/T, the BS call price can be written

as
(s, T) = 5<¢<M + Q) — ek’—rTq)(ﬂ — y))
y 2 y 2

By positivity of vega, this is a strictly increasing function of y. Its limits are
(distinguish cases according to the sign of —k + r7)

lime(s, T) = s(1 — )" lime(s, T) = s.
yd0 yToo

These correspond to the general no-arbitrage bounds
So(1 — YT < e Eg[(Sr — K)T] < Sp, (1.3)

which are based on Jensen’s inequality and (S — K)* < Sp. Thus, for any
given call price Cyy in the open interval

(50(1 Ty So),

we can compute a volatility o such that the BS call price equals Cyyy.

Remark 1.19. The lower bound in (1.3) need not be strict, but this is of
litte importance in practice. The upper bound is strict for K > 0, because
(St — K)*™ < St holds on the event {St > 0}.

Of course, this works not only for observed market prices, but also for call
prices computed by other pricing models. This ¢ is called implied volatility,
and is denoted e.g. by iy, 03, oBg, 0 or 7.

14



By the put-call parity,

Cps — Pgs = Sy — e 'K,
Crie — Pue = So — e T K.

Therefore, put implied vol equals call implied vol (at least in theory).
Implied volatility is often used in practice to quote and compare option
prices. Plotting oimp(k,T") as a function of k for fixed T often yields a “smile”
or “skew” shape. Note that “skew” is also often used for the ATM derivative
of implied vol. The map (k,T") — oimp(k,T) is called volatility surface.
The left wing of the smile (k < 0) often shows bigger volatilities than the
right wing. Possible reasons:

e Asset prices may jump in reality, and downward jumps tend to be
larger and more frequent than upside jumps. Downward movements
often increase the volatility of asset prices.

e OTM puts are in demand by investors wishing to protect their portfo-
lios against downward movements. Recall that both BS call and put
price increase w.r.t. volatility.

To generate an implied volatility surface for all strikes and maturities of
interest, quoted prices of liquid options usually need to be interpolated and
extrapolated. For this, e.g. the SVI parametrization can be used (“stochastic
volatility inspired”; see later):

To%V (k) = a + b(p(k —m) 4/ (k—m)? + 02>.

In practice, delta hedging is sometimes done using the BS delta, with the
volatility parameter fixed according to the point of the implied volatility
surface corresponding to strike and maturity of the option. When reusing a
volatility surface for readjusting a hedge, two rules of thumb are popular:

o Sticky strike: imp(t + At,T — At, K) = Oimp(t, T, K)
e Sticky delta: o (t + At,T — At, K) = 0imp(t, T, K), where St/f( =

Siiae/ K (same moneyness)

1.6 Integer constraints and scaling

As usual, we have assumed that assets can be traded in arbitrary quantities,
and, in particular, that they can be divided into arbitrary fractions. This is
not the case in practice, but is of little concern, by scaling. Suppose that a

15



trading strategy (¢!, ¢?) is used for hedging an option. A bank will usually
not hedge one single option, but many identical ones, say V. If the risky asset
can only be traded in full units — which might also correspond to round lots
of 100 individual shares — then the theoretical strategy (N¢!, N¢?) will be
approximated by the rounded strategy (|N¢'], N¢?). Let VZN(¢) denote
the corresponding value process. The resulting average hedge error, in L?
sense, is, by Ito’s isometry

%E[(NVT(@ - V?’N(szﬁ))?} = %E{(/OT (Ng, — N9.1)ds > }
- 2u[ [ (ol ot st

<1/4

5l o(})

1.7 Doubling strategy

The following example shows that the BS model would admit arbitrage, if
the admissibility property in Definition 1.7 was dropped. Time interval [0, 1],
r=0,t,:=1—1/2", n € Ny. For b >0 and n € Ny, define the hitting time

Tn(b) := inf {t >t Sy =5, + %}

Fix by > 0 (target wealth). We will construct a trading strategy with wealth
process Vo(¢) =0, Vi(¢) = by a.s. Define p := P[1y(by) < t1]. Since

[ro(bo) <11} 2 {8 = S + %}

and Sy, is log-normal, we have p > 0. By continuity of paths and dominated
convergence,

lgfélp[Tn(b) <tps1] =0, })#g P[7,,(b) < ty41] = 1.

For n € N, we can find b, > 0 with p = P[7,,(b,) < t,,+1]. (The required con-
tinuity w.r.t. b follows from Lemma 5.2.) By independence of the Brownian

16



increments, the events {7,(b,) < t,41} are independent. Thus, for m € N,

PLDN {70 (bn) > tnﬂ}} < P{ i]o {7n(bn) > tn+1}}

= [[Plrn) > taa] = (1 =p)™" =0, m — 0.

n=0

Therefore, a.s. there is N = N(w) with 7x(by) < tnxy1. We now define
v := 0, and, recursively,

Up+1 = bn(bO - Un)(STn(bn)Atn+1 - Stn) + Un, n c NO-

The trading strategy is

gbl L bn<b0 - Un)a te (tna Tn<bn) A tn+1]7 nec No,
"o otherwise,
—bn<b0 — Un)Stn + Un, t e (tn, Tn(bn) A tn+1], n e No,
@7 =140 t=0

bo otherwise.

We will show that ¢ = (¢',¢?) is a self-financing trading strategy with
Vi, (¢) =v,, n € N.

Claim 1: If v, = by for some n € N, then v,, = by for m > n and gb,} =0,
¢? = by for t > t,,. This claim easily follows from the definitions of v,, ¢!, ¢?.

Claim 2: If v, < by, then it follows from the definition of the strategy
that V4, (¢) = v,. To prove this claim, consider the cases 7,1 (b,—1) < t, and
Tn—1(bp_1) > t,, and use the definitions to calculate V;, and v,.

Claim 3: If 7,(b,) < t,41, then v, 11 = by. Indeed, by definition,

Unt1 = bn(bO - Un)(STn(bn) - Stn) + v, = bD-
——
1/bn
In particular, for N defined above, we have vy.; = by, and so the as-
sumption of Claim 1 is satisfied if we take n = N + 1.
A.s., we trade only at finitely many times, and the strategy is piecewise

constant, hence the required existence of integrals holds.
If m > n and 7,(b,) < t,41, then Claim 1 and Claim 3 yield

Vi (9) = &, St + 61, = bo-
0
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To show that ¢ is self-financing, it remains to check the case v,, < by, 7,,(b,,) >
tn—‘,—l‘ Then7

th+1(¢) = bn(bo — Un)Sth — bu(bo — vn) S, + v
= by (bo — Un)(Sth —Si,) + Un
— ~~

o =Vt (4)

1.8 Bachelier model
Louis Bachelier: Dissertation 1900
B,=¢€" S, =So+ut+oW,, peR, >0
Define S* := S/B. By Ito’s formula
dS; = B, (udt + odW; — rS;dt). (1.4)

We look for an equivalent martingale measure, using Girsanov:

dQ T 1",
dTP_eXp</O 'Ytth—§/0 ’Ytdt>-

If the stochastic exponential is a martingale, then dW}; = dW, — v;dt defines
a Q-Brownian motion. For this, Novikov’s condition is sufficient:

]E[exp (% /OTthdtﬂ % 0. (1.5)

Inserting dW, into (1.4) gives the candidate process

7Sy —
M=
o
In the literature, it is often assumed that » = 0. We assume r < 1/7.
Clearly,
2
sup 77 §7’2( sup |Wt|> + const  sup |W,
0<t<T 0<t<T 0<t<T
and so

1 [T 1 2
5/ yidt < 57“2T< sup |Wt|> + const sup |Wy|.
0

0<t<T 0<t<T

By the reflection principle (see (5.2)),
P[ sup |Wy| > z] =P[ sup Wy > z] + P[ inf W; < —x]

0<t<T 0<t<T 0<t<T
=2P[ sup W, > x] =4P[Wr > x].
0<t<T
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To verify (1.5), is suffices to note that, since r < 1/T,
o0 2
/ 6%7‘2Tx2+const xe—% < 00
—0oQ

Call price: exercise.

2 Forwards and futures

2.1 Basics

A (long) forward contract is the obligation to buy the underlying at time T
for the price K. Its payoff is S7 — K. Forwards are not exchange-traded, but
OTC (over the counter). Collateral might be required, due to default risk.
At inception, K is usually fixed such that the value of the forward contract
is zero. This K is called the forward price. Since

0= T DEg[Sy — K|F],
the forward price at time ¢ equals
K= er(Tit)St = E@[ST‘.FI‘/]

Futures contracts (deutsch: Terminkontrakt) are traded on exchanges.
We write fg(t,T*) for the futures price of the asset S with maturity (delivery
date) T™. (Later, we will consider options on futures with maturity 7" < T*.)
At maturity, we have

fs(T™,T%) = Sp-.

Before maturity, the futures price closely follows the spot price; below, we
will rigorously define it, and see that it actually equals the forward price.
For a financial future (as opposed to a commodity future), the main content
of the contract — besides specifying the underlying instrument — is just the
maturity 7. The holder of a futures contract has a margin account.

e Initial margin: Percentage of the initial futures price (e.g., 5 or 10
percent). Depends mainly on volatility of the underlying.

e Maintenance margin: Dollar/Euro amount; lower than the initial mar-
gin amount. If the margin account falls below the maintenance margin,
the broker or clearing house sends a margin call to the holder.
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At t + At, the margin account for a long future changes by the amount
fs(t+ AL, T*) — fs(t,T7).

In theory, we let At | 0 (see below). At time T, no transaction is necessary,
as this would involve paying fs(7™*,T*) = Sy« for the underlying. Gains and
losses have been settled previously, by “marking to market”. At any time,
the futures contract has value zero.

For illustration, suppose that » = 0. Then we have:

aggregate P&L of long future = (futures price at T™) —(futures price at 0)

7

S
Thus, a long future can be viewed as an obligation to buy the underlying
at T, for the current futures price.

Let r be arbitrary again. We abbreviate f; := fs(t,T*), and the prepara-
tory remarks lead to the mathematical definition of the futures price:

T*df
BE/ u
“@[t B,

It can be shown (exercise) that this implies that

ft - fs(t,T*) — ]EQ[ST*

That is, in the BS model the futures price equals the T*-forward price. This
holds, more generally, for models with deterministic interest rates.

We focus on stock futures. Historically, futures arose from mitigating
risks such as the following: A farmer sells a futures contract on crops or
livestock, as a protection against falling prices. Essentially, this locks in the
current price. While protecting against losses, it forfeits participation in
rising market prices.

