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1 Black-Scholes model

1.1 Basics

Samuelson 1965, Black-Scholes 1973, Merton 1973
Finite time interval t ∈ [0, T ]. (Sometimes t ∈ [0,∞) is considered.)
Riskless asset Bt = ert, where r ∈ R is deterministic (same interest rate

for savings and loans).
Risky asset: geometric Brownian motion (see below).
No market frictions:

1. Agents can trade in continuous time

2. Any position size is possible (no shortselling constraints, assets are
divisible)

3. No bid-ask spread (one price process for the risky asset)

4. No market impact

Brownian motion (BM): (Wt)0≤t≤T defined on a filtered probability space
satisfying the usual conditions. BM satisfies

1. W0 = 0

2. W is adapted and has continuous paths

3. For s < t, Wt −Ws is independent of Fs

4. Wt −Ws ∼ N (0, t− s)

Geometric Brownian motion: S0 > 0,

dSt = µStdt+ σStdWt, drift µ ∈ R, volatility σ > 0.

Implicit definition (SDE). Explicitly:

Proposition 1.1. The unique solution of this SDE is

St = S0 exp(σWt + (µ− 1
2
σ2)t).

Proof. Define Yt := σWt+(µ− 1
2
σ2)t. First, assume S0 = 1 and then multiply

by S0. Apply Ito’s formula to St = h(Yt) with h(x) = ex.
Uniqueness: Exercise (or from general theory of SDEs).
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Note: For µ = 0, S is a martingale (more on this later). Indeed,

E[eσ(Wt−Wu)|Fu] = E[eσ(Wt−Wu)] = e
1
2
σ2(t−u).

Definition 1.2. A trading strategy is a pair of progressively measurable pro-
cesses, ϕ = (ϕ1

t , ϕ
2
t )0≤t≤T . Its value process is

Vt(ϕ) := ϕ1
tSt + ϕ2

tBt.

The strategy is self-financing, if
∫ T
0
(ϕ1

u)
2du and

∫ T
0
|ϕ2
u|du are a.s. finite and

Vt(ϕ) = V0(ϕ) +

∫ t

0

ϕ1
udSu +

∫ t

0

ϕ2
udBu, 0 ≤ t ≤ T.

Define the discounted asset price S∗ := S/B.

S∗
t = S∗

0 exp(σWt + (µ− r − 1
2
σ2)t),

dS∗
t = (µ− r)S∗

t dt+ σS∗
t dWt.

S∗ is a submartingale for µ > r, and a supermartingale for µ < r.

Definition 1.3. A measure Q ∼ P is an equivalent martingale measure
(EMM), if S∗ is a local Q-martingale.

Theorem 1.4. Q is an EMM ⇐⇒ for every self-financing trading strategy ϕ,
the discounted value process V ∗ := V (ϕ)/B is a local Q-martingale.

Proof. ⇐=: Consider the buy-and-hold strategy ϕt = (1,−S0). Then

V ∗
t (ϕ) = B−1

t (St − S0Bt) = S∗
t − S0.

=⇒: Calculate dV ∗
t = d(B−1

t Vt) by the Ito product rule:

dV ∗ = d(B−1V ) = B−1dV + V dB−1 + d [B−1, V ]︸ ︷︷ ︸
0

= B−1(ϕ1dS + ϕ2dB) + (ϕ1S + ϕ2B)dB−1

= ϕ1(SdB−1 +B−1dS) +B−1ϕ2Brdt+ ϕ2B(−rB−1)dt = ϕ1dS∗.

Example 1.5 (Simplified Girsanov). Let dW ∗
t := dWt − λ(t)dt, where λ is

a deterministic L2 function, and define

dQ
dP

= exp

(∫ T

0

λ(s)dWs −
1

2

∫ T

0

λ(s)2ds

)
.

An easy calculation shows that EQ[e
uW ∗

t ] = eu
2t/2, u ∈ R, and so W ∗ has the

one-dimensional marginals of a standard BM under Q.
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Theorem 1.6. In the Black-Scholes model, the unique EMM is given by

dQ
dP

= exp

(
r − µ

σ
WT − 1

2

(r − µ)2

σ2
T

)
.

W ∗
t := Wt − r−µ

σ
t is a Q-Brownian motion, and dS∗

t = σS∗
t dW

∗
t .

Proof. By Girsanov’s theorem (see the exercise class).

We have

S∗
t = S0e

−rt exp(σWt + (µ− 1
2
σ2)t) = S0 exp(σW

∗
t − 1

2
σ2t).

Thus, under Q, S∗ is a geometric BM with drift 0, and thus a true Q-
martingale (not just local). Dynamics of S under Q:

dS = µSdt+ σSdW = µSdt+ σSdW ∗ + (r − µ)Sdt = rSdt+ σSdW ∗.

The following definition serves to rule out riskless gains by so-called “doubling
strategies” (see Section 1.7).

Definition 1.7. A self-financing trading strategy is admissible w.r.t. Q, if
V ∗(ϕ) is a Q-martingale.

From now on, “strategy” in the BS model always means a self-financing
trading strategy which is admissible w.r.t. the unique EMM.

Definition 1.8. The BS model is the market (S,B) with the set of Q-
admissible trading strategies, for the unique EMM Q.

Definition 1.9. A market model is free of arbitrage, if there is no strategy
with V0(ϕ) = 0, VT (ϕ) ≥ 0 and P[VT (ϕ) > 0] > 0.

Theorem 1.10. The BS model is free of arbitrage.

Proof. If VT (ϕ) ≥ 0 and this is positive with positive probability, the same
holds under Q, and we get V0(ϕ) = V ∗

0 (ϕ) = EQ[V
∗
T (ϕ)] > 0.

Note that this argument does not work if V ∗ is a strict local martingale.
In Section 1.7, we will se an example of such a trading strategy.

Definition 1.11. A replicable claim is an FT -measurable random variable X
such that there is a strategy ϕ with VT (ϕ) = X a.s.

Theorem 1.12. For a replicable claim X in the BS model, let πt(X) = Vt(ϕ)
be its price process, for some replicating strategy ϕ. This process does not
depend on the choice of ϕ.
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Proof.
πt(X)

Bt

= V ∗
t (ϕ) = EQ[V

∗
T (ϕ)|Ft] = EQ[B

−1
T X|Ft].

This yields the risk-neutral valuation formula: the price of a replicable
claim is the risk-neutral expectation of its discounted payoff.

πt(X) = BtEQ[B
−1
T X|Ft] = e−r(T−t)EQ[X|Ft], 0 ≤ t ≤ T (1.1)

It is clear that π0(X) is the only arbitrage-free price for the claim at time 0.
Indeed, if someone would pay π̂ > π0(X) for it, then sell it to him, pocket
the difference π̂ − π0(X), and replicate the claim, using the initial capital
π0(X).

If you can buy the claim for π̂ < π0(X), do so, and go short in the
replicating strategy to receive π0(X)− π̂ > 0 up front.

Note that (1.1) is linear in X, which is a natural property of a pricing
rule.

1.2 Black-Scholes formula, Black-Scholes PDE

A call option is the right to buy at time T one share for the price K. Payoff
at maturity is (ST −K)+. Define

d1,2(s, τ) :=
log(s/K) + (r ± 1

2
σ2)τ

σ
√
τ

.

Note that d2 = d1 − σ
√
τ . With Φ the standard normal cdf, define c :

R+ × [0, T ] → R+ by

c(s, τ) := sΦ(d1(s, τ))−Ke−rτΦ(d2(s, τ)).

For τ = 0, take the limit (s−K)+ of the right hand side.

Theorem 1.13 (BS formula). The call option is replicable in the BS model,
and its price process is given by Ct = c(St, T − t). Explicitly:

Ct = StΦ(d1(St, T − t))−Ke−r(T−t)Φ(d2(St, T − t)).

A replicating strategy is given by

ϕ1
t =

∂c

∂s
(St, T − t) = Φ(d1(St, T − t)) (“delta hedging”),

ϕ2
t = e−rt(c(St, T − t)− ϕ1

tSt).
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Intuitively, delta hedging is based on the Taylor approximation

c(St+∆t)− c(St) ≈
∂c(St)

∂s
(St+∆t − St).

First, we assume that there are smooth functions v, g, h with Ct = v(St, t),
(ϕ1

t , ϕ
2
t ) = (g(St, t), h(St, t)). By the self-financing property, with Vt = Vt(ϕ),

dV = gdS + hdB

= g(µSdt+ σSdW ) + rBh︸︷︷︸
r(V−gS)

dt

= (µ− r)Sgdt+ σSgdW + rV dt.

On the other hand, by Ito’s formula (note that partial derivatives of functions
are denoted by indices),

dv =
∂v(St, t)

∂t
dt+

∂v(St, t)

∂s
dSt +

1

2

∂2v(St, t)

∂s2
d[S, S]t

= vtdt+ vsdS + 1
2
vssd[S, S]

= vtdt+ vs(µSdt+ σSdW ) + 1
2
σ2vssS

2dt.

As we must have v = V , we can subtract dV from dv and obtain

0 = (vt + µSvs +
1
2
vssσ

2S2)dt+ vsSσdW + (r − µ)Sgdt− σSgdW − rvdt.

Diffusion coefficient and drift must vanish:

σS(vs − g) = 0 =⇒ g = vs,

0 = vt + µSvs +
1
2
vssσ

2S2 + (r − µ)S g︸︷︷︸
vs

−rv

We obtain the Black-Scholes PDE for the value function:

vt(s, t) +
1
2
σ2s2vss(s, t) + rsvs(s, t)− rv(s, t) = 0

Note that the PDE does not depend on µ, and that we have not used the
call payoff. The value function of the put, with payoff (K − ST )

+, and those
of other European, not path-dependent claims satisfy the same PDE, as we
will prove in Section 1.4. After these motivating remarks, we give two proofs
of the BS formula.