E} 0.

Fi]=e T hg,. (2.1)

2.2 The Black model
Also known as Black-76. The model assumes that f; is a geometric BM:
dfy = ppfrdt + op f;dWy,  pp €R, o > 0.

If we assume that the BS model is used for the underlying, (2.1) implies, by
the Ito product rule,

df = (u—r) fdt+<i,_,de

wr of
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Futures trading strategies are defined analogously to Definition 1.2. We write
again ¢; = (¢1, ¢?), but now ¢' models the number of futures contracts we
hold. The important difference is that the value process now is

v/ (¢) = 6B,
as the futures contract has value zero. The self-financing condition is
t t
Vi) = Vi) + [ dldr.+ [ éid.
0 0

Definition 2.1. P ~ P is an EMM, if, for any self-financing strategy,
VI(¢) == VI($)/B is a local martingale.

Lemma 2.2. P is an EMM < f is a local martingale.

Proof.
dV7(¢) = B~H (@ df + ¢ dB) - rB7rV/(¢)dt = B~ ¢'df. O
rBdt ?Q’B_/

The following proposition is proven, of course, by Girsanov’s theorem.

Proposition 2.3. The unique EMM is given by

W, = W, + (uy /o)t is a P-BM, and df, = o f,dW,.

Note that the futures price process is not the price process of a traded
asset. Admissible strategies are defined by V/(¢) being a P-martingale. De-
fine

I(f,7) = e (fR(di(f. 7)) — K®(da(f, 7)),

where
~ _log(f/K):I:%UQT

dLQ(f, ’7') . o'\/F

The payoff of a futures call option at time T' < T is

Cf = (fs(T,T") = K)" = (fr — K)*.

We proceed to price this call. Note that the dependence on T* in (2.2) is
hidden in the value of f;.
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Theorem 2.4 (Black’s formula). The price of the futures call at time t is
Cf = e "L (£, T = 1) = K(do(f, T — 1)), (2:2)
The replicating futures strategy is given by

o1 oct

P = W(ft,T —t), ¢f =e " (fi, T —1).

Proof. Above, we gave two proofs of the BS formula, which can be easily
modified (exercise). If only the price is desired, we can argue as follows. The
payoff can be written as

C% _ er(T*fT)<ST . Kefr(T*fT))Jr‘

This is a constant multiple of a vanilla call payoff (i.e., a call with underly-
ing S) with strike K := Ke ™" =T)_Tts price at time t is

eT(T*_T)cBS(St, T=T—1t, f(),

and the BS formula easily yields (2.2). O

3 Foreign market derivatives

FX derivatives are very liquid. They are traded both on exchanges and OTC.

Example 3.1 (USD-EUR call option). Suppose that the USD-EUR rate is
Qo = 0.9. This means that the price of 1 USD s 0.9 EUR. For some fixed
strike K > 0 and notional 100 USD, the holder of the call option has the
right to buy 100 USD atT > 0 for 100- K EUR. If the exchange rate at T is
Qr < K, the option will not be exercised. If Qr > K, then the holder pays
100 - K FUR for a USD position worth 100Qr FEUR. Thus, the payoff is

100(Qr — K)*.

Let W = (W',...,W9 be a standard d-dimensional BM. We consider
deterministic interest rates rq (domestic) and ¢ (foreign). The bank accounts
are

d __ _rqt f _ _ret
By =¢e™", B, =¢€'".

We write Q; for the price of foreign unit of currency, in domestic currency
(exchange rate, FX rate). Suppose that Qg > 0 and (Garman-Kohlhagen
model, 1983)
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where o is a d-dimensional deterministic vector with positive components.
Explicitly, we have

Qi = Qoexp(ooWi + (o — %|‘7Q’2)t>~

Note that the one-dimensional Tto formula, applied with exp, shows that the
latter satisfies (3.1). We write Bf := B!Q, for the foreign bank account in
domestic currency, and

Qi = Bi/B} = BiQ/ B}
for the value of the foreign bank account in domestic currency, discounted
by the domestic bank account.

Definition 3.2. P* ~ P is a domestic EMM, if (Q}) is a P*-martingale.

For a trading strategy ¢ = (¢!, ¢?), the value process (in domestic cur-
rency) is )
Vi(9) == &, B, + ¢/ By
The strategy is self-financing, if
dVi(¢) = ¢1dB; + ¢{dB;.

Lemma 3.3. The discounted value process Vi*(¢) := (BY)"Vi(¢) of a self-
financing strategy is a P*-martingale.

Proof.
dV* =Vd(BY)™' + (BYtav
= (6B + ¢ BY)(—ra(BY) )t + (BY) (6B + 6 ¢BY)
rqBddt
= ¢'(—rqB'(B*)'dt + (BY)dB'
= ¢'d(B'/BY) = ¢'d(B'Q,/B?) = ¢'dQ". 0
By the definition of @)}, it satisfies
dQ* = Q" ((ug + r¢ — ra)dt + ogdW).
If we look for a measure change of the form
d]P)* . T T
= E(/ AsdW)p = exp(/ A dWy — %/ |\s|2ds),
dP 0 0 0

the process A should satisfy

#Q‘I‘T’f-?“d—i-UQ)\:O.

Thus, in general we have infinitely many EMMs. General principle for a
market driven by d factors (BMs):
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o [f there are at most d + 1 traded assets, the market is free of arbitrage

e [f there are at least d + 1 traded assets, the market is complete.

For example, here we could consider a two-dimensional BM, and a complete,
arbitrage-free market consisting of the two bank accounts and a domestic
stock (see Chapter 4 in [8]). To handle the basic example of an FX option,
we assume d = 1, i.e. we trade only in the two bank accounts. Note that the
FX rate (); is not a traded asset.

For a claim X, in domestic currency, the risk-neutral valuation formula
gives the price

m(X) = e OO, [X|F.

We can now price the FX call from Example 3.1. Define
 log(q/K) + (ra — 11 + 505)T
N oQVT

Theorem 3.4. Recall that we assume d = 1 (one-dimensional BM). Then
the price at time t of the FX call (currency call) with payoff (Qr — K)* is
given by

hl,2(Q7 T) :

Qe T VD (hy(Qy, T — 1)) — Ke "I (hy(Qy, T — t)).
Proof. Since Q* = B'Q/B% and B = B'(Q,
dQ = Q((ra — r¢)dt + odW™),

and 3 )
dB" = B (rqdt + aodW™*).

By risk-neutral valuation, the price is
e—rd(T—t)E*[(QT . K>+|}-t] _ e—TfTe—Td(T—t)E*[(B; . eTfTK)+|}‘t:|

=e "B T —t,e"TK rq o
( t 5 & %) ; 0@ )7

strike  interest rate vola

where the last line follows from the standard BS formula. ]

4 American options

4.1 Arbitrage-free price

American options can be exercised at any time before or at the expiry date.
In practice, options with a single stock as underlying are usually American.
We assume that the underlying follows the BS model.
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Definition 4.1. A consumption process is a progressively measurable, in-
creasing process (Ai)o<i<r with Ay = 0. A self-financing trading strategy
with consumption is a pair (¢, A) such that A is a consumption process,
¢ = (o', ¢?) is adapted, and the wealth process Vi(p, A) := ¢} Sy + ¢p2B; sat-
isfies

Vi, A) = Vo(d, A) + /0 oLdS, + /0 $2dB, — A,

By applying the product rule to V* = B™1V | it is easy to see that
t t
v, :Bt<V0 —/ B;ldAqu/ acuBgldW;*),
0 0
where (; := ¢}S; is the value of the risky position of the portfolio. Clearly,
t t
% +/ B, 'dA, = V0+/ oC, B, W
0 0

is a local Q-martingale. It is a QQ-martingale, if the following holds:

Definition 4.2. A self-financing trading strategy with consumption (¢, A) is

admissible, if
T
EQl/ Czdu] < 00.
0

We assume that our American claim is defined by a payoff function g :
R* x [0,7] — R such that |g(s,t)| < Kys + K, for some constants K,
K,. For example, g(s,t) = (K — s)* yields the American put, with payoff
(K — S;)" when exercised at time t. We will see that the price process is
given by

V; = esssup Egle " Vg(S,, 7)| Fil. (4.1)

7T, 1)

Lemma 4.3. There is an admissible strategy with consumption (¢, A) such
that V (¢, A) = V.

Proof. Define U, := ¢7"V,. Thus,

Up = esssup Egle™""g(S-, 7)| F]
T€7~[t,T]

is the Snell envelope of the discounted payoff process e " ¢(S;, t). By applying
Doob’s L? inequality for p = 2, and L? C L', we find an integrable r.v. Y
such that

e g(S,t) <Y, 0<t<T.
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Thus we have

Sup ]EQ[e_TTg(STa 7—)1{6*”9(57,7')2%}] < E@[Yl{YZ:E}] Ucz)OO 0,
TE’T[O,T]

and so {e7""g(S;,7) : T € T} is uniformly integrable. It can be shown
that {U; : 7 € Tor1} is uniformly integrable as well. By the Doob-Meyer de-
composition, we have U = M — H, where M is a square-integrable martingale,
and H is a continuous increasing process with Hy = 0. By the martingale
representation theorem, there is a progressively measurable process & with

M, = My + [; &,dW. Define

t
ol = Bo 'S, &= Ui —Gol, A= / e dH,,
0

Clearly, we have
Vi(o, A) = Bt§t0_1 + (U — ftU_l)Bt =UB,=V,.
The strategy is self-financing, since

¢'dS + ¢*dB — dA = B&o 'St dS,  +(U, — &o Y)dB, — B,dH,
rStdtJroStth*
=b &W* +UdB— BdH
N——
dM=dU+dH
= BdU + UdB = d(BU). O

It is intuitively clear, and true, that the optimizer in the definition of U,
is given by
70 :=inf{u € [0,T] : U, = e ™g(Sy,u)},

and that
‘/7'0 = g(SToa TO)'

Lemma 4.4. The stopped process U™ = (Uiar, Jo<t<T @S @ martingale. In
particular, the consumption process A found in Lemma 4.3 vanishes on [0, 1o].

Proof. Write Z; := e " g(S;, t) for the discounted payoff, and
7= inf{u e [t,T]: U, = Z}}

for the optimizer in the definition of U,. Note that

=1, t<T170
Tt/\To - = To,

70, t >
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and so, by definition of 7,
Ut/\To = EQ[ZZ(/\T0|“Ft/\TO] - EQ[Z;k0|'/—_;f/\To]'
Let s <t. On {s < 79}, we have

EQ[UU\TO|~FS] - EQ[Z:0|‘FS] - EQ[Z* |‘FS/\7'0] - USATov

70

and on {s > 75}, we have
Ut/\To == UT() == US/\TQ' D

Definition 4.5. A semi-static trading strategy for the American claim con-
sists of:

e ¢ € R (the number of American claims bought at time zero. We will
only need ¢ = £1.)

o 7€ T (exercise time)

o (¢r, At)o<t<r (an admissible trading strategy with consumption, possibly
a specialization of some strategy (¢r, At)o<i<r)

The value of such a strategy, depending on a price m € R of the American
claim at time zero, is

o Fort=0: ¢3So+ @2 +cm
e Forte[r,T]: (¢ + ¢S, B + cg(S,,7)B- 1) B,

As we do not model dynamic trading in the claim, the value for ¢ € (0, 1)
is irrelevant. The interpretation of the definition is as follows: At time zero, ¢
American claims are bought. For t € [0, 7), we invest and consume according
to (¢, A), and keep the position of ¢ American claims. At 7, the American
claims are exercised and the risky position is closed. The riskless position is
adjusted accordingly, and no transactions happen for t € (7, T.

We now argue that the arbitrage-free price of the American claim at ¢ is
given by (4.1). By the Markov property, it suffices to consider ¢ = 0. We
actually prove that any price m # V leads to semi-static arbitrage. Thus, if
we assume that an arbitrage-free price exists, it must be V5. Proving that
dynamic trading in the American claim yields no arbitrage is more involved;
see Section 11.2.2 in [4].

Theorem 4.6. Suppose that the American claim is traded at w # Vy. Then
there exists a semi-static arbitrage strategy.
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Proof. The proof is based on the following observation: Since U dominates
the discounted payoftf Z*, we have

Ve > g(S;, 1)

for any stopping time 7. By Lemma 4.3, we can replicate V', and the value
of this replication strategy at time 7 is

¢—1rST + ¢~2rB‘r = ‘/‘r > 9(57'77_)'

Assume m > V. Put ¢ = —1 (sell one claim), let 7 be an arbitrary
stopping time (the exercise time of the buyer), and let (¢, A) replicate V.
The value of this semi-static strategy at ¢t = 0 is

oS0 + g5 — 7=V — 7 < 0.
The value for ¢t € [7,T] is
(67 + 628 B." — g(S7,7)B; ") By = (67 B: + ¢,.5; — 9(S-, 7)) B/ B > 0.

Now assume 7 < V. Put ¢ = 1 (buy one claim), let 7 = 75 be optimal,
and let (¢, A) replicate V. The trading strategy we choose is (—¢,0), which
replicates —V on [0, 70, by Lemma 4.4. The value of this semi-static strategy
at t =0 is

—¢0So — o+ =—Vy+m<0.

The value for ¢ € [19,T] is
( 72-0+¢‘1rOSToB;01_g(S‘roaTO)B;OI)Bt = (\ zoBro + (b}_OSTO _g(SToaTO>)Bt/BTo =0.

=Viy

O

4.2 Calls and puts
The discounted payoff of a call in the BS model is
Zi = (8 = B/'K)" = (B8 = B, 'K)".
Lemma 4.7. Forr > 0, the discounted call payoff Z; is a Q-submartingale.

Proof. We have Z; = h(S},t), where h(s,t) := (s — B; 'K)* is a convex
function of s. Using the conditional Jensen inequality, we calculate for u > ¢

Eq[Z.|Fi] = Eolh(Sy, u)|Fi]
> h(EqS,|Fil, u)
= h(S;,u) 2 h(S;,t) = Z;.

Note that the last inequality uses that » > 0. O
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Analogously, for » < 0 the discounted put payoff is a submartingale.

Theorem 4.8. For r > 0, it is optimal to exercise the American call at
maturity T. Its price process equals the European price process.

Proof. By considering the exercise time 7 = T, it is clear that the American
price is bounded below by the European price. For a stopping time 7 € T 77,
recall that F, is defined by

F.={AeF:An{r <t} e F, Vt >0}

For m; < 19, we have F,, C F,,. By the preceding lemma and the optional
sampling theorem, we have Eqg[Z5|F;] > Z*. Thus, the price process satisfies

esssup Egle"" ZF| F;] < esssup Egle" Eq[Zy|F,]|F]
TE'T[t,T] Te7—[t,T]

= " Eo|Z;| F)- O
The American put with time to expiry 7' — t has price function

Pi(s,T —t) = esssup Eg[e """V (K — 5,)*|S, = s].
T€7—[t7T]

We can decompose R x [0, 7] into the continuation region
C:={(s,t): P*s, T —t)> (K —3s)"}
and the stopping region
D :={(s,t): P*(s,T —t) = (K —s)"}.
They are separated by the critical stock price
V(T —t):=sup{s >0: P*(s, T —t)=(K —s)"}.

The function ¢*(t) := b*(T—t) is smooth, increasing and satisfies limyp ¢* (1) =
K. More precisely, it can be shown that

K—c*(t)NKa\/(T—t)log t1TT

T—t
As for ¢* being increasing, an intuitive argument can be based on the fact that
the price of any American claim increases w.r.t. maturity, which is obvious
from the optimal stopping representation.

The following theorem, stated without proof, characterizes the put price
as solution of a free boundary problem. We use the standard notation 7 =
T — t for the time to expiry, not to be confused with the stopping times
considered above.
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Theorem 4.9. P* is a smooth function on C, and satisfies the BS PDFE
P2(s,7) = 30°*P2(s,7) 4+ rsP2(s,7) — rP*(s,T)

on C, as well as

Moreover, we have

liﬁ)l P(s,7) = (K —s)T,
lim P*(s,7) =K —b"(7),
i PGs,7) (7
liTm P(s,T) =0, (4.2)
P(s,7) > (K —s)",
lim P*(s,7) = —1. 4.3
i Pos7) (1.3

The equality (4.3) is called the smooth fit principle. Note that, on D,
we have P*(s,7) = K — s. Under appropriate growth conditions, the free
boundary problem has a unique solution (P?,b*), and P? defines a hedging
strategy. We refer to [9] for details.

An explicit solution is available for the perpetual American put (7" = o0).
The critical stock price becomes a constant b,, < K, to be determined. The
price v(s) := P?(s,00) satisfies the ODE

0= 1°s%0"(s) 4+ rsv'(s) — ru(s),

which has the general solution 187217 4+ cys. By (4.2), we have ¢; = 0.
From v(by,) = K — by, we conclude

Since

the smooth fit condition (4.3) implies

K
1+2

boo
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5 Exotic options

5.1 Forward start options

Fix 0 < Ty < T. The holder of a forward start call receives at T a call with
strike K S7;, where K > 0 is fixed. Thus, its payoft at maturity is

FST - (ST - KST0)+~
In the BS model, the value at Tj is

FSTO = O(STO, T — TQ, KSTO) = C(S, T — T(), KS)|S=STO
— e—r(T—To)E@[(SGUW%_TOHT%JZ)(T*%) — Ks)H]|

= Sn,C(L,T — Ty, K).

s:STO

Therefore, the price of the foward start call is

ESy = e " Eqg[S7,]C(1, T — Ty, K)
— S()O(l,T - T(), K) — O(So,T - T(), S()K)

5.2 Barrier options

If W is a BM and 7 a stopping time, then

W - (Wt+T - WT)tZO

is a BM w.r.t. its natural filtration, which is independent of F,. We write

MY .= max W, m, = min W,
¢ ) t
0<u<t 0<u<t

for the running maximum resp. minimum of W.

Lemma 5.1 (Reflection principle). Lett >0, y > 0, z < y. Then we have
PW, <z, M}V > y] = P[W, > 2y — z].
Proof. Define the hitting time

T, :=1inf{t > 0: W, = y}.
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We define W as above, using 7,, and note that W= —W is a BM as well.

]P)[Wt <uw, MtVV > y] = ]P[Ty <t, WTy+t—Ty - WTy <x-— y]
~~~
=Yy
Plry < t, Wi, <z —y
Plry <t,Wir, >y — 1
P[Ty S t, WTy+t—Ty - WTy Z Yy — I‘]
~~~

=y

=Plr, <t,W; >2y —z| =PW, >2y —z|]. O
We now consider the max and min of BM with drift.

Lemma 5.2. Let X; = vt+oW,, where 0 > 0 and v € R. Then, forxz,s >0
we have

T — Vs 2 (—T — VS
P[max X, < x] = cp( ) — evelo @(—), 5.1
[033%(3 - x] a\/g € J\/g ( )

and for x < 0 and s > 0 we have

]P[ min Xu < 37] = (I)<_I——|—VS) . te/x/UQ(I)(x + VS).
0<u<s 0\/5 0_\/5

In particular, for 0 = 1 and v = 0 we obtain

P[Orgaic W, >z]=1—®(x/Vs)+®(—x//s)
=2(1 — ®(x/y/s)) = 2P[W, > x]. (5.2)
Proof of Lemma 5.2. 1t suffices to consider (5.1), as

P[ min (vu 4 oW,) < z| = P[max (—vu + oW,) > —xz.

0<u<s 0<u<s

Moreover, we may assume o = 1, since

P[max (vu + oW,) < z] = P[max (vo 'u +W,) < zo™ .
0<u<s 0<u<s

Define P* by

dP* — e—l/Ws—%VQS‘
dP
By Girsanov, W* = X is a P*-BM. With 7, := inf{t > 0: W} = z},
Wt = M/t*]‘{TzZt} —|— (21’ — Wt*)]'{‘l'z<t}
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is a BM. We have

{max W, >z, W, < z} = {W> > z}.

0<u<s

This implies the third equality in

1
_ [ UWE—S12s
]P)I:Oril’l?é(s XS > x’ XS S .1'] - E [e 2 1{maX0§u§s WJ>$7W9*SZ}:|
= 1
ok VWs—=12s B ~
o E [e 2 {maxogugs WU>Z7WSSI}]

w_ L
— E* [eu(2:137W3 )72,/251{1/1/1;‘2:2}]
* l
= ?VTR* [eng 72”281{W;§—m}] = €2VxP[WS* < _':C]

The claim follows from

P[max X < z] = P[X; < z] — P[max X, >z, X, < z]. O
0<u<s 0<u<s
Define
M = max X,, mX = min X,,.
0<u<s 0<u<s

Lemma 5.3. Let s >0, y >0, x <y. Then
PX, <z, MX >y = 62”3”/”2]P>[X8 > 2y — x + 2vs].