7



First proof of Theorem 1.13. Define v(s, t) := c(s, T − t), with c(·, ·) from
above. The function v satisfies the BS PDE (exercise). Define ϕ1

t := vs(St, t)
and ϕ2

t := B−1
t (v(St, t) − vs(St, t)St). By definition, the value process is

Vt(ϕ) = v(St, t). By Ito’s formula and the BS PDE,

dV = vsdS + 1
2
σ2S2vssdt+ vtdt

= vsdS + (rv − rSvs − vt + vt)dt

= ϕ1dS + rB
v − Sϕ1

B
dt = ϕ1dS + ϕ2dB.

Thus, ϕ is self-financing. Admissibility (cf. the proof of Theorem 1.4):

V ∗
t (ϕ) = V ∗

0 (ϕ) +

∫ t

0

vs(Su, u)dS
∗
u

= V ∗
0 (ϕ) +

∫ t

0

Φ(d1(Su, T − u))σS∗
udW

∗
u .

Since Φ ≤ 1 and
∫ t
0
EQ[(S

∗
u)

2]du < ∞ (consider the Gaussian mgf), V ∗ is a
true martingale.

We now give a second proof of the BS formula. Consider again X = (ST−
K)+, and X∗ := B−1

T X. Since X∗ ∈ L2(Q), the martingale representation
theorem implies that there is a predictable process θ such that

X∗ = EQ[X
∗] +

∫ T

0

θudW
∗
u ,

with
∫ ·
0
θudW

∗
u a martingale. Since dS∗ = σS∗dW ∗, a natural choice for

the risky position is ht := θt/(σS
∗
t ). Define the candidate discounted value

process

V ∗
t := EQ[X

∗] +

∫ t

0

hudS
∗
u,

and the candidate replication strategy

ϕ1 := h, ϕ2 := B−1(V − ϕ1S),

where of course V = BV ∗. Clearly, V (ϕ) = V = BV ∗ = X by definition.
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We check that ϕ is self-financing:

d(BV ∗) = BdV ∗ + V ∗ dB︸︷︷︸
rBdt

= BhdS∗ + rV dt

= Bh(B−1dS + S dB−1︸ ︷︷ ︸
−rB−1dt

) + rV dt

= h︸︷︷︸
ϕ1

dS + r(V − hS)B−1Bdt

= ϕ1dS + ϕ2dB.

We have thus shown that X = (ST −K)+ is replicable. By the risk-neutral
valuation formula, its price process is independent of the replication strategy,
and given by

Ct = BtEQ[B
−1
T X|Ft].

As S is a time-homogeneous Markov process andX is a deterministic function
of ST , there must be a deterministic function c(·, ·) such that Ct = c(St, T−t).
Recall the following property of conditional expectations:

Lemma 1.14. Let U, V be random variables, g : R2 → R measurable with
E[|g(U, V )|] < ∞, and G ⊆ F be a sub-σ-algebra. If V is G-measurable,
and U is independent of G, then

E[h(U, V )|G] = E[h(U, v)]
∣∣
v=V

.

We compute

EQ[(ST −K)+|Ft] = EQ[(St
ST
St

−K)+|Ft]

= EQ[(Ste
σ(W ∗

T−W ∗
t )+(r− 1

2
σ2)(T−t) −K)+|Ft]

= EQ[(se
σ(W ∗

T−W ∗
t )+(r− 1

2
σ2)(T−t) −K)+|Ft]|s=St

= EQ[(se
σW ∗

T−t+(r− 1
2
σ2)(T−t) −K)+]|s=St ,

and see that it suffices to consider t = 0. Then,

EQ[B
−1
T (ST −K)+] = EQ[B

−1
T ST1D]− EQ[B

−1
T K1D] =: J1 − J2,
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where D := {ST > K}. For J2, we have

J2 = e−rTKQ[S0e
σW ∗

T+(r− 1
2
σ2)T > K]

= e−rTKQ
[
W ∗
T√
T
> −

log(S0/K) + (r − 1
2
σ2)T

σ
√
T

]
= e−rTKQ

[
− W ∗

T√
T
<

log(S0/K) + (r − 1
2
σ2)T

σ
√
T

]
= e−rTKΦ(d2).

Define P̄ by
dP̄
dQ

= eσW
∗
T− 1

2
σ2T =

S∗
T

S0

.

This is sometimes called the share measure. By Girsanov, W̄t := W ∗
t − σt is

a standard BM under P̄. Then,

J1 = EQ[S
∗
T1D] = Ē

[dQ
dP̄

S∗
T1D

]
= S0Ē[1D] = S0P̄[ST > K] = S0P̄[S∗

T > KB−1
T ]

= S0P̄[eσW̄T+ 1
2
σ2T > KB−1

T ] = S0Φ(d1).

This finishes the second proof of the BS formula; note that it provides a
derivation of the formula, and not just a verification. On the other hand, it
does not yield the delta hedge and the PDE.

Time-dependent coefficients: The BS model dS/S = µdt+ σdW has
just one single parameter that can be calibrated to market prices of options,
the volatility σ. As a simple extension, consider the dynamics

dSt/St = µ(t, St)dt+ σ(t)dWt,

where µ and σ are deterministic functions. Exercise: Generalize the BS

formula (σ
√
T − t becomes

√∫ T
t
σ(u)2du).

Put-call parity: A put option is the right to sell one share at T for the
price K. Clearly, the difference between call and put payoff is

(ST −K)+ − (K − ST )
+ = ST −K.

By risk-neutral valuation,

Ct − Pt = St −Ke−r(T−t), (1.2)

which gives the BS formula for a put option:

p(s, τ) = Ke−rτΦ(−d2)− sΦ(−d1).
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1.3 The Greeks

The Greeks are sensitivities of option prices, i.e. derivatives w.r.t. the pa-
rameters. Some of the most important ones are (with φ the standard normal
pdf):

� The BS call delta cs = Φ(d1) > 0

� The BS call gamma css =
φ(d1)
sσ

√
τ
> 0

� The BS call theta cτ =
σs
2
√
τ
φ(d1) +Kre−rτΦ(d2) > 0 (if r ≥ 0)

� The BS vega cσ = sφ(d1)
√
τ > 0

We know already that the delta is the risky position of a hedge portfolio,
i.e. a portfolio in risky and riskless asset that replicates the call.

A large gamma is an indication of a rapidly changing delta, which means
in practice that the hedge of a call should be frequently adjusted. Also, at
least for small maturity, the term log(s/K) in the definition of d1 shows that
gamma is largest if s ≈ K, because of the thin tails of the Gaussian pdf.

Gamma appears also in the tracking error, if an asset evolving with a
non-constant volatility is hedged with a BS hedge:

Proposition 1.15. Assume r = 0, and that an asset Ŝ has dynamics

dŜt/Ŝt = µdt+ σtdWt,

with some volatility process (σt). Consider some claim h(ŜT ). Let v(s, t) be
the BS value function arising from the payoff function h, and V0 = v(Ŝ0, 0)
its BS price, using a constant volatility σBS. Then the tracking error of the
BS hedge is given by

h(ŜT )− VT =
1

2

∫ T

0

(Ŝt)
2vss(t, Ŝt)(σ

2
t − (σBS)2)dt.

Proof. By the BS PDE, we have vt +
1
2
(σBS)2s2vss = 0, and v(s, T ) = h(s).

The value process of the hedge satisfies

VT = V0 +

∫ T

0

vs(Ŝu, u)dŜu.

By Ito’s formula, dv = vsdŜ + vtdt+
1
2
vssd[Ŝ], and so

h(ŜT ) = v(ŜT , T )

= v(Ŝ0, 0) +

∫ T

0

vs(Ŝu, u)dŜu +

∫ T

0

(
vt(Ŝu, u) +

1

2
σ2
u(Ŝu)

2vss(Ŝu, u)
)
du.

Now use the BS PDE.
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Note that the convention ∂t instead of ∂τ with τ = T − t is also in use for
defining theta, which changes the sign.

The theta of a put may be positive or negative (if r ≥ 0). The following
proof of the monotonicity of the call price is not restricted to the BS model.

Proposition 1.16. For r ≥ 0, the price of a call option increases w.r.t. time
to maturity.

Proof. The proof is based on the conditional Jensen inequality. For 0 < T̃ <
T , we have

e−rTEQ[(ST −K)+] = e−rTEQ[EQ[(ST −K)+|FT̃ ]]

≥ e−rTEQ[(EQ[ST |FT̃ ]−K)+]

= e−rT̃EQ[(ST̃ − e−r(T−T̃ )K)+]

≥ e−rT̃EQ[(ST̃ −K)+].

By the put-call parity (1.2), call and put have the same vega. As it is
positive, both option prices increase w.r.t. volatility. See also the exercise
class for more on the Greeks.

1.4 The Feynman-Kac formula for Brownian motion

Lemma 1.17. Let W be a BM, T > 0 and h : R → R be such that∫ ∞

−∞
e−ax

2|h(x)|dx <∞, for all a > 0.

Then the function

u(x, t) := e−r(T−t)E[h(WT )|Wt = x]

is well defined and continuous on R × [0, T ], and smooth in the interior. It
satisfies the PDE and final condition

−ut = 1
2
uxx − ru, u(x, T ) = h(x).

Sketch of the proof. The final condition follows from the definition. More-
over,

u(x, t) = e−r(T−t)E[h(WT −Wt + x)|Wt = x]

= e−r(T−t)E[h(WT−t + x)]

= e−r(T−t)
∫ ∞

−∞
h(y)

1√
2π(T − t)

exp
(
− (y − x)2

2(T − t)

)
dy.
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Verifying the PDE is a straightforward calculation, applying the standard
criterion for differentiation under the integral sign (involving an integrable
bound for the derivative).

The preceding lemma is a one-dimensional version of the Feynman-Kac
formula. We will now use it to show that the price function of any European,
not path-dependent claim in the BS model satisfies the BS PDE.

Theorem 1.18. Let T > 0 and g : R+ → R be such that∫ ∞

−∞
e−ax

2|g(beσx)|dx <∞, a, b > 0.

Then the arbitrage-free price of X = g(ST ) in the BS model is πt(x) =
v(St, t), where the function v satisfies

vt +
1
2
σ2s2vss + rsvs − rv = 0, v(s, T ) = g(s).

Proof. By the martingale representation theorem, X is replicable (same ar-
gument as for the call). The risk-neutral valuation formula and the Markov
property of S show that there is a function v such that

πt(X) = e−r(T−t)EQ[g(ST )|Ft] = v(St, t).

Define
f(x, t) := S0e

σx+(r− 1
2
σ2)t

and
u(x, t) := e−r(T−t)EQ[g(f(W

∗
T , T )︸ ︷︷ ︸
ST

)|W ∗
t = x].

Clearly, we have u(x, t) = v(f(x, t), t). By Lemma 1.17, −ut = 1
2
uxx − ru.

The assertion follows easily from (write s = f(x, t))

ut = vs(f(x, t)︸ ︷︷ ︸
s

, t) ft(x, t)︸ ︷︷ ︸
(r− 1

2
σ2)f(x,t)

+vt(s, t),

ux = vs(s, t) fx(x, t)︸ ︷︷ ︸
σf(x,t)

uxx = vss(s, t)fx(x, t)
2 + vs(s, t) fxx(x, t)︸ ︷︷ ︸

σ2f(x,t)

.

Depending on the option payoff, further boundary conditions will be
needed to make the solution of the PDE unique. E.g., for a call we have
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the conditions c(0, τ) = 0 and c(s, τ) ∼ s as s ↑ ∞. The latter holds for any
model of the form St = S0 exp(Xt), where X0 = 0 and X does not depend
on S0. Indeed,

e−rTEQ[(ST −K)+] = e−rTS0EQ[(e
XT −K/S0)

+],

and the expectation converges to EQ[e
XT ] = erT by dominated convergence.

1.5 Implied volatility

The implied volatility is the volatility parameter that makes the BS formula
equal to a given call price, i.e. “the wrong number put into the wrong formula
to get the correct result”.

The quantity S0/K is often called moneyness of a call, and log(S0/K) the
log-moneyness. In what follows, the put log-moneyness k := log(K/S0) is
more convenient. By abbreviating y = σ

√
T , the BS call price can be written

as

c(s, T ) = s
(
Φ
(−k + rT

y
+
y

2

)
− ek−rTΦ

(−k + rT

y
− y

2

))
.

By positivity of vega, this is a strictly increasing function of y. Its limits are
(distinguish cases according to the sign of −k + rT )

lim
y↓0

c(s, T ) = s(1− ek−rT )+, lim
y↑∞

c(s, T ) = s.

These correspond to the general no-arbitrage bounds

S0(1− ek−rT )+ ≤ e−rTEQ[(ST −K)+] ≤ S0, (1.3)

which are based on Jensen’s inequality and (ST −K)+ ≤ ST . Thus, for any
given call price CMkt in the open interval(

S0(1− ek−rT )+, S0

)
,

we can compute a volatility σ such that the BS call price equals CMkt.

Remark 1.19. The lower bound in (1.3) need not be strict, but this is of
litte importance in practice. The upper bound is strict for K > 0, because
(ST −K)+ < ST holds on the event {ST > 0}.

Of course, this works not only for observed market prices, but also for call
prices computed by other pricing models. This σ is called implied volatility,
and is denoted e.g. by σimp, σi, σBS, σ

∗ or σ̂.
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By the put-call parity,

CBS − PBS = S0 − e−rTK,

CMkt − PMkt = S0 − e−rTK.

Therefore, put implied vol equals call implied vol (at least in theory).
Implied volatility is often used in practice to quote and compare option

prices. Plotting σimp(k, T ) as a function of k for fixed T often yields a “smile”
or “skew” shape. Note that “skew” is also often used for the ATM derivative
of implied vol. The map (k, T ) 7→ σimp(k, T ) is called volatility surface.

The left wing of the smile (k < 0) often shows bigger volatilities than the
right wing. Possible reasons:

� Asset prices may jump in reality, and downward jumps tend to be
larger and more frequent than upside jumps. Downward movements
often increase the volatility of asset prices.

� OTM puts are in demand by investors wishing to protect their portfo-
lios against downward movements. Recall that both BS call and put
price increase w.r.t. volatility.

To generate an implied volatility surface for all strikes and maturities of
interest, quoted prices of liquid options usually need to be interpolated and
extrapolated. For this, e.g. the SVI parametrization can be used (“stochastic
volatility inspired”; see later):

TσSVI(k)2 = a+ b
(
ρ(k −m) +

√
(k −m)2 + σ2

)
.

In practice, delta hedging is sometimes done using the BS delta, with the
volatility parameter fixed according to the point of the implied volatility
surface corresponding to strike and maturity of the option. When reusing a
volatility surface for readjusting a hedge, two rules of thumb are popular:

� Sticky strike: σimp(t+∆t, T −∆t,K) = σimp(t, T,K)

� Sticky delta: σimp(t + ∆t, T − ∆t,K) = σimp(t, T, K̂), where St/K̂ =
St+∆t/K (same moneyness)

1.6 Integer constraints and scaling

As usual, we have assumed that assets can be traded in arbitrary quantities,
and, in particular, that they can be divided into arbitrary fractions. This is
not the case in practice, but is of little concern, by scaling. Suppose that a
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trading strategy (ϕ1, ϕ2) is used for hedging an option. A bank will usually
not hedge one single option, but many identical ones, say N . If the risky asset
can only be traded in full units – which might also correspond to round lots
of 100 individual shares – then the theoretical strategy (Nϕ1, Nϕ2) will be
approximated by the rounded strategy (⌊Nϕ1⌉, Nϕ2). Let V Z,N(ϕ) denote
the corresponding value process. The resulting average hedge error, in L2

sense, is, by Ito’s isometry

1

N
E
[(
NVT (ϕ)− V Z,N

T (ϕ)
)2]

=
1

N
E
[(∫ T

0

(
Nϕ1

u − ⌊Nϕ1
u⌉
)
dSu

)2
]

=
1

N
E
[ ∫ T

0

(
Nϕ1

u − ⌊Nϕ1
u⌉
)2︸ ︷︷ ︸

≤1/4

d[S]u

]

≤
E
[
[S]T

]
4N

= O
( 1

N

)
.

1.7 Doubling strategy

The following example shows that the BS model would admit arbitrage, if
the admissibility property in Definition 1.7 was dropped. Time interval [0, 1],
r = 0, tn := 1− 1/2n, n ∈ N0. For b > 0 and n ∈ N0, define the hitting time

τn(b) := inf
{
t ≥ tn : St = Stn +

1

b

}
.

Fix b0 > 0 (target wealth). We will construct a trading strategy with wealth
process V0(ϕ) = 0, V1(ϕ) = b0 a.s. Define p := P[τ0(b0) ≤ t1]. Since

{τ0(b0) ≤ t1} ⊇
{
St1 ≥ S0 +

1

b

}
and St1 is log-normal, we have p > 0. By continuity of paths and dominated
convergence,

lim
b↓0

P[τn(b) ≤ tn+1] = 0, lim
b↑∞

P[τn(b) ≤ tn+1] = 1.

For n ∈ N, we can find bn > 0 with p = P[τn(bn) ≤ tn+1]. (The required con-
tinuity w.r.t. b follows from Lemma 5.2.) By independence of the Brownian
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increments, the events {τn(bn) ≤ tn+1} are independent. Thus, for m ∈ N,

P
[ ⋂
n∈N0

{τn(bn) > tn+1}
]
≤ P

[ m⋂
n=0

{τn(bn) > tn+1}
]

=
m∏
n=0

P[τn(bn) > tn+1] = (1− p)m+1 → 0, m→ ∞.

Therefore, a.s. there is N = N(ω) with τN(bN) ≤ tN+1. We now define
v0 := 0, and, recursively,

vn+1 := bn(b0 − vn)(Sτn(bn)∧tn+1 − Stn) + vn, n ∈ N0.

The trading strategy is

ϕ1
t :=

{
bn(b0 − vn), t ∈ (tn, τn(bn) ∧ tn+1], n ∈ N0,

0 otherwise,

ϕ2
t :=


−bn(b0 − vn)Stn + vn, t ∈ (tn, τn(bn) ∧ tn+1], n ∈ N0,

0 t = 0

b0 otherwise.

We will show that ϕ = (ϕ1, ϕ2) is a self-financing trading strategy with
Vtn(ϕ) = vn, n ∈ N.

Claim 1: If vn = b0 for some n ∈ N, then vm = b0 for m ≥ n and ϕ1
t = 0,

ϕ2
t = b0 for t ≥ tn. This claim easily follows from the definitions of vn, ϕ

1, ϕ2.
Claim 2: If vn < b0, then it follows from the definition of the strategy

that Vtn(ϕ) = vn. To prove this claim, consider the cases τn−1(bn−1) < tn and
τn−1(bn−1) ≥ tn, and use the definitions to calculate Vtn and vn.

Claim 3: If τn(bn) ≤ tn+1, then vn+1 = b0. Indeed, by definition,

vn+1 = bn(b0 − vn)(Sτn(bn) − Stn︸ ︷︷ ︸
1/bn

) + vn = b0.