If t <y andy >0, then

P[X, <z, MX <y = q)<xa—\/§s) - eQVy/*cb(%) (5.3)

Proof. We omit the proof of the first assertion, which is very similar to the
previous lemma. The second one follows from the first one and

PX, <z, MX <y +PX, <z, M} >y =P[X, < 1] O

Lemma 5.4. Let y <0 and y < x. Then

—x 4+ Vvs 2 (2y—x+ Vs
> X > — T _ 21/y/0’ .
PX, > x,m; >y (I)<—U\/§ ) e (b(—a\/g ) (5.4)

and

—y + Vs 2 (Y + VS
PimX > :cp(—)— 2vy/o cp( >
s 2 9] ov\/s ¢ ov\/s

Proof. The first assertion follows easily from (5.3), and the second one by
putting x = y. O
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We now apply these results to FX barrier options. Recall that (); denotes
the FX rate, and P* the domestic martingale measure. Among eight standard
types of payoff, we focus on the down-and-out barrier call. Its payoff is

(Qr — K) 1minge e Q> Y}

where H, K > 0. As in Section 3, we assume that

Qi = Qoe”™ T =1 Qe

where A =rq —r¢ — %02.

Case 1: H < K. With

K H
D :={Xr > log Q—,minXt > logQ— ;
0 0

the payoff becomes (a.s. equal to)
QoeXT]_D — K]-D

The price is

Qoe " TE [eXT1p] — Ke ™7 P*[D] .
N——
use (5.4)

We calculate the expectation with Girsanov’s theorem. Define

dP * l 2
o eO‘WT720' T7

dpP+
so that W, := W — ot is a P-BM, and

- 1
Xy =oWi+ (rq —re+ 502)15.

Thus, -
E*[e*"1p] = a0 TP D]

can be expressed using (5.4).
Case 2: H > K. If the barrier is not hit, then the call matures I'TM.
Thus, its payoff is (Qr — K)1p, with

H
D = {m7y >log —}.
Qo

Its price is computed analogosly to case 1, using Lemma 5.2.

34



5.3 Asian options

Asian options are options on some average value of the underlying. E.g., a
call on the arithmetic average has payoft

A 1 T +
=Ty Jp,

It is more robust w.r.t. market manipulations than a vanilla call. The distri-
bution of the integral of geometric BM is not availabe in closed form, and so
Asian options are tricky to price even in the BS model.

An easy special case occurs if it is known at time ¢ that T+TD thO S,du >
K, because then the option will be ITM at maturity, and thus its value is

T
e‘T(T—t)EQ[ ! / Sydu — K‘]—}]. (5.5)
T—"1Ty Jr,

Since
T T T
e TSy —emSy = / d(e™Sr) = / 7S, du + / e"dSs,
t t t

we have

T
1
/ Eg[S.|F]du = ;St(eT(T_t) —1),
t

and thus (5.5) becomes

St(]. _ 677‘(T7t)> N efr(Tft) t
T(T - T()) T — T() To

S,du —e "IV,

In general, Asian options are often priced by Monte Carlo. In the BS model,
see [8], Proposition 6.8.1 for an expression as a double integral.
A geometric Asian option is based on the mean

n 1/n 1 n
S.> _ (- 1 5,) discret itoring),
(H T exp { — ; 0og St, ) (discrete monitoring)

1=

or on the continuous geometric mean:

1 T +
C%A:(exp<T_TO/T logSudu)—K> .

They can be priced by a variant of the BS formula (use Lemma 6.9.1 in [8]).
Note that the integral of a continuous Gaussian process is Gaussian, and that
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the variance of f(f W,du can be calculated by applying the product rule to
d(tWy).

Geometric Asian options can be used as control variates in the Monte
Carlo pricing of arithmetic Asian options. This means that we are computing

the expectation of
Z = O} +a(C5 —EqlC3)

by Monte Carlo simulation, where « is a parameter to be chosen. A good «
makes

Var[Z] = Var[C2] + a?Var[C8Y] + 2aCov[Ca, C8*

small. The optimal « is

_ Cov[C, C5

*_

Var[C&Y]
leading to
A 18A12
Var[Z] = Var[C#] — CovlCr, Cr | = Var[Cp](1 — Corr[C4, C’%AP).

Var[C84]

In practice, a* can be approximated in the simulation using the empirical
variance and covariance.

5.4 Basket options

Basket options are written on several underlyings S% i = 1,...,k With
weights w; > 0 summing to 1, a basket call has payoff

k +
CB = (Zwis; - K) .
=1

For example, the sum could model a stock index. We assume a multidem-
sional BS model, . '

dsS; = S;(rdt + c; - dW}),
where 6; € (RT)*, and W* = (W ..., Wk is a Q-BM. This can be rewrit-
ten using correlated BMs: Define

= 1
g; ‘= |O'AZ|7 Wt .= —&ZW*

0;

Then, ' o
dS; = S (rdt + o;dW"),
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and

koo~ oa A
W T, = 2oiz1 Oudj, _ G- G5, pi.
0;0; 0,05
Thus, W is a correlated k-dimensional BM with instantaneous correlations Pij-
Using the forward price F(t,T) := Sie"™ = of the ith asset and the modified
weights

w; ‘= & e % s
Zj:l w;S] Zj:l w; Fy(t,T)
we have

k k ; +

Sh K
CB = ij}'(t, T)< ’UA],L T — % ) .

; ; L@ T) \23:1 w; F5(t, T)J
=54 _k

::AT

We approximate the weighted arithmetic mean Ap = Zle u?lg”T by the
weighted geometric mean G; := Hle(Sr})“’ W.l.o.g. consider t = 0. We
define

k
Cy = w;iSiEgl(Gr — K)7], (5.6)
j=1
where R ) ) )
K=K —f-]EQ[GT — AT]
Note that

EglAr — K| = Eg[Gr — K],

i.e. replacing K by K can be motivated by assuming a linear payoff function.
As for the geometric mean G in (5.6), note that

1
Si St swi-ter
ST = TS’ =€ 27
e
0

and so

k 1 k k
= ;6 WE—=; 02T ~ A ~
Gp = H eWioiWr—Wio; b exp ( E szzW;‘ —%T E wzo'?) .
i=1 i=1 i=1

=T

37



Thus, (5.6) can be evaluated analogously to the BS formula (use Lemma 6.9.1
in [8]). The required variance is

Var[nr| = Var[i w;o;Wr] = Eq [( i wi&ilwﬁ) ( Z wi&ilw%l)]

i=1 il=1 il=1

k
AN A A *l *m
= E W;W;0410 jm, EQ[WT WT ]
4 ————
3,0,5,m=1 —5,,T

k
ij=1
As for K, note that G is log-normal, and that

k ; k
EqlAr] = E@[Zwieggé] =Y wi=1.

=1

6 Stochastic volatility models

6.1 Local volatility

In a local volatility model, the volatility is a function of time and the spot
price:

dSt = St(rdt + U(t, St)th*>

In general, there are no explicit formulas for option prices. The call price
C(K,T) satisfies the Dupire equation (exercise):

—Cr(K,T)+30(K,T)’K*Cx (K, T)-rKCk(K,T) =0, C(K,0)=(So—K)*.

Solving for o yields the Dupire formula

(K, T)? = TKC’[I((K,T) + C’T(K,T).

s K2Cki(K,T)
Thus, if call prices for all strikes and maturity are given, the model can be
calibrated to all of them. Exotic options can be priced by Monte Carlo or
PDE methods. In practice, market data has to be interpolated. In particular,
the second derivative w.r.t. strike can cause numerical problems.
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6.2 Two-factor models

Now consider a two-dimensional Brownian motion W = (W' W?) under P,
and let p € [—1,1]. Defining

Wh=w' W?.:=pW'+/1—-p2W?
Wf/
=:p

yields a two-dimensional BM (W', W?) with instantaneous correlation p,
since B o
dW? = p*dt + p*dt = dt, d[W' W?] = pdt.
We define the stochastic volatility model
dSt/St = M(St, Oy, t)dt + O'tthl

dUt = &(Ut)dt + b(Ut)th2,
where it is assumed that the given functions pu, a, b are sufficiently regular.
Let A = (AL, A2)uepo,7] be a process such that

t 1 t
exp (/ Ay - AW, — 5/ |/\u|2du> (6.1)
0 0

is a P-martingale. According to Girsanov, define W} := W} — fot Audu. This
yields
dS;/S; = (u+ oA )dt + o, dW?
doy = (@ + b(p\t + pA2))dt + b(pdW* + pdW?).
(W1, pW?' + pW?) is a correlated BM under Q. We want S = e "'S, to be
a local Q-martingale. This leads to
)\tl _ r— /,L(St, O't,t)7

O

but does not fix A\2. Therefore, a stochastic volatility model typically ad-
mits infinitely many EMMSs, and is free of arbitrage, but incomplete. Several
mathematical questions arise: Do the SDEs defining the model admit a so-
lution? In what sense (weak or strong)? Is (6.1) a true martingale? Is S*
a true martingale? How can option prices be computed? For some answers,
see e.g. [3, 5]. One of the best known SV models is the Heston model (see
also the exercise class): X = log .S satisfies

dX; = —LVidt + /VidW;,
AV, = k(0 — V,)dt + £/ V,dW;?,
with d[W*L, W*2| = pdt.
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Theorem 6.1 (Feynman-Kac). Let 4,2 : R — R be Lipschitz continuous,
Y bounded, f,g : R — R be smooth and bounded, and assume that v :
[0,7] x R — R is solves the PDE

vt 7) = 350 Pvnat, 2) + ()t ) — (2ot 2), v(0,7) = f(z) (6.2)
and that v, 1s bounded. Let X* be the solution of the SDE
dX] = p(XP)dt + X(X7)dWs,  X§ = x.

Then we have

ott.0) = B0 o0 (- [ gx0)00)]

Proof. Fix t > 0. By Ito’s formula (exercise),

M :=v(t — s, XT)exp ( - /Osg(X;f)du)

satisfies
M, = exp (= [ g(X0)du) (X7 0s(t 5, X2V,
0

and so M is a local martingale. By assumption, it is bounded by a determin-

istic constant, and so it is a true martingale. We conclude v(t,z) = My =
E[M,]. O

With the standard notation

0? 0
Afa) = 322 9L () 2L

the PDE (6.2) can be written as v; = Av—gv. Now let W be a d-dimensional
BM. Let p: RF = R*, ¥ : RF = R¥¥4 g f:RF — R be sufficiently regular
(see [6] for details). Define the diffusion matrix a(x) := X(z)(z)7,

k

o 1 o
A= Zm(x)a—xi +3 Z aij(x)—axiaxj,

=1 3,7=1

suppose
Ut = Av — aquv, U(Oa ZL‘) = f(l’), (63)
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Then, the multidimensional version of Feynman-Kac asserts

oit.) B[t exp (- [ g(xz))].