In particular, for N defined above, we have vN+1 = b0, and so the as-
sumption of Claim 1 is satisfied if we take n = N + 1.

A.s., we trade only at finitely many times, and the strategy is piecewise
constant, hence the required existence of integrals holds.

If m > n and τn(bn) ≤ tn+1, then Claim 1 and Claim 3 yield

Vtm(ϕ) = ϕ1
tm︸︷︷︸
0

Stm + ϕ2
tm = b0.
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To show that ϕ is self-financing, it remains to check the case vn < b0, τn(bn) >
tn+1. Then,

Vtn+1(ϕ) = bn(b0 − vn)Stn+1 − bn(b0 − vn)Stn + vn

= bn(b0 − vn)︸ ︷︷ ︸
ϕ1tn

(Stn+1 − Stn) + vn︸︷︷︸
=Vtn (ϕ)

.

1.8 Bachelier model

Louis Bachelier: Dissertation 1900

Bt = ert, St = S0 + µt+ σWt, µ ∈ R, σ > 0

Define S∗ := S/B. By Ito’s formula

dS∗
t = B−1

t (µdt+ σdWt − rStdt). (1.4)

We look for an equivalent martingale measure, using Girsanov:

dQ
dP

= exp
(∫ T

0

γtdWt −
1

2

∫ T

0

γ2t dt
)
.

If the stochastic exponential is a martingale, then dW ∗
t = dWt− γtdt defines

a Q-Brownian motion. For this, Novikov’s condition is sufficient:

E
[
exp

(1
2

∫ T

0

γ2t dt
)]

!
<∞. (1.5)

Inserting dW∗ into (1.4) gives the candidate process

γt =
rSt − µ

σ
.

In the literature, it is often assumed that r = 0. We assume r < 1/T .
Clearly,

sup
0≤t≤T

γ2t ≤ r2
(

sup
0≤t≤T

|Wt|
)2

+ const sup
0≤t≤T

|Wt|,

and so
1

2

∫ T

0

γ2t dt ≤
1

2
r2T

(
sup

0≤t≤T
|Wt|

)2

+ const sup
0≤t≤T

|Wt|.

By the reflection principle (see (5.2)),

P[ sup
0≤t≤T

|Wt| ≥ x] = P[ sup
0≤t≤T

Wt ≥ x] + P[ inf
0≤t≤T

Wt ≤ −x]

= 2P[ sup
0≤t≤T

Wt ≥ x] = 4P[WT ≥ x].
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To verify (1.5), is suffices to note that, since r < 1/T ,∫ ∞

−∞
e

1
2
r2Tx2+const xe−

x2

2T <∞.

Call price: exercise.

2 Forwards and futures

2.1 Basics

A (long) forward contract is the obligation to buy the underlying at time T
for the price K. Its payoff is ST −K. Forwards are not exchange-traded, but
OTC (over the counter). Collateral might be required, due to default risk.
At inception, K is usually fixed such that the value of the forward contract
is zero. This K is called the forward price. Since

0 = er(T−t)EQ[ST −K|Ft],

the forward price at time t equals

K = er(T−t)St = EQ[ST |Ft].

Futures contracts (deutsch: Terminkontrakt) are traded on exchanges.
We write fS(t, T

∗) for the futures price of the asset S with maturity (delivery
date) T ∗. (Later, we will consider options on futures with maturity T < T ∗.)
At maturity, we have

fS(T
∗, T ∗) = ST ∗ .

Before maturity, the futures price closely follows the spot price; below, we
will rigorously define it, and see that it actually equals the forward price.
For a financial future (as opposed to a commodity future), the main content
of the contract – besides specifying the underlying instrument – is just the
maturity T ∗. The holder of a futures contract has a margin account.

� Initial margin: Percentage of the initial futures price (e.g., 5 or 10
percent). Depends mainly on volatility of the underlying.

� Maintenance margin: Dollar/Euro amount; lower than the initial mar-
gin amount. If the margin account falls below the maintenance margin,
the broker or clearing house sends a margin call to the holder.
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At t+∆t, the margin account for a long future changes by the amount

fS(t+∆t, T ∗)− fS(t, T
∗).

In theory, we let ∆t ↓ 0 (see below). At time T ∗, no transaction is necessary,
as this would involve paying fS(T

∗, T ∗) = ST ∗ for the underlying. Gains and
losses have been settled previously, by “marking to market”. At any time,
the futures contract has value zero.

For illustration, suppose that r = 0. Then we have:

aggregate P&L of long future = (futures price at T ∗)︸ ︷︷ ︸
ST∗

−(futures price at 0)

Thus, a long future can be viewed as an obligation to buy the underlying
at T ∗, for the current futures price.

Let r be arbitrary again. We abbreviate ft := fS(t, T
∗), and the prepara-

tory remarks lead to the mathematical definition of the futures price:

BtEQ

[ ∫ T ∗

t

dfu
Bu

∣∣∣∣Ft

]
!
= 0.

It can be shown (exercise) that this implies that

ft = fS(t, T
∗) = EQ[ST ∗ |Ft] = er(T

∗−t)St. (2.1)

That is, in the BS model the futures price equals the T ∗-forward price. This
holds, more generally, for models with deterministic interest rates.

We focus on stock futures. Historically, futures arose from mitigating
risks such as the following: A farmer sells a futures contract on crops or
livestock, as a protection against falling prices. Essentially, this locks in the
current price. While protecting against losses, it forfeits participation in
rising market prices.

2.2 The Black model

Also known as Black-76. The model assumes that ft is a geometric BM:

dft = µfftdt+ σfftdWt, µf ∈ R, σf > 0.

If we assume that the BS model is used for the underlying, (2.1) implies, by
the Ito product rule,

df = (µ− r)︸ ︷︷ ︸
µf

fdt+ σ︸︷︷︸
σf

fdW
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Futures trading strategies are defined analogously to Definition 1.2. We write
again ϕt = (ϕ1

t , ϕ
2
t ), but now ϕ1 models the number of futures contracts we

hold. The important difference is that the value process now is

V f
t (ϕ) = ϕ2

tBt,

as the futures contract has value zero. The self-financing condition is

V f
t (ϕ) = V f

0 (ϕ) +

∫ t

0

ϕ1
udfu +

∫ t

0

ϕ2
udBu.

Definition 2.1. P̃ ∼ P is an EMM, if, for any self-financing strategy,
Ṽ f (ϕ) := V f (ϕ)/B is a local martingale.

Lemma 2.2. P̃ is an EMM ⇐⇒ f is a local martingale.

Proof.

dṼ f (ϕ) = B−1(ϕ1df + ϕ2 dB︸︷︷︸
rBdt

)− rB−1 V f (ϕ)︸ ︷︷ ︸
ϕ2B

dt = B−1ϕ1df.

The following proposition is proven, of course, by Girsanov’s theorem.

Proposition 2.3. The unique EMM is given by

dP̃
dP

= exp
(
−µf
σ
WT −

µ2
f

2σ2
T
)
.

W̃t = Wt + (µf/σ)t is a P̃-BM, and dft = σftdW̃t.

Note that the futures price process is not the price process of a traded
asset. Admissible strategies are defined by Ṽ f (ϕ) being a P̃-martingale. De-
fine

cf (f, τ) := e−rτ (fΦ(d̃1(f, τ))−KΦ(d̃2(f, τ))),

where

d̃1,2(f, τ) :=
log(f/K)± 1

2
σ2τ

σ
√
τ

.

The payoff of a futures call option at time T < T ∗ is

Cf
T = (fS(T, T

∗)−K)+ = (fT −K)+.

We proceed to price this call. Note that the dependence on T ∗ in (2.2) is
hidden in the value of ft.
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Theorem 2.4 (Black’s formula). The price of the futures call at time t is

Cf
t = e−r(T−t)(ftΦ(d̃1(ft, T − t))−KΦ(d̃2(ft, T − t))). (2.2)

The replicating futures strategy is given by

ϕ1
t =

∂cf

∂f
(ft, T − t), ϕ2

t = e−rtcf (ft, T − t).

Proof. Above, we gave two proofs of the BS formula, which can be easily
modified (exercise). If only the price is desired, we can argue as follows. The
payoff can be written as

Cf
T = er(T

∗−T )(ST −Ke−r(T
∗−T ))+.

This is a constant multiple of a vanilla call payoff (i.e., a call with underly-
ing S) with strike K̃ := Ke−r(T

∗−T ). Its price at time t is

er(T
∗−T )cBS(St, τ = T − t, K̃),

and the BS formula easily yields (2.2).

3 Foreign market derivatives

FX derivatives are very liquid. They are traded both on exchanges and OTC.

Example 3.1 (USD-EUR call option). Suppose that the USD-EUR rate is
Q0 = 0.9. This means that the price of 1 USD is 0.9 EUR. For some fixed
strike K > 0 and notional 100 USD, the holder of the call option has the
right to buy 100 USD at T > 0 for 100 ·K EUR. If the exchange rate at T is
QT ≤ K, the option will not be exercised. If QT > K, then the holder pays
100 ·K EUR for a USD position worth 100QT EUR. Thus, the payoff is

100(QT −K)+.

Let W = (W 1, . . . ,W d) be a standard d-dimensional BM. We consider
deterministic interest rates rd (domestic) and rf (foreign). The bank accounts
are

Bd
t = erdt, Bf

t = erf t.

We write Qt for the price of foreign unit of currency, in domestic currency
(exchange rate, FX rate). Suppose that Q0 > 0 and (Garman-Kohlhagen
model, 1983)

dQt = Qt(µQdt+ σQdWt), (3.1)
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where σQ is a d-dimensional deterministic vector with positive components.
Explicitly, we have

Qt = Q0 exp(σQWt + (µQ − 1
2
|σQ|2)t).

Note that the one-dimensional Ito formula, applied with exp, shows that the
latter satisfies (3.1). We write B̃f

t := Bf
tQt for the foreign bank account in

domestic currency, and

Q∗
t := B̃f

t/B
d
t = Bf

tQt/B
d
t

for the value of the foreign bank account in domestic currency, discounted
by the domestic bank account.

Definition 3.2. P∗ ∼ P is a domestic EMM, if (Q∗
t ) is a P∗-martingale.

For a trading strategy ϕ = (ϕ1, ϕ2), the value process (in domestic cur-
rency) is

Vt(ϕ) := ϕ1
t B̃

f
t + ϕ2

tB
d
t .

The strategy is self-financing, if

dVt(ϕ) = ϕ1
tdB̃

f
t + ϕ2

tdB
d
t .

Lemma 3.3. The discounted value process V ∗
t (ϕ) := (Bd

t )
−1Vt(ϕ) of a self-

financing strategy is a P∗-martingale.

Proof.

dV ∗ = V d(Bd)−1 + (Bd)−1dV

= (ϕ1B̃f + ϕ2Bd)(−rd(Bd)−1)dt+ (Bd)−1(ϕ1dB̃f + ϕ2 dBd︸︷︷︸
rdBddt

)

= ϕ1(−rdB̃f(Bd)−1dt+ (Bd)−1dB̃f

= ϕ1d(B̃f/Bd) = ϕ1d(BfQt/B
d) = ϕ1dQ∗.

By the definition of Q∗
t , it satisfies

dQ∗ = Q∗((µQ + rf − rd)dt+ σQdW ).

If we look for a measure change of the form

dP∗

dP
= E(

∫ ·

0

λsdWs)T = exp(

∫ T

0

λsdWs − 1
2

∫ T

0

|λs|2ds),

the process λ should satisfy

µQ + rf − rd + σQλ = 0.

Thus, in general we have infinitely many EMMs. General principle for a
market driven by d factors (BMs):
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� If there are at most d+ 1 traded assets, the market is free of arbitrage

� If there are at least d+ 1 traded assets, the market is complete.

For example, here we could consider a two-dimensional BM, and a complete,
arbitrage-free market consisting of the two bank accounts and a domestic
stock (see Chapter 4 in [8]). To handle the basic example of an FX option,
we assume d = 1, i.e. we trade only in the two bank accounts. Note that the
FX rate Qt is not a traded asset.

For a claim X, in domestic currency, the risk-neutral valuation formula
gives the price

πt(X) = e−rd(T−t)EP∗ [X|Ft].

We can now price the FX call from Example 3.1. Define

h1,2(q, τ) :=
log(q/K) + (rd − rf ± 1

2
σ2
Q)τ

σQ
√
τ

Theorem 3.4. Recall that we assume d = 1 (one-dimensional BM). Then
the price at time t of the FX call (currency call) with payoff (QT − K)+ is
given by

Qte
−rf(T−t)Φ(h1(Qt, T − t))−Ke−rd(T−t)Φ(h2(Qt, T − t)).

Proof. Since Q∗ = BfQ/Bd and B̃f = BfQ,

dQ = Q((rd − rf)dt+ σQdW
∗),

and
dB̃f = B̃f(rddt+ σQdW

∗).

By risk-neutral valuation, the price is

e−rd(T−t)E∗[(QT −K)+|Ft] = e−rfT e−rd(T−t)E∗[(B̃f
T − erfTK)+|Ft]

= e−rfT c(B̃f
t , T − t, erfTK︸ ︷︷ ︸

strike

, rd︸︷︷︸
interest rate

, σQ︸︷︷︸
vola

),

where the last line follows from the standard BS formula.

4 American options

4.1 Arbitrage-free price

American options can be exercised at any time before or at the expiry date.
In practice, options with a single stock as underlying are usually American.
We assume that the underlying follows the BS model.
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Definition 4.1. A consumption process is a progressively measurable, in-
creasing process (At)0≤t≤T with A0 = 0. A self-financing trading strategy
with consumption is a pair (ϕ,A) such that A is a consumption process,
ϕ = (ϕ1, ϕ2) is adapted, and the wealth process Vt(ϕ,A) := ϕ1

tSt + ϕ2
tBt sat-

isfies

Vt(ϕ,A) = V0(ϕ,A) +

∫ t

0

ϕ1
udSu +

∫ t

0

ϕ2
udBu − At.

By applying the product rule to V ∗ = B−1V , it is easy to see that

Vt = Bt

(
V0 −

∫ t

0

B−1
u dAu +

∫ t

0

σζuB
−1
u dW ∗

u

)
,

where ζt := ϕ1
tSt is the value of the risky position of the portfolio. Clearly,

V ∗
t +

∫ t

0

B−1
u dAu = V0 +

∫ t

0

σζuB
−1
u dW ∗

u

is a local Q-martingale. It is a Q-martingale, if the following holds:

Definition 4.2. A self-financing trading strategy with consumption (ϕ,A) is
admissible, if

EQ

[ ∫ T

0

ζ2udu

]
<∞.

We assume that our American claim is defined by a payoff function g :
R+ × [0, T ] → R such that |g(s, t)| ≤ K1s + K2 for some constants K1,
K2. For example, g(s, t) = (K − s)+ yields the American put, with payoff
(K − St)

+ when exercised at time t. We will see that the price process is
given by

Vt := ess sup
τ∈T[t,T ]

EQ[e
−r(τ−t)g(Sτ , τ)|Ft]. (4.1)

Lemma 4.3. There is an admissible strategy with consumption (ϕ,A) such
that V (ϕ,A) = V .

Proof. Define Ut := e−rtVt. Thus,

Ut = ess sup
τ∈T[t,T ]

EQ[e
−rτg(Sτ , τ)|Ft]

is the Snell envelope of the discounted payoff process e−rtg(St, t). By applying
Doob’s Lp inequality for p = 2, and L2 ⊂ L1, we find an integrable r.v. Y
such that

e−rtg(St, t) ≤ Y, 0 ≤ t ≤ T.
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Thus we have

sup
τ∈T[0,T ]

EQ[e
−rτg(Sτ , τ)1{e−rτg(Sτ ,τ)≥x}] ≤ EQ[Y 1{Y≥x}]

x→∞→ 0,

and so {e−rτg(Sτ , τ) : τ ∈ T[0,T ]} is uniformly integrable. It can be shown
that {Uτ : τ ∈ T[0,T ]} is uniformly integrable as well. By the Doob-Meyer de-
composition, we have U =M−H, whereM is a square-integrable martingale,
and H is a continuous increasing process with H0 = 0. By the martingale
representation theorem, there is a progressively measurable process ξ with
Mt =M0 +

∫ t
0
ξudW

∗
u . Define

ϕ1
t := Btξtσ

−1S−1
t , ϕ2

t := Ut − ξtσ
−1, At :=

∫ t

0

erudHu.

Clearly, we have

Vt(ϕ,A) = Btξtσ
−1 + (Ut − ξtσ

−1)Bt = UtBt = Vt.

The strategy is self-financing, since

ϕ1dS + ϕ2dB − dA = Btξtσ
−1S−1

t dSt︸︷︷︸
rStdt+σStdW ∗

t

+(Ut − ξtσ
−1)dBt −BtdHt

= b ξdW ∗︸ ︷︷ ︸
dM=dU+dH

+UdB −BdH

= BdU + UdB = d(BU).

It is intuitively clear, and true, that the optimizer in the definition of U0

is given by
τ0 := inf{u ∈ [0, T ] : Uu = e−rug(Su, u)},

and that
Vτ0 = g(Sτ0 , τ0).

Lemma 4.4. The stopped process U τ0 := (Ut∧τ0)0≤t≤T is a martingale. In
particular, the consumption process A found in Lemma 4.3 vanishes on [0, τ0].

Proof. Write Z∗
t := e−rtg(St, t) for the discounted payoff, and

τt := inf{u ∈ [t, T ] : Uu = Z∗
u}

for the optimizer in the definition of Ut. Note that

τt∧τ0 =

{
τt = τ0, t ≤ τ0

τ0, t ≥ τ0
= τ0,
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and so, by definition of τt,

Ut∧τ0 = EQ[Z
∗
t∧τ0|Ft∧τ0 ] = EQ[Z

∗
τ0
|Ft∧τ0 ].

Let s ≤ t. On {s ≤ τ0}, we have

EQ[Ut∧τ0|Fs] = EQ[Z
∗
τ0
|Fs] = EQ[Z

∗
τ0
|Fs∧τ0 ] = Us∧τ0 ,

and on {s ≥ τ0}, we have

Ut∧τ0 = Uτ0 = Us∧τ0 .

Definition 4.5. A semi-static trading strategy for the American claim con-
sists of:

� c ∈ R (the number of American claims bought at time zero. We will
only need c = ±1.)

� τ ∈ T[0,T ] (exercise time)

� (ϕt, At)0≤t<τ (an admissible trading strategy with consumption, possibly
a specialization of some strategy (ϕt, At)0≤t≤T )

The value of such a strategy, depending on a price π ∈ R of the American
claim at time zero, is

� For t = 0: ϕ1
0S0 + ϕ2

0 + cπ

� For t ∈ [τ, T ]: (ϕ2
τ + ϕ1

τSτB
−1
τ + cg(Sτ , τ)B

−1
τ )Bt

As we do not model dynamic trading in the claim, the value for t ∈ (0, τ)
is irrelevant. The interpretation of the definition is as follows: At time zero, c
American claims are bought. For t ∈ [0, τ), we invest and consume according
to (ϕ,A), and keep the position of c American claims. At τ , the American
claims are exercised and the risky position is closed. The riskless position is
adjusted accordingly, and no transactions happen for t ∈ (τ, T ].