This can be used to compute option prices numerically, and for finding ex-
plicit formulas for the characteristic function for certain SV models (see the
exercise class for the Heston model). Consider a SV model
dS; = rS,dt + 0,5, dW},
——
th*l
doy = a(oy)dt + b(oy) (pdW}E + pdW?2).
—_——

th* 2

(6.4)

Thus, d = k = 2, X; = (Stuo-t)Tv N(Ilny) = (7"$17d(952))Ta E(xl’@) =

T1T2 0 .
<b<x2>p bm)ﬁ)’ g =r. We have

a(z) = (bxlxg 0 ) <x1x2 b(arg)p) _ ( 373 b(xg)px%@)'
(w2)p blx2)p 0 b(z2)p b(zz)pzizs  blx2)
If h is some payoff function and f(z1,x9) = h(x1), then
Eqlf(X7)e™™] = e "Eq[h(Sh)].
The PDE (6.3) becomes (with s = x;)
2

%SQU Vss + 1S$vs — vy — 10 +a(0)v, + psob(o)vs, + %b(a)%m =0.

~
BS PDE

Solving this with initial condition v(0,s,0) = h(s) yields the option price
(T, So, 00) = e~ ""E[h(ST)].

6.3 The Hull-White formula
In the SV model (6.4), the discounted stock can be written as (W' = W)

t 1 t
Sy = Spexp (/ o AW — —/ aidu).
0 2 Jo

Assume now that p = 0, i.e. the driving BMs are uncorrelated. Then, S* is
a Q-martingale, since for u <t

]EQ[Sﬂ}—u] = EQ[EQ[[Sﬂfu Vo(os:u<s< t)] |]:u] =S,

[ S/
-~

=S

u
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Consider a claim with payoff h(Sr). For a continuous function g, we write
A, = fOT g(u)?du, and Fr for the cdf of the aggregated variance fOT o2du.
The price of the claim is

e TEqlh(Sr)] = ¢~ TEq[Eq h(Soe T 7L AT ity

(UU)uSTH

g:ai|
2
0o e y?/2

—o \/% g=a}

[e%¢) o] —y2/2
_ =T Frld / € h(S TT-&-\/Ey—%w du.
[ Prtaw) [ hisie )dy

1

= T [Bq [(Soe T Wit S atwde)|

— efrTEQ |: h(SoerTqL\/A_gyf%Ag)dy

7 Lévy models

7.1 Lévy processes

Definition 7.1. Let (Q,F,P, (F;)i>0) be a filtered probability space. An R-
valued process X with Xo = 0 is called a Lévy process, if

(i) For 0 < s <t, X; — X, is independent of Fs
(i) Xe— X, 2 X,,, 0<s<t
(111) X is stochastically continuous: For alle >0 and t > 0,

%%P[‘Xt+h - th Z E] =0.

We assume that X has cadlag paths, as it can be shown that X always has
such a modification, which is again a Lévy process [10, Theorem 1.30]. We
may assume that (F;) is the natural filtration of X, i.e. the generated filtra-
tion augmented by the null sets. It can be shown that it is right-continuous
[10, Theorem 1.31]. The characteristic function of X; is

ox,(6) =E[e®%], >0, ¢ eR™

Recall that a random variable Y is infinitely divisible, if for all n € N there
exist iid random variables Yl(l), VN Y™ such that Y < Yl(l) +-+ Y™, For
example, if Y ~ N (1, 02), we may take Y, ~ N/(£, 2 iid.

n’ n

Lemma 7.2. For a Lévy process X and t >0, X, is infinitely divisible, and
vx.(§) = ¢x,,, ()" forn € N.
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Proof. Put
Yk(n) = th/n_X(kfl)t/nNXt/na k= 1,...,n. ]

Lemma 7.3. Let X be a Lévy process (stochastically continuous and cadlag
would suffice). Then, (t,£) — ¢x, (&) is continuous.

Proof. Fix € € R%, ¢ >0, ¢ > 0. Let 8. be such that

: €
sup eV —1| < .
R 4

|€—€l<1

Then there is 0. > 0 such that

s —t] < 8 = BlIX, - X,| > & <

ool M

Hence, for such s and | — é[ < 1, we have

|<IDXt(£) - @XS<§)| S ]EHeié(Xt_XS) _ 1|]
= E[|e*X %) — 1| 15, _xumay] + B[l %) — 1] 1x, - x.1<5y] < €/2.
ﬁ—/ - N X }

g

<2 <e/4 <1

For fixed w, X.(w) is bounded on any finite interval, as it is cadlag. By
dominated convergence,

IimE[ sup ]e"@*é)Xs — 1|} =0.
E—=E  si|s—t|<dL

Let 4. € (0,1] be such that the latter expectation is < £/2 for |€ — £| < 6.
For such £ and s with |s — t| < J., we have

lex.(6) = ex. ()] < lex,(€) — ox, ()] + o, (€) — ox. ()]
<e/2+E[leCO% — 1] <e. m
The following two lemmas are proved in [12] (Lemmas 7.5 and 7.6).
Lemma 7.4. For £ € RY, t >0, we have px,(£) # 0.

Proof. We give a different proof than [12]. If ¢x,({) = 0, then Lemma 7.2
implies that ¢x,, (§) = 0 for all n € N. Since px,(£) = 1, Lemma 7.3 yields
a contradiction. O

Lemma 7.5. Let ¢ € C(R%,C) with p(0) = 1, and without any zeros. Then
there is a unique g € C(R?,C) with g(0) =0 and o(&) = €99 for all ¢ € R
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This function is called “distinguished logarithm” and is sometimes written
as “g = log”. This is not a composition of functions though: The example

d=1, p(§) = €%, g(§) = i€, ¢(0) = p(27) = 1 shows that ¢ (£) = ¢(£') does
not imply g(&§) = g(&').

Theorem 7.6. Let X be a Lévy process. Then there is a unique i) € C(R?, C)
with (0) = 0 and px, (&) = e © for all t,&. It is called characteristic
exponent or Lévy exponent of X.

Proof. Let g; be the distinguished logarithm of ¢x,. For m,n € N, we have

) = 03, (€) = (9x,,,,(6))" = exp (ngn/m (€)),

and so

for some Z-valued function k. Since g,, and g,,/, are continuous, and k(0) =
0, k must vanish identically. Therefore,

m

Inn(€) = —9m(6) = "1 (&)

For arbitrary ¢ > 0, let (¢,) be a sequence of rational numbers converging
to t. Then we have

9u(€) = lim g4, (€) = Tim 4,91(€) = g1 (€).

Thus, we can take ¢ = g;. O

Example 7.7. (i) For one-dimensional Brownian motion with drift, ut -+
oWy, we have

ox, (5))E[ eigxt] _ ethE[ eicht] _ ei,u,tg—f—%(igg)?t _ eiutﬁ—%g%gz’
hence (§) = ipé — 2072

(ii) For dyn > 1, p € RY, o0 € R covariance matriz C = oo™, and
Xy = p+ oWy, we have

YE) =i €~ 50 €

(iii) For a Poisson process with intensity A, we have

[ = iEn  — ()\t)n oif_
N, (€) = E[e*™] = ;eg € *tT — le-1)
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hence (&) = Me® — 1),
(iv) Let X, = SN, Z, be a compound Poisson process, i.e. Ny is a Pois-
son process and (Z,) an independent iid d-dimensional sequence with cdf 7).

If
() =Bl = [ eean)
Rd
denotes the characteristic function of n, then

[e.9]

ox,(€) = S (e ] = MO,
n=0

hence (&) = A(7(§) — 1). For the compensated compound Poisson process
X = X, — Mm, where m = fRd xn(dz), we have

¥x, <£> = ¥x, (f)eiv\tfma
hence

V(O = AH(E) ~ 1= im) = [ (€ — 1~ igz)n(da)

If X and Y are independent Lévy processes with Lévy exponents x
and 1y, an easy calculation shows that ¥ x .,y = ¥x + ¥y

Example 7.8. A jump diffusion is a Lévy process of the form
Ny
Xy =put+ B+ Zy, (7.1)
n=1

where ;1 € R, B is a d-dimensional Browian motion with covariance ma-
trix C', and the sum is an independent compound Poisson process. The Lévy
exponent s

9(E) = ine 30 €+ [ (e = 1))

Ford =1, Z; ~ N(a,6?) and C = o* we obtain the famous Merton jump
diffusion, with

1 )
D(E) = iuk — 507 AT ),
Let (T,,)n>1 be the jump times of the d-dimensional jump diffusion (7.1).
For I x H € B([0,00) x R?), define
J(I x H) ZaTn )0z, (H
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Since Ny = #{n >1:T, <t}, we have

OtXH Z(SZn

This defines a random measure, which is called the jump measure of X. We
have

E[J([0,] x H)] Z(szn ZE ZCSZk )1N,=n}]
n=1

:i Nt_nzn:IPZkeH_n —”i -
n=1 k=1 n=1 ’

=\t
= Mn(H),

and thus
E[J([0,t] x H)] = tE[J([0,1] x H)] =: tv(H).

Definition 7.9. The finite measure
v(H) = E[J([0,1] x H)] = M(H),

which satisfies n(RY) = X, is called Lévy measure of the jump diffusion X,
and (p, C,v) is the characteristic triplet (Lévy triplet) of X.

For a cadlag function f, we write
Af(t) == f(t) = f(i=)
for the jump in t.

Theorem 7.10. Let X be a jump diffusion, and f : Rt x R? — R be
measurable. Then

Zf AXj) / f(s,x)J(ds,dz).
Rd

0<s<t
AX#0

Define J(dt,dz) = J(dt,dz) — dtv(dz) (compensated jump measure). For
fe YR xR, ds®@v), define

M, = / f(s,x)J(ds,dzx).
R4

Then M 1is a martingale with My =0 and
t
Var[M,] :/ f(s,2)*v(dz)ds.
0 JRI
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The proof is straightforward, and omitted.

Example 7.11. For a compound Poisson process, the theorem implies

Ny t
X =Y Z,= /O /R xJ(ds, dz).
n=1

For the variation, the theorem implies

N, .
V[O,ﬂ(m:Zyzn\:/o /R | T(ds, dx).
n=1

Therefore,
BV (X)] =t [ lalv(da).

For the quadratic variation, we have

EVio (X)) =1 | |2[v(dz).

R4

Now consider a general Lévy process X. For H € B(RY) with 0 ¢ H
(closure of H), and T' > 0, a.s. there are only finitely many jump times with
jump in H (“large jumps”). For such H, we again define the jump measure

JI x H)=+#{t€1:AX, € H}.

It can be shown that J can be extended to a random measure on Rt x R?

with J(I x {0}) = 0, and that
v(H) =E[J([0,1] x H)], H € B(R%,
defines a o-finite measure on RY. If 0 ¢ H, it can be shown that
J([0,t] x H)=#{s <t: A, € H}
is a Poisson process with intensity v(H).

Theorem 7.12 (Lévy-Ito decomposition). Let X be a Lévy process. The
Lévy measure satisfies flw|>1 v(dzr) < oo and f|x‘<1 |z|?v(dx) < oco. There is

a Brownian motion B such that for arbitrary R > 0 there exist pr € R and
processes X' and M such that B, X, M® are independent,

X, = pugpt + By + X[+ MF,
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t
XtR:/ / xJ(ds,dz) = Z AX1qax, >R}
0 J|z|>R

0<s<t

1s a compound Poisson process, and

t
MtR:// xJ(ds, dx)
0 J|z|<R

t
= lim/ / x(J(ds,dx) — v(dx)ds)
el0 Y 0 Je<|z|<R |

TV
::XtR’E

is a martingale. If C' is the covariance matriz of B, then (ug,C,v) is called
characteristic triplet (Lévy triplet) of X.

Theorem 7.13 (Lévy-Khintchine representation). Let X be a Lévy process
with Lévy triplet (uy,C,v). Then the characteristic function is given by

©x, (5) _ GWJX(S)7

where

Ux(©) 1= i€ = 50€- €+ [ (€5 = 1= igol e u(do).

R4

Proof. Since 3
Xt = Iult —l— Bt —l— th —|— higl XtLE,
&

by independence and Example 7.7 we obtain

Gt Birx)+50(8) = Ve, (§) + Uz (§) + Pgre ()

1 . 4
=imé— -CE-¢ +/ (e%" —1)v(dx) + (e%" —1 —ifx) v(dx).
2 |z|>1 e<|z|<1 ~~ -
=0(|=[?)
Now take the limit € | 0. O

If we assume f\w|<1 |z|v(dx) < oo (finite activity), then

() = ik - 3C¢ ¢+ [ (5~ Duda),

where po = g — flr\<1 av(dr). If f‘x|>1 |z|v(dz) < oo, then it follows from
Theorem 7.12 that -

E[Xy] = 1 —|—/ zv(dz).

|z|>1
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More generally, it can be shown for n € N that E[|X;]"] < oo if and only
if Jiy5 [2]"v(dz) < co. For d =1 and £ € R, E[e*™!] < oo if and only of
Jiaiz1 ey (dr) < oo.
Theorem 7.14. Let X be a 1-dimensional Lévy process with characteristic
triplet (u1,02,v).

(1) IfE[|X1]] < oo, then X; — E[X}] is a martingale.

(i1) X is a martingale <= f 2] >1 |z|v(dz) < oo and —l—fl v(dz) = 0.

>1 7
(iii) For & € R with E[esX'] < oo, the process e5Xt /E[e5Xt] is a martingale.

(iv) eXt is a martingale <= [ . e"v(dz) < oo and 0 = py + 0—22 + fp(e” =

|lz[>1
1-— $1{|z|§1})l/(d$).
Proof. (i) By independence of the increments,
E[Xt—XS|FS] :E[Xt—XS], Sgt
(i) This follows from (i) and the remarks above.
(iii) Define
M, = &%t JR[e8Xt] = efXetx (36,

Then we have

E[M; — M| F]

[t X —t0(=i6) _ o&Xamsb(=i)| ]

= E[etXe=Xo)=(t=s)v(=i6) _ 1)Ko (=i)
= E[e8Xt—s— (=90 (=i) _ 1) g,

= M, (e~ t=9¥(0)p(t=9)9(=i8) _ 1)) — 0.

(iv) Since E[eX] = (=) = 0, the Lévy-Khintchine formula implies
W(=i) = 0. 0

Example 7.15. An a-stable Lévy process has Lévy measure

v(dr) = ——=1sode + 1 copde.

1+a

with constants ¢y, co > 0. By the mtegmbz'lz'ty properties of the Lévy measure
(see Theorem 7.12),

2
x i
/ dr < oo and / 7% < oo,
xl—i—a
O<z<1 z>1

we must have a € (0,2). Recall that a random variable Y is strictly stable,
if for all n € N there are ¢, and iid Y™, ..., Y\ ~ Y such that c,,Y 4
Yl(") o+, Then, there is a € (0,2] with ¢, = n'/®. For our v, X; s
strictly a-stable. The Lévy exponent can be calculated explicitly.
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7.2 Option pricing

We consider a bank account B, = €™ and a risky asset S; = Spet, where X
is a Lévy process. In general, there are infinitely many EMMs. If QQ is an
EMM, and ¢ the payoff function of a contingent claim, then

e "I VEq[g(S7)|F]
is an arbitrage free price process.

Proposition 7.16. Let X be a Lévy process under an equivalent probability
measure Q with characteristic exponent g x. Then the discounted process
Sy = e S, is a Q-martingale on [0,T] if and only if Egle*T] < oo and
vox(=i) =r.
Proof. By Theorem 7.14, S; = SpeXt~"" is a Q-martingale if and only if

So = Eg[Spe™ ] = Soetax(=it=rt, O

Definition 7.17. Let Y be a random variable, and § € R with E[e?Y] < .
Then the probability measure P? defined by

dP? O
AP E[e?]
is called Esscher transform of P with parameter 6.

For a Lévy process X, we write {x(z) = 1x(—iz), which is called Laplace
exponent.

Theorem 7.18. Let X be a Lévy process and 6 € R, T > 0 such that

E[e?XT] < co. Then
70 = SXimttx(0)

is a martingale. Under P4, (X;)o<i<r 18 a Lévy process with Laplace exponent
lo(z) = Ux(z +0) — £x(0).

Proof.
Z@
E[—t ]:8] — ]E[ee(Xt—Xs)] e~ (t=9)tx(0) _ 1
Zg —_——
—e(t=5)Lx (6)
Moreover,

Bl 2|7,
E[Z]17.

E [ B[ 2] 7

B[ ¥|F] =

1
70
_ R+ X)

fs}
Flet-o)tx®)

— o(t=8)(x (z+0)—lx (6)) 0
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Lemma 7.19. Let (u,02,v) be the characteristic triplet of X, and 0, T as
in Theorem 7.18. Then, the triplet (ug, 02, ve) under P4 is given by

Lo = 1+ O’ -+ /R<69$ — 1)%1{‘x‘<1}lj(d$),

2 _ 2
oy =07,

vo(dr) = " v(dx).

Proof. A straightforward calculation, using the Lévy-Khintchine formula.
O

Theorem 7.20. Consider the market model (By, Soe™*)o<i<r. If 0% satisfies
E[e?XT] < 0o, E[e@TVXT] < o0 and £(6* 4+ 1) — £(6*) = r, then P§ is an
EMM.

Proof. By assumption, PJ. is well-defined, and E% [S7] < co. Moreover, we
have

E%* [St* |f5] _ Egj [SoeXt—rt|fs] _ e—"r(t—s) eXs —TSSO Egj [eXt—Xs |Fs]
——_— ——
o (t=)gx (1)

Gt e (D))

By assumption, we have

- (1) = €(6" + 1) — £(6%) = - O

7.3 Option pricing by Fourier transform

For f € L'(R), we write

f(6) = /R ¢ f(2)de

for the Fourier transform of f.

Theorem 7.21 (Inversion formula). Suppose that f and f are in L*. Then

we have
1

f(z) = — /R e F(€)de.

:27T

We consider a market model (e, S;)o<i<r With S; = SpeXt, with charac-
teristic function

o, (€) = Blei¥7] = / & Qp(dr),

R
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where ()7 is the distribution of X7. We assume that we work under a pric-
ing measure, i.e. we dispense with the notation Q and Eq. Let f be the
payoff function in terms of the log-price, i.e. the option payoff is f(logS;) =
f(log Sp + Xr).

We compute the price of the claim, for ease of notation with Sy = 0 and
r=0:

E[f(Xr)] = / F(2)Qr(de)

_ /R %( /R e f(€)dg ) Qu(d)
_ % /R f(g)( /R e—waT(dx))dg
- /R F()exp(—€)de.

With general r and Sy, the price becomes

efrT

QTTE[f(XT)] =

™

/R ei€1080 () g (—€)de

For instance, f(x) = (e* — K)T for a call. As this function is not in L', we
consider the damped payoff function f,(z) := e **f(x), « € R. For a > 1,

feana(z) = e7%(e® — K)*
is in L'. The damped put payoff

frura(@) = e (K —e")"
is in L' for a < 0.

Proposition 7.22. Let a € R, fa, fo € L, E[S2] < oo (w.r.t. the pricing
measure). Then the price of the claim with payoff f at time zero is

—rT Qo
e ™SS

™

/ooo e B0 oy (— (€ + i) f (€ + i)dE.

Proof. We have

~

flg i) = [ @€y = fu(6)
R
The computation is then very similar to the case a = 0. ]
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The Fourier transform of the payoff function is usually easy to calculate.
For a > 1, we have

. . 00 A Kl—a i€ log K
fCall(f + ’LO() = fCall,oa(g) = [ . 6(15—04)55(@33 — K)dl’ = (Zf _ a) (Zeg —a+ 1)7
0g

which is in L!. For a < 0, the same expression gives the Fourier transform
of the damped put.

8 Fundamental theorem of asset pricing

Consider a filtered probability space satisfying the usual conditions, and k
assets modeled by a k-dimensional semimartingale

(Ztla ceey Ztk)tE[O,T]?

with Z* positive. By the Girsanov theorem for semimartingales [10, p. 132],
the semimartingale property is preserved under equivalent measure changes.
Thus, to achieve freeness of arbitrage, it is standard to assume that prices
are semimartingales under the physical measure.

For an appropriate set of trading strategies, the following definitions are
analogous to the BS model: discounted price process, value process, self-
financing, admissible strategy, arbitrage, EMM. For instance, the value pro-
cess of a strategy ¢ is

k
Vi(¢) = 617,
=1
and

WWZWW+;A%MU

if ¢ is self-financing.
Let Ky denote the claims that can be replicated with zero initial capital.
We write
K:=KyNL>

for the (essentially) bounded attainable claims. With
LY ={Xel>*: X >0as.},
we define the cone

C=K-LY={X-Y:XeKYeL*}CK
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It can be shown that freeness of arbitrage is equivalent to C N LY being
trivial:
NA < CnN LT ={0}.