We now argue that the arbitrage-free price of the American claim at t is
given by (4.1). By the Markov property, it suffices to consider t = 0. We
actually prove that any price π ̸= V0 leads to semi-static arbitrage. Thus, if
we assume that an arbitrage-free price exists, it must be V0. Proving that
dynamic trading in the American claim yields no arbitrage is more involved;
see Section 11.2.2 in [4].

Theorem 4.6. Suppose that the American claim is traded at π ̸= V0. Then
there exists a semi-static arbitrage strategy.
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Proof. The proof is based on the following observation: Since U dominates
the discounted payoff Z∗, we have

Vτ ≥ g(Sτ , τ)

for any stopping time τ . By Lemma 4.3, we can replicate V , and the value
of this replication strategy at time τ is

ϕ1
τSτ + ϕ2

τBτ = Vτ ≥ g(Sτ , τ).

Assume π > V0. Put c = −1 (sell one claim), let τ be an arbitrary
stopping time (the exercise time of the buyer), and let (ϕ,A) replicate V .
The value of this semi-static strategy at t = 0 is

ϕ1
0S0 + ϕ2

0 − π = V0 − π < 0.

The value for t ∈ [τ, T ] is

(ϕ2
τ + ϕ1

τSτB
−1
τ − g(Sτ , τ)B

−1
τ )Bt = (ϕ2

τBτ + ϕ1
τSτ − g(Sτ , τ))Bt/Bτ ≥ 0.

Now assume π < V0. Put c = 1 (buy one claim), let τ = τ0 be optimal,
and let (ϕ,A) replicate V . The trading strategy we choose is (−ϕ, 0), which
replicates −V on [0, τ0], by Lemma 4.4. The value of this semi-static strategy
at t = 0 is

−ϕ1
0S0 − ϕ2

0 + π = −V0 + π < 0.

The value for t ∈ [τ0, T ] is

(ϕ2
τ0
+ϕ1

τ0
Sτ0B

−1
τ0
−g(Sτ0 , τ0)B−1

τ0
)Bt = (ϕ2

τ0
Bτ0 + ϕ1

τ0
Sτ0︸ ︷︷ ︸

=Vτ0

−g(Sτ0 , τ0))Bt/Bτ0 = 0.

4.2 Calls and puts

The discounted payoff of a call in the BS model is

Z∗
t = (S∗

t −B−1
t K)+ = (B−1

t St −B−1
t K)+.

Lemma 4.7. For r ≥ 0, the discounted call payoff Z∗
t is a Q-submartingale.

Proof. We have Z∗
t = h(S∗

t , t), where h(s, t) := (s − B−1
t K)+ is a convex

function of s. Using the conditional Jensen inequality, we calculate for u ≥ t

EQ[Z
∗
u|Ft] = EQ[h(S

∗
u, u)|Ft]

≥ h(EQ[S
∗
u|Ft], u)

= h(S∗
t , u) ≥ h(S∗

t , t) = Z∗
t .

Note that the last inequality uses that r ≥ 0.
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Analogously, for r ≤ 0 the discounted put payoff is a submartingale.

Theorem 4.8. For r ≥ 0, it is optimal to exercise the American call at
maturity T . Its price process equals the European price process.

Proof. By considering the exercise time τ = T , it is clear that the American
price is bounded below by the European price. For a stopping time τ ∈ T[0,T ],
recall that Fτ is defined by

Fτ := {A ∈ F : A ∩ {τ ≤ t} ∈ Ft, ∀t ≥ 0}.

For τ1 ≤ τ2, we have Fτ1 ⊆ Fτ2 . By the preceding lemma and the optional
sampling theorem, we have EQ[Z

∗
T |Fτ ] ≥ Z∗

τ . Thus, the price process satisfies

ess sup
τ∈T[t,T ]

EQ[e
rtZ∗

τ |Ft] ≤ ess sup
τ∈T[t,T ]

EQ[e
rtEQ[Z

∗
T |Fτ ]|Ft]

= ertEQ[Z
∗
T |Ft].

The American put with time to expiry T − t has price function

P a(s, T − t) = ess sup
τ∈T[t,T ]

EQ[e
−r(τ−t)(K − Sτ )

+|St = s].

We can decompose R+ × [0, T ] into the continuation region

C := {(s, t) : P a(s, T − t) > (K − s)+}

and the stopping region

D := {(s, t) : P a(s, T − t) = (K − s)+}.

They are separated by the critical stock price

b∗(T − t) := sup{s ≥ 0 : P a(s, T − t) = (K − s)+}.

The function c∗(t) := b∗(T−t) is smooth, increasing and satisfies limt↑T c
∗(t) =

K. More precisely, it can be shown that

K − c∗(t) ∼ Kσ

√
(T − t) log

1

T − t
, t ↑ T.

As for c∗ being increasing, an intuitive argument can be based on the fact that
the price of any American claim increases w.r.t. maturity, which is obvious
from the optimal stopping representation.

The following theorem, stated without proof, characterizes the put price
as solution of a free boundary problem. We use the standard notation τ =
T − t for the time to expiry, not to be confused with the stopping times
considered above.
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Theorem 4.9. P a is a smooth function on C, and satisfies the BS PDE

P a
τ (s, τ) =

1
2
σ2s2P a

ss(s, τ) + rsP a
s (s, τ)− rP a(s, τ)

on C, as well as
−1 ≤ P a

s (s, τ) ≤ 0.

Moreover, we have

lim
τ↓0

P a(s, τ) = (K − s)+,

lim
s↓b∗(τ)

P a(s, τ) = K − b∗(τ),

lim
s↑∞

P a(s, τ) = 0, (4.2)

P a(s, τ) ≥ (K − s)+,

lim
s↓b∗(τ)

P a
s (s, τ) = −1. (4.3)

The equality (4.3) is called the smooth fit principle. Note that, on D,
we have P a(s, τ) = K − s. Under appropriate growth conditions, the free
boundary problem has a unique solution (P a, b∗), and P a

s defines a hedging
strategy. We refer to [9] for details.

An explicit solution is available for the perpetual American put (T = ∞).
The critical stock price becomes a constant b∞ ≤ K, to be determined. The
price v(s) := P a(s,∞) satisfies the ODE

0 = 1
2
σ2s2v′′(s) + rsv′(s)− rv(s),

which has the general solution c1s
−2r/σ2

+ c2s. By (4.2), we have c2 = 0.
From v(b∞) = K − b∞, we conclude

v(s) = (K − b∞)
( s

b∞

)− 2r
σ2

.

Since

v′(s) = −(K − b∞)
2r

σ2

( s

b∞

)− 2r
σ2−1 1

b∞
,

the smooth fit condition (4.3) implies

b∞ =
K

1 + σ2

2r

.
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5 Exotic options

5.1 Forward start options

Fix 0 < T0 < T . The holder of a forward start call receives at T0 a call with
strike KST0 , where K > 0 is fixed. Thus, its payoff at maturity is

FST = (ST −KST0)
+.

In the BS model, the value at T0 is

FST0 = C(ST0 , T − T0, KST0) = C(s, T − T0, Ks)|s=ST0

= e−r(T−T0)EQ[(se
σW ∗

T−T0
+(r− 1

2
σ2)(T−T0) −Ks)+]|s=ST0

= ST0C(1, T − T0, K).

Therefore, the price of the foward start call is

FS0 = e−rT0EQ[ST0 ]C(1, T − T0, K)

= S0C(1, T − T0, K) = C(S0, T − T0, S0K).

5.2 Barrier options

If W is a BM and τ a stopping time, then

W̃ = (Wt+τ −Wτ )t≥0

is a BM w.r.t. its natural filtration, which is independent of Fτ . We write

MW
t := max

0≤u≤t
Wu, mW

t := min
0≤u≤t

Wu

for the running maximum resp. minimum of W .

Lemma 5.1 (Reflection principle). Let t > 0, y > 0, x ≤ y. Then we have

P[Wt ≤ x,MW
t ≥ y] = P[Wt ≥ 2y − x].

Proof. Define the hitting time

τy := inf{t > 0 : Wt = y}.
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We define W̃ as above, using τy, and note that Ŵ := −W̃ is a BM as well.

P[Wt ≤ x,MW
t ≥ y] = P[τy ≤ t,Wτy+t−τy − Wτy︸︷︷︸

=y

≤ x− y]

= P[τy ≤ t, W̃t−τy ≤ x− y]

= P[τy ≤ t, Ŵt−τy ≥ y − x]

= P[τy ≤ t,Wτy+t−τy − Wτy︸︷︷︸
=y

≥ y − x]

= P[τy ≤ t,Wt ≥ 2y − x] = P[Wt ≥ 2y − x].

We now consider the max and min of BM with drift.

Lemma 5.2. Let Xt = νt+σWt, where σ > 0 and ν ∈ R. Then, for x, s > 0
we have

P[ max
0≤u≤s

Xu ≤ x] = Φ
(x− νs

σ
√
s

)
− e2νx/σ

2

Φ
(−x− νs

σ
√
s

)
, (5.1)

and for x < 0 and s > 0 we have

P[ min
0≤u≤s

Xu ≤ x] = Φ
(−x+ νs

σ
√
s

)
− e2νx/σ

2

Φ
(x+ νs

σ
√
s

)
.