Thus, the convex sets C and LY intersect only in one point. To achieve this,
it would be convenient to find 0 # F € L! such that

E[FX]
E[FX]

>0, XelL?,
- * (8.1)
<0, XeC.

If F € L' satisfying (8.1) exists, it satisfies F' > 0, by considering X =
1ipcoy. W.lo.g., E[F] =1, and we can define dQ = F'dP. Since K C C, we
have

E[FX] <0, XeKk,

and since K is a vector space
E[FX]=0, X eK.

Two Problems arise: 1. As we mentioned, the existence of F' is not trivial.
2. We must have F' > 0, because otherwise @Q might only be absolutely
continuous.

For F € L', the map

L* —R
X — E[FX]
is linear and continuous, and in fact L™ is the dual space of L'. On the other
hand, the dual of L is in general strictly larger than L!, and so we cannot

apply the Hahn-Banach theorem.
The following condition is a bit stronger than NA.

Definition 8.1. The market model satisfies NFLVR (no free lunch with van-
ishing risk) if C N LS = {0}, where the closure of C is taken w.r.t. || - ||co-

The negation of NFLVR is a bit weaker than arbitrage, but “close”: It
implies that there is 0 # X € LY and X,, € C with |X,, — X| < 1/n as,,
n € N. In particular, we have X,, > —1/n.

Theorem 8.2 (Kreps-Yan, 1980, 1981, Delbaen—Schachermayer 1994, 1998).
NFLVR implies that there is F € L', F >0 with E[FX] <0, X €C.

Corollary 8.3. If NFLVR holds, then there is an EMDM.
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Proof. Let F be as in the theorem, and w.l.o.g. E[F] = 1. Define dQ/dP = F.
We have already shown that Eg[X] = 0 for X € K. W.l.o.g., assume Z* = 1
(zero interest rate). Let s < t, A € F, and ¢ € {1,...,k}. Consider the
following strategy: At time s, take a loan and buy 1,4 units of Z%. At time ¢,
sell the units and put the result in the bank account. Then

Vi=14(Z} = Z) = V.

As the strategy has zero initial cost, we have Vy € K, and so Eg[14(Z] —
Z1)] = 0. By definition of the conditional expectation, this implies Eq[Z;|F]
Z'. Thus, Q is an EMM. O

9 Variance-optimal hedging

The goal is to minimize the variance of the hedging error for some non-
replicable claim. We write M? for the real-valued martingales on [0, T'| with
E[[M]7] < co. By the Burkholder-Davis-Gundy inequality,

CiE[[M]r] < E| sup M?| < C:E[[M]q],

0<t<T

this is equivalent to E[supy,<p M7] < oo. With the inner product (M, N) =
E[M7Nr|, M? becomes a Hilbert space, isomorphic to L?*(P). M, N are
orthogonal if E[M7Nr] = 0. We define them to be strongly orthogonal, it M N
is a martingale. For M, N € MZ (i.e., starting in 0), strong orthogonality
implies orthogonality.

Recall that the quadratic covariation of two semimartingales X,Y is de-
fined by the limit in probability

[X7 Y]t = hmZ(th - thﬂ)(}/tk - Ek—l)
k=1
taken over partitions of [0, ¢] with mesh tending to zero, and satisfies

d(XY) = X_dY +Y_dX +d[X,Y].

Theorem 9.1 (Kunita-Watanabe inequality). Let X,Y be semimartingales,
and 6,1 be measurable processes. Then we have

/ﬁmw¢wm X, Y] (/’W ) (/‘w )
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Proposition 9.2 (Strong orthogonality). Let M, N € M? be strongly or-
thogonal. Then we have

(i) [M, N] is a martingale,
(i1) E[M,N,| = MyNy, where 7 < T is a stopping time,
Conversely, (ii) implies strong orthogonality.

Proof. Since
d(MN) = M_dN + N_dM + d[M, N],

[M, N] is a local martingale. We have
|[M; NIi| < Vi) ([M, N]) < V/[M]r[N]r,

where the second inequality follows from Kunita-Watanabe with 6 = ¢ = 1.
By Cauchy-Schwarz,

E|vVIMIr[NIr| < E[[M}r] *E[[N}r]"* < o,

and 80 supg<,<r |[M, N|| is integrable, which implies (i).
(ii) By the optional sampling theorem.
Finally, suppose that (ii) holds. For ¢ € [0,T] and I € F;, define

t wel
m =
T wel.

Then we have

E[M,N,1r] + E[MrNrloyr] = E[M, N, 2 MyN,,
and thus

E[M;N,1r = MyNy — E[MyNy] +E[MyNr1p]. O

=0

Definition 9.3. For M € M3 _, define

T
L*(M) = {9 predz'cta,ble,]E[/o Hgd[M]s] < oo}.

This 1s a Hilbert space w.r.t. to the inner product
T T
(0,) = E[ / 8,d M, / ¢5dMS]
0 0
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By the Ito isometry, the corresponding norm is

T 1/2
0l = B[ [ dzaan.] "

The stable subspace generated by M 1is
S(M) = {/ 0dM : 0 € L?(M)}.
0

Proposition 9.4. S(M) is a closed subspace of M?*. For [0dM € S(M)
and a stopping time T < T, the stopped process ([ 0dM)™ is in S(M).

Proof. For [0dM € S(M), [[0dM]r = [6*d[M] is integrable, and so
S(M) € M?. The map 0 — [0dM is an isometry from L?(M) to S(M),

since

| [ eant]...= E[(/DT padr) | = E[/OT O2d[M.] = 1603200

Thus, S(M) is isometrically isomorphic to L?(M), and in particular it is
complete.
If 7 is a stopping time, then

( / | Z / o 0dM. 0
0 0

Theorem 9.5 (Kunita-Watanabe decomposition). Let M € M2 and N €
M?. Then there is a unique representation N = Ny + deM + L with
6 € L?(M) with L € M3 strongly orthogonal to S(M).

Proof. S(M) is a closed subspace of M?. By orthogonal projection, we find
6 € L*(M) with

N:/edM+ L
~—~

S—— eS(M)+
eS(M)

where the orthogonal complement is w.r.t. (-, ). With L := L — Ny, we
have N = Ny + [60dM + L. To show strong orthogonality, we use Proposi-
tion 9.2. Let 0 € L?*(M) and 7 < T be a stopping time. Then,

T T T
E|L / M| —E|Ly / M| = E|Ly / 10,10 dM,| = 0.
0 0 0 S~
€L2(M)
The first equality holds because L is a martingale, and the last one by L €
S(M)*. [
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Consider now an asset with price process S € M2 . For simplicity, we
assume zero interest rate. For a claim H € L?(Fy), let V; := E[H|F;], where
the expectation is w.r.t. to the pricing measure. For an initial capital ¢ and
a strategy 6 € L?(S), we obtain the value process ¢ + fo 0dS. The goal is to
find ¢, 0 such that

E[(H—c—/OTetdstﬂ s min. (9.1)

Theorem 9.6. Let V = E[H| + [,0"dS + L be the Kunita-Watanabe de-
composition of V.. Then the optimization problem is solved by ¢* = E[H| and
o = 0.

Proof. Define
T
U= {c—l—/ 0dS :ceR,0 € LQ(S)} C L*(Fr).
0
The solution of (9.1) is the projection of H to U. We have

T
Vr = H = E[H] +/ 0" dS 4 L.
0

g

ceu

.

Since Ly € 8(S)*, we have Ly € Ut O

For Lévy models, the quadratic hedging strategy of standard options can
be explicitly calculated (See Chapter 6 in [11]).

10 Duality and semi-static hedging

Throughout this section, we consider a price process S with Sy = 1. For
most of the results, we assume zero interest rate.

Definition 10.1. Let S = e* be a positive P-martingale. Define the share
measure by dP'/dP = Srp. Then the dual process is defined by S = 1/S
(resp. X' :=—X).

If S’ is integrable, then it is a [P-martingale:

a1 _ BISrSIF] _ EE[ST|ASIF] 1
E [Stlfs] - E[ST|J,—_-S] - Ss - Ss - Ss'
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Theorem 10.2 (Girsanov-Meyer). Let P ~ Q, with density process Z, and X
be a semimartingale with decomposition X = M + A under P. Then the
decomposition of X under Q is

X = (M—/%d[Z, M) + <A+/%d[z, M)).

TV TV
local Q—martingale finite variation

Proposition 10.3. Let S = ¢X be a continuous martingale with Sy = 1.
Then the canonical decomposition of X' = —X under P’ is given by

X' = (X + 3[X]) - 3Ix].

Proof. We have to show that —X + %[X] is a local P-martingale. The mar-
tingale S can be written as the stochastic exponential S = £(Y), where
Y := X + [X]. We have dS = SdY, d[S,Y]| = Sd[Y], dY = (1/5)dS. By
Girsanov, Y — [(1/5)d[S,Y] is a local P-martingale. We compute

Y - /S d[S,Y] = /SSd — V] =X - }[X]. O
In the BS model, we have X; = cW; — 1o%t and Y = oWV.
—X +1[X]=—oW + Lot + i0°t = —oW + 0t
is a local P-martingale. By Girsanov, W, := —W, + ot is a P’-BM. Since

! fO'WtJrlaQt _ O'Wtflo'Qt
S, =e 27t =¢ 29t

the dual model is the BS model itself.
In general, we write C'(S, K) for the call price, and C'(S’, K) for the call
price in the dual model.

Proposition 10.4 (put-call duality). With similar notation for the put, we
have

%C(S, K)=P'(5' 1/K).
Proof.
C(5,K) = E(Sr ~ K)) = [ (57 - K)']

—E[(1- KS,)"] = KIE’[(% - ST) T = KP'(S,1/K). O
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Under some additional assumptions, duality can be used to simplify the
prices of exotic options.

Definition 10.5. (X{)o<;<r satisfies the dual reflection principle, if supgc; < X{—
X5 and —info<i<7 X| have the same law under P'.

For BM, the dual reflection principle follows from an easy calculation
using Lemmas 5.1 and 5.2. More generally, it can be shown that it holds if
X' is a P’-Lévy process (Lemma 3.5 in [7]).

Proposition 10.6. Suppose that X' satisfies the dual reflection principle.
Then the price of a lookback call with floating strike can be expressed by a
simpler lookback option in the dual model.