In particular, for σ = 1 and ν = 0 we obtain

P[ max
0≤u≤s

Wu ≥ x] = 1− Φ(x/
√
s) + Φ(−x/

√
s)

= 2(1− Φ(x/
√
s)) = 2P[Ws ≥ x]. (5.2)

Proof of Lemma 5.2. It suffices to consider (5.1), as

P[ min
0≤u≤s

(νu+ σWu) ≤ x] = P[ max
0≤u≤s

(−νu+ σWu) ≥ −x].

Moreover, we may assume σ = 1, since

P[ max
0≤u≤s

(νu+ σWu) ≤ x] = P[ max
0≤u≤s

(νσ−1u+Wu) ≤ xσ−1].

Define P∗ by
dP∗

dP
= e−νWs−

1
2
ν2s.

By Girsanov, W ∗ = X is a P∗-BM. With τx := inf{t ≥ 0 : W ∗
t = x},

W̃t := W ∗
t 1{τx≥t} + (2x−W ∗

t )1{τx<t}
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is a BM. We have

{max
0≤u≤s

W̃s ≥ x, W̃s ≤ x} = {W ∗
s ≥ x}.

This implies the third equality in

P[ max
0≤u≤s

Xs > x,Xs ≤ x] = E∗[eνW
∗
s −

1
2
ν2s1{max0≤u≤sW ∗

u>x,W
∗
s ≤x}]

= E∗[eνW̃s−
1
2
ν2s1{max0≤u≤s W̃u>x,W̃s≤x}]

= E∗[eν(2x−W
∗
s )−

1
2
ν2s1{W ∗

s ≥x}]

= e2νxE∗[eνW
∗
s −

1
2
ν2s1{W ∗

s ≤−x}] = e2νxP[W ∗
s ≤ −x].

The claim follows from

P[ max
0≤u≤s

Xs ≤ x] = P[Xs ≤ x]− P[ max
0≤u≤s

Xs > x,Xs ≤ x].

Define
MX

s := max
0≤u≤s

Xu, mX
s := min

0≤u≤s
Xu.

Lemma 5.3. Let s > 0, y ≥ 0, x ≤ y. Then

P[Xs ≤ x,MX
s ≥ y] = e2νy/σ

2P[Xs ≥ 2y − x+ 2νs].

If x ≤ y and y ≥ 0, then

P[Xs ≤ x,MX
s ≤ y] = Φ

(x− νs

σ
√
s

)
− e2νy/σ

2

Φ
(x− 2y − νs

σ
√
s

)
(5.3)

Proof. We omit the proof of the first assertion, which is very similar to the
previous lemma. The second one follows from the first one and

P[Xs ≤ x,MX
s ≤ y] + P[Xs ≤ x,MX

s > y] = P[Xs ≤ x].

Lemma 5.4. Let y ≤ 0 and y ≤ x. Then

P[Xs ≥ x,mX
s ≥ y] = Φ

(−x+ νs

σ
√
s

)
− e2νy/σ

2

Φ
(2y − x+ νs

σ
√
s

)
(5.4)

and

P[mX
s ≥ y] = Φ

(−y + νs

σ
√
s

)
− e2νy/σ

2

Φ
(y + νs

σ
√
s

)
.

Proof. The first assertion follows easily from (5.3), and the second one by
putting x = y.
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We now apply these results to FX barrier options. Recall that Qt denotes
the FX rate, and P∗ the domestic martingale measure. Among eight standard
types of payoff, we focus on the down-and-out barrier call. Its payoff is

(QT −K)+1{min0≤t≤T Qt>H},

where H,K > 0. As in Section 3, we assume that

Qt = Q0e
σW ∗

t +λt =: Q0e
Xt ,

where λ = rd − rf − 1
2
σ2.

Case 1: H < K. With

D := {XT ≥ log
K

Q0

,minXt ≥ log
H

Q0

},

the payoff becomes (a.s. equal to)

Q0e
XT1D −K1D.

The price is
Q0e

−rdTE∗[eXT1D]−Ke−rdT P∗[D]︸ ︷︷ ︸
use (5.4)

.

We calculate the expectation with Girsanov’s theorem. Define

dP̄
dP∗ = eσW

∗
T−1

2
σ2T ,

so that W̄t := W ∗
t − σt is a P̄-BM, and

Xt = σW̄t + (rd − rf +
1

2
σ2)t.

Thus,
E∗[eXT1D] = e(rd−rf)T P̄[D]

can be expressed using (5.4).
Case 2: H ≥ K. If the barrier is not hit, then the call matures ITM.

Thus, its payoff is (QT −K)1D, with

D := {mX
T ≥ log

H

Q0

}.

Its price is computed analogosly to case 1, using Lemma 5.2.
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5.3 Asian options

Asian options are options on some average value of the underlying. E.g., a
call on the arithmetic average has payoff

CA
T =

(
1

T − T0

∫ T

T0

Sudu−K

)+

.

It is more robust w.r.t. market manipulations than a vanilla call. The distri-
bution of the integral of geometric BM is not availabe in closed form, and so
Asian options are tricky to price even in the BS model.

An easy special case occurs if it is known at time t that 1
T−T0

∫ t
T0
Sudu ≥

K, because then the option will be ITM at maturity, and thus its value is

e−r(T−t)EQ

[ 1

T − T0

∫ T

T0

Sudu−K
∣∣∣Ft

]
. (5.5)

Since

erTS∗
T − ertS∗

t =

∫ T

t

d(eruS∗
u) =

∫ T

t

rSudu+

∫ T

t

erudS∗
u,

we have ∫ T

t

EQ[Su|Ft]du =
1

r
St(e

r(T−t) − 1),

and thus (5.5) becomes

St(1− e−r(T−t))

r(T − T0)
+
e−r(T−t)

T − T0

∫ t

T0

Sudu− e−r(T−t)K.

In general, Asian options are often priced by Monte Carlo. In the BS model,
see [8], Proposition 6.8.1 for an expression as a double integral.

A geometric Asian option is based on the mean( n∏
i=1

STi

)1/n

= exp
( 1
n

n∑
i=1

logSTi

)
(discrete monitoring),

or on the continuous geometric mean:

CgA
T =

(
exp

( 1

T − T0

∫ T

T0

logSudu
)
−K

)+

.

They can be priced by a variant of the BS formula (use Lemma 6.9.1 in [8]).
Note that the integral of a continuous Gaussian process is Gaussian, and that
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the variance of
∫ t
0
Wudu can be calculated by applying the product rule to

d(tWt).
Geometric Asian options can be used as control variates in the Monte

Carlo pricing of arithmetic Asian options. This means that we are computing
the expectation of

Z := CA
T + α(CgA

T − EQ[C
gA
T ])

by Monte Carlo simulation, where α is a parameter to be chosen. A good α
makes

Var[Z] = Var[CA
T ] + α2Var[CgA

T ] + 2αCov[CA
T , C

gA
T ]

small. The optimal α is

α∗ = −Cov[CA
T , C

gA
T ]

Var[CgA
T ]

,

leading to

Var[Z] = Var[CA
T ]−

Cov[CA
T , C

gA
T ]2

Var[CgA
T ]

= Var[CA
T ]
(
1− Corr[CA

T , C
gA
T ]2

)
.

In practice, α∗ can be approximated in the simulation using the empirical
variance and covariance.

5.4 Basket options

Basket options are written on several underlyings Si, i = 1, . . . , k. With
weights wi > 0 summing to 1, a basket call has payoff

CB
T =

( k∑
i=1

wiS
i
T −K

)+

.

For example, the sum could model a stock index. We assume a multidem-
sional BS model,

dSit = Sit(rdt+ σ̂i · dW ∗
t ),

where σ̂i ∈ (R+)k, and W ∗ = (W 1∗, . . . ,W k∗) is a Q-BM. This can be rewrit-
ten using correlated BMs: Define

σi := |σ̂i|, W̃ i :=
1

σi
σ̂iW

∗.

Then,
dSit = Sit(rdt+ σidW̃

i),
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and

[W̃ i, W̃ j]t =

∑k
l=1 σ̂ilσ̂jl
σiσj

t =
σ̂i · σ̂j
σiσj

t =: ρijt.

Thus, W̃ is a correlated k-dimensional BM with instantaneous correlations ρij.
Using the forward price Fi(t, T ) := Site

r(T−t) of the ith asset and the modified
weights

ŵi :=
wiS

i
t∑k

j=1wjS
j
t

=
wiFi(t, T )∑k
j=1wjFj(t, T )

,

we have

CB
T =

k∑
j=1

wjFj(t, T )

( k∑
i=1

ŵi
SiT

Fi(t, T )︸ ︷︷ ︸
:=S̃i

T︸ ︷︷ ︸
=:ÃT

− K∑k
j=1wjFj(t, T )︸ ︷︷ ︸

=:K̃

)+

.

We approximate the weighted arithmetic mean ÃT =
∑k

i=1 ŵiS̃
i
T by the

weighted geometric mean G̃t :=
∏k

i=1(S̃
i
T )

ŵi . W.l.o.g. consider t = 0. We
define

ĈB
0 :=

k∑
j=1

wjS
j
0EQ[(G̃T − K̂)+], (5.6)

where
K̂ := K̃ + EQ[G̃T − ÃT ].

Note that
EQ[ÃT − K̃] = EQ[G̃T − K̂],

i.e. replacing K̃ by K̂ can be motivated by assuming a linear payoff function.
As for the geometric mean G̃T in (5.6), note that

S̃iT =
SiT
erTSi0

= eσ̂iW
∗
T−1

2
σ2
i T ,

and so

G̃T =
k∏
i=1

eŵiσ̂iW
∗
T−1

2
ŵiσ

2
i T = exp

( k∑
i=1

ŵiσ̂iW
∗
T︸ ︷︷ ︸

=:ηT

−1
2
T

k∑
i=1

ŵiσ
2
i

)
.
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Thus, (5.6) can be evaluated analogously to the BS formula (use Lemma 6.9.1
in [8]). The required variance is

Var[ηT ] = Var[
k∑
i=1

ŵiσ̂iW
∗
T ] = EQ

[( k∑
i,l=1

ŵiσ̂ilW
∗l
T

)( k∑
i,l=1

ŵiσ̂ilW
∗l
T

)]

=
k∑

i,l,j,m=1

ŵiŵjσ̂ilσ̂jm EQ[W
∗l
T W

∗m
T ]︸ ︷︷ ︸

=δlmT

=
k∑

i,j=1

ŵiŵj(σ̂i · σ̂j)T.