Proof. Let o > 0. We have
]E[(ST - O[tlil; St)+] — E/[(l - a@infiST Xt—XT)+]

= E[(1— ac¥r e X)) = o[ (- — e )]
(6]

= o' [(l — inf S{)T. O

(0% t<T

Definition 10.7. (X/)o<i<r satisfies the time inversion principle, if the pro-
cesses Xp — X(p_yy_ and Xi have the same law under P,

Again, this holds for Lévy processes.

Proposition 10.8. If X’ satisfies the time inversion principle, then the price
of an Asian put with floating strike can be expressed by the price of an Asian
put with fixed price in the dual model.

Proof. We have

(g [ sa)]=2{0-7[ & @

(g [ )]

0

—e[(1 -k [ )] =E[(1 -k [Csa)'] o
0 0

Definition 10.9. An adapted positive process S is quasi-selfdual of order o
(selfdual if « = 1), if for every non-negative Borel function f and stopping

T )] () ()5
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In particular, f = 1 shows that S¢ is a martingale.

Proposition 10.10. S is quasi-selfdual if and only if there is a # 0 with S
selfdual.

Proof. Let S be quasi-selfdual. We show that S is selfdual. Let f be as in
the definition, and g(z) := f(z*). We have

s[5/ ()] =El(5) o)l
~=ls(51) | [(§Z> d

Converse: consider f(z'/®). O

We now consider a knock-in barrier option with barrier H # Sy. Define
n :=sgn(H — Sp) and the hitting time

= inf{t: nS; > nH}.
The payoff is g(S7)1{r, <1y}

Theorem 10.11. Let the martingale S be quasi-selfdual of order o, and
suppose that S;,, = H holds on {ty < T} (e.g., this holds if S is continuous).
Moreover, assume P[Sp = H| = 0. Then, the knock-in barrier option can be
hedged semi-statically as follows:

(1) At time 0, buy the European claim

G(Sr) = <Q(ST) + (%>a9<g]—;>)1{nST>nH}

(2) If S hits the barrier, exchange the option against the claim g(St) (at
no cost).

Proof. If 7y > T, then both options are worthless at time 7. Consider
7y < T. We have to show that E[g(S7)|F,,] = E[G(ST)|Fr,]. We have

E[g(ST)|‘FTH] = ]E[g(ST>]‘{77»ST>77H}’FTH] + E[g<ST>1{77ST<77H}"FTH]
St
[ (ST)l{nST>77H}|]:TH] + E[ (H H) l{nST/H<77}|]:TH]

= E[g(ST)]'{nST>77H}"FTH] +E [(%) g(%}o 1{77H/ST<17}|]:TH]

= E[G(S1)| -, ). -
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Definition 10.12. Let (M;)o<i<r be an adapted process. It is called sym-
metric, if

]E[f<MT - M’T’)l‘FT] = E[f(MT - MT)|‘F’T]
for every Borel function f > 0 and stopping time 0 <7 < T.

If M is integrable, consider the functions fi(z) = a%*, fo(z) = 2~. Then
fi(x)— fo(z) = x, and E[Mp— M, |F.] = E[M, — Mp|F;| implies E[Mp|F;| =
M.,. Thus, M is a martingale.

Theorem 10.13 (Tehranchi). Let Y be a continuous martingale with Yo = 0
and such that S = E(Y) is a martingale. Then S is selfdual if and only if Y
15 symmetric.

Proposition 10.14 (symmetric stochastic volatility models). Suppose

dY, = o(¥;, V;)dB;
vy = a(Y,, Vi)t + B(Y;, Vi) AW,

where B, W are independent BMs, o,«, 5 are even functions of Y. Assume
that Y and E(Y') are martingales with Yo = 0. Moreover, assume uniqueness

in law. Then, S = E(Y) is selfdual.

Proof. Wehave d(—Y) = o(=Y,V)d(—B) and dV = o(-Y, V)dt+5(-Y,V)dW.
Thus, the weak solutions (Y,V, B,W) and (-=Y,V,—B, W) have the same
law. Therefore,

LYy =Y |F) =LY, = Yr|F,).

We conclude that Y is symmetric, and the assertion follows from Theo-
rem 10.13. ]

A The Snell envelope

We fix a filtered probability space satisfying the usual conditions. (The
filtration will only be needed from Lemma A.6 onwards.) The sup of an
uncountable family of random variables need not be measurable, and if it is,
it might have undesirable properties:

Example A.1. consider Lebesque measure on [0, 1] and the family X; = 1,
i €[0,1]. Then sup,c; X; =1, but each X; is a.s. zero.

Theorem A.2. Let {X;:i € I} be a family of real random variables. Then
there exists a random variable X*, called the essential supremum (esssup) of
the family, such that
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(i) X* g X; foralliel,
(i) If a random variable X satisfies X ag X, foralli € I, then X azs X,
(iii) If I D J is countable, then sup;c; X; < X*.

Proof. By applying a strictly increasing map R — [0, 1], we may assume that
all X; take values in [0, 1].

For I O J countable, define the random variable X; := sup,c; X;. We
claim that the upper bound

¢ :=sup{E[X,] : J C I countable}

is attained. Indeed, take a sequence J, with E[X; ] — ¢ and define the
countable set J* :=J,, J,. Then

E[Xjn] S E[XJ*] S C,

and so E[X -] = c.
Define X* := X .. If (i) does not hold, then there exists i € I with
PIX; > X*] > 0. Thus, J' := J* U {i} satisfies

E[XJ’] > E[XJ*] = C,

contradicting the definition of c.

Now let X be as in (ii). Then {X > X*} = ﬂiGJ*{X > X} has proba-
bility 1.

(iii) follows from (i), since {X* > X;} = ;o {X* > X;}. O

Definition A.3. A family {X;, i € I} of real random variables is directed
upwards, if

VijelFkel: X,VX; < X

Note that the family in Example A.1 is not directed upwards. We will
often omit “a.s.” in the following equalities and inequalities.

Lemma A.4. If {X;} is directed upwards, then there is a sequence (ix) in I
such that X;, < X, ., and

k+1

esssup X; = sup X;, = lim X, .
iel keN keN

Proof. In the proof of Theorem A.2, let (j) be an enumeration of J*. Let
11 = J1, then pick 75 such that X;, > X; V Xj,,, pick ¢3 such that X;, >
X, V X, and so on. []
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Lemma A.5. Let G C F be an arbitrary sub-c-algebra.
(a) We have
Elesssup X;|G] > esssup E[X;|G].

iel iel
(b) Assume that {X;} is directed upwards. If X; > 0 for all i € I, or
Elesssup;¢; | Xi|] < oo, then

Eless sup X;|G] = esssup E[X;|G].

iel iel
Proof. (a) By Theorem A.2 (i), E[X*|G] > E[X;|G], i € I, and the assertion
follows from Theorem A.2 (ii).

(b) By (a), it suffices to show <. We have

E[X*|G] = sup E[X;, |G] < esssup E[X;|G],

keN i€l
where the equality follows Lemma A.4 and conditional monotone resp. dom-
inated convergence, and the inequality from Theorem A.2 (iii). O
We write 7, for the set of stopping times with values in the interval
J C [0, 00).

Lemma A.6. Let (Z;)i>0 be adapted, non-negative, and right-continuous,
with E[sup,sq Z;] < oo. For any t > 0, the family {E[Z;|F] : 7 € Tioo)} is
directed upwards.

Proof. Note that the integrability of the sup ensures integrability of Z, for
any random time 7. Let 71,70 € T o) and define X; := E[Z,,|F], i = 1,2.
Define

T .= Tll{X1ZX2} + TQl{X1<X2}.
This is a stopping time, since for u >t
{7' SU} = {Tl S U}O{Xl ZXQ} U {7'2 SU}D{Xl <X2} G.Fu.
—_——— ———— —_——— ————
€Fu cF: eFu €Ft
For A € F,, we calculate
E[E[Z:|Fi]14] = E[Z:14]
= E[ZTl ]-Aﬁ{XlZXQ} + ZTQ]-AQ{X1<X2}]
E[E[Z7'1|‘Ft] 1AQ{X12X2} + E[ZT2|‘Ft] 1AQ{X1<X2}]
N—— N——
=X1 =Xo
— E[(X1V Xa)14] > E[X;14]
_ E[E[Z,.|F]1a], i=1,2.

This shows that E[Z,|F;] > X, for i =1, 2. O
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We now define the Snell envelope of the process Z.

Theorem A.7. Let Z be as in Lemma A.6.
(a) The process
Uy := esssup E[Z,|F]

7€T1t,00)

1S a supermartingale.

(b) E[U;] = ess SUp e, E[Z,]

(¢) Under the usual conditions (which we assume), U has a right-continuous
modification. This is the Snell envelope of Z.

Proof. (a) For 0 < s <t, we have

E[U,| Fs] = Elesssup E[Z, | F]|F]

Te’f[t,o@
= esssup E[E[Z, | F;]|F]
TET[t,00)
< esssup E[Z,|F,] = U,.
TE€T[s,00)

The second equality follows from Lemma A.5 (b), and the inequality from
7Tt,oo) - 71200)-

(b) Use Lemma A.5 (b).

(c) It suffices to show that ¢ — E[U;] is right continuous (see Section 1.2
in [10]). Let t > 0 and t,, | t. Since E[U,,| = E[E[U,, |F]] < E[U;] by (a), we
have limsup E[U;,] < E[U;]. For the converse inequality, let 7 € T o) and
Tp := T Vt,. Then Z, =lim,,_,o Z,,. Indeed, on {r >t} we have Z, = Z,
for large n, and on {7 =t} we have 7,, = t,, and can use the right continuity
of Z. By Fatou’s lemma and Theorem A.2 (iii),

E[Z;] <liminfE[Z, ] < liminf esssup E[Z;] ® jim inf E[U;,].

n—oo n—oo 4+ n—oo
TE'T[tn’oo)

As this holds for all 7 € Tt o), part (b) implies that E[U;] < liminf E[Uy,]. O

Theorem A.8. Let T' > 0 and (Z;)icjo,r) be adapted, non-negative, and
right-continuous, with E[sup, Z;] < oo. Then the Snell envelope of Z is the
smallest right continuous supermartingale dominating Z.

Proof. By definition, U dominates Z. Let V be a right continuous super-

martingale such that V, > Z, for t > 0. By right continuity, we have a.s. for
all t > 0V, > Z,. By the optional sampling theorem, for ¢ > 0,

Ug=esssupE| Z. |F] < V. O
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