As for K̂, note that G̃T is log-normal, and that

EQ[ÃT ] = EQ

[ k∑
i=1

ŵi
SiT
erTSi0

]
=

k∑
i=1

ŵi = 1.

6 Stochastic volatility models

6.1 Local volatility

In a local volatility model, the volatility is a function of time and the spot
price:

dSt = St(rdt+ σ(t, St)dW
∗
t )

In general, there are no explicit formulas for option prices. The call price
C(K,T ) satisfies the Dupire equation (exercise):

−CT (K,T )+1
2
σ(K,T )2K2CKK(K,T )−rKCK(K,T ) = 0, C(K, 0) = (S0−K)+.

Solving for σ yields the Dupire formula

σ(K,T )2 =
rKCK(K,T ) + CT (K,T )

1
2
K2CKK(K,T )

.

Thus, if call prices for all strikes and maturity are given, the model can be
calibrated to all of them. Exotic options can be priced by Monte Carlo or
PDE methods. In practice, market data has to be interpolated. In particular,
the second derivative w.r.t. strike can cause numerical problems.
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6.2 Two-factor models

Now consider a two-dimensional Brownian motion W = (W 1,W 2) under P,
and let ρ ∈ [−1, 1]. Defining

W̄ 1 := W 1, W̄ 2 := ρW 1 +
√
1− ρ2︸ ︷︷ ︸
=:ρ̄

W 2

yields a two-dimensional BM (W̄ 1, W̄ 2) with instantaneous correlation ρ,
since

d[W̄ 2] = ρ2dt+ ρ̄2dt = dt, d[W̄ 1, W̄ 2] = ρdt.

We define the stochastic volatility model

dSt/St = µ(St, σt, t)dt+ σtdW̄
1
t

dσt = ã(σt)dt+ b(σt)dW̄
2
t ,

where it is assumed that the given functions µ, ã, b are sufficiently regular.
Let λ = (λ1u, λ

2
u)u∈[0,T ] be a process such that

exp
(∫ t

0

λu · dWu −
1

2

∫ t

0

|λu|2du
)

(6.1)

is a P-martingale. According to Girsanov, define Ŵ i
t := W i

t −
∫ t
0
λudu. This

yields

dSt/St = (µ+ σtλ
1)dt+ σtdŴ

1

dσt = (ã+ b(ρλ1 + ρ̄λ2))dt+ b(ρdŴ 1 + ρ̄dŴ 2).

(Ŵ 1, ρŴ 1 + ρ̄Ŵ 2) is a correlated BM under Q. We want S∗
t = e−rtSt to be

a local Q-martingale. This leads to

λ1t =
r − µ(St, σt, t)

σt
,

but does not fix λ2. Therefore, a stochastic volatility model typically ad-
mits infinitely many EMMs, and is free of arbitrage, but incomplete. Several
mathematical questions arise: Do the SDEs defining the model admit a so-
lution? In what sense (weak or strong)? Is (6.1) a true martingale? Is S∗

a true martingale? How can option prices be computed? For some answers,
see e.g. [3, 5]. One of the best known SV models is the Heston model (see
also the exercise class): X = logS satisfies

dXt = −1
2
Vtdt+

√
VtdW

∗1
t ,

dVt = κ(θ − Vt)dt+ ξ
√
VtdW

∗2
t ,

with d[W ∗1,W ∗2] = ρdt.
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Theorem 6.1 (Feynman-Kac). Let µ,Σ : R → R be Lipschitz continuous,
Σ bounded, f, g : R → R be smooth and bounded, and assume that v :
[0, T ]× R → R is solves the PDE

vt(t, x) =
1
2
Σ(x)2vxx(t, x)+µ(x)vx(t, x)−g(x)v(t, x), v(0, x) = f(x) (6.2)

and that vx is bounded. Let Xx be the solution of the SDE

dXx
t = µ(Xx

t )dt+ Σ(Xx
t )dWt, Xx

0 = x.

Then we have

v(t, x) = E
[
f(Xx

t ) exp
(
−
∫ t

0

g(Xx
u)du

)]
.

Proof. Fix t > 0. By Ito’s formula (exercise),

Ms := v(t− s,Xx
s ) exp

(
−

∫ s

0

g(Xx
u)du

)
satisfies

dMs = exp
(
−
∫ s

0

g(Xx
u)du

)
Σ(Xx

t )vx(t− s,Xx
s )dWs,

and soM is a local martingale. By assumption, it is bounded by a determin-
istic constant, and so it is a true martingale. We conclude v(t, x) = M0 =
E[Mt].

With the standard notation

Af(x) = 1

2
Σ(x)2

∂2f

∂x2
+ µ(x)

∂f

∂x
,

the PDE (6.2) can be written as vt = Av−gv. Now letW be a d-dimensional
BM. Let µ : Rk → Rk, Σ : Rk → Rk×d, g, f : Rk → R be sufficiently regular
(see [6] for details). Define the diffusion matrix a(x) := Σ(x)Σ(x)T,

A :=
k∑
i=1

µi(x)
∂

∂xi
+

1

2

k∑
i,j=1

aij(x)
∂2

∂xi∂xj
,

suppose
vt = Av − gv, v(0, x) = f(x), (6.3)

dXt = µ(Xt)dt+ Σ(Xt)dWt.
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Then, the multidimensional version of Feynman-Kac asserts

v(t, x) = E
[
f(Xx

t ) exp
(
−
∫ t

0

g(Xx
u)du

)]
.

This can be used to compute option prices numerically, and for finding ex-
plicit formulas for the characteristic function for certain SV models (see the
exercise class for the Heston model). Consider a SV model

dSt = rStdt+ σtSt dŴ
1
t︸︷︷︸

dW ∗1
t

,

dσt = â(σt)dt+ b(σt)(ρdŴ
1
t + ρ̄dŴ 2

t︸ ︷︷ ︸
dW ∗2

t

).
(6.4)

Thus, d = k = 2, Xt = (St, σt)
T, µ(x1, x2) = (rx1, â(x2))

T, Σ(x1, x2) =(
x1x2 0
b(x2)ρ b(x2)ρ̄

)
, g = r. We have

a(x) =

(
x1x2 0
b(x2)ρ b(x2)ρ̄

)(
x1x2 b(x2)ρ
0 b(x2)ρ̄

)
=

(
x21x

2
2 b(x2)ρx1x2

b(x2)ρx1x2 b(x2)
2

)
.

If h is some payoff function and f(x1, x2) = h(x1), then

EQ[f(X
x
t )e

−rt] = e−rtEQ[h(St)].

The PDE (6.3) becomes (with s = x1)

1
2
s2σ2vss + rsvs − vt − rv︸ ︷︷ ︸

BS PDE

+â(σ)vσ + ρsσb(σ)vsσ +
1
2
b(σ)2vσσ = 0.

Solving this with initial condition v(0, s, σ) = h(s) yields the option price
v(T, S0, σ0) = e−rtE[h(ST )].

6.3 The Hull-White formula

In the SV model (6.4), the discounted stock can be written as (W 1∗ = Ŵ 1)

S∗
t = S0 exp

(∫ t

0

σudW
∗1
u − 1

2

∫ t

0

σ2
udu

)
.

Assume now that ρ = 0, i.e. the driving BMs are uncorrelated. Then, S∗ is
a Q-martingale, since for u ≤ t

EQ[S
∗
t |Fu] = EQ[EQ[[S

∗
t |Fu ∨ σ(σs : u ≤ s ≤ t)]︸ ︷︷ ︸

=S∗
u

|Fu] = S∗
u.
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Consider a claim with payoff h(ST ). For a continuous function g, we write

Ag :=
∫ T
0
g(u)2du, and FT for the cdf of the aggregated variance

∫ T
0
σ2
udu.

The price of the claim is

e−rTEQ[h(ST )] = e−rTEQ[EQ

[
h(S0e

rT+
∫ T
0 σudW ∗1

u − 1
2

∫ T
0 σ2

udu)
∣∣∣(σu)u≤T]]

= e−rTEQ

[
EQ

[
h(S0e

rT+
∫ T
0 g(u)dW ∗1

u − 1
2

∫ T
0 g(u)2du)

]∣∣∣
g=σ

]
= e−rTEQ

[ ∫ ∞

−∞

e−y
2/2

√
2π

h(S0e
rT+

√
Agy− 1

2
Ag)dy

∣∣∣
g=σ

]
= e−rT

∫ ∞

0

FT (dw)

∫ ∞

−∞

e−y
2/2

√
2π

h(S0e
rT+

√
wy− 1

2
w)dy.

7 Lévy models

7.1 Lévy processes

Definition 7.1. Let (Ω,F ,P, (Ft)t≥0) be a filtered probability space. An Rd-
valued process X with X0 = 0 is called a Lévy process, if

(i) For 0 ≤ s ≤ t, Xt −Xs is independent of Fs

(ii) Xt −Xs
d
= Xt−s, 0 ≤ s ≤ t

(iii) X is stochastically continuous: For all ε > 0 and t ≥ 0,

lim
h↓0

P
[
|Xt+h −Xt| ≥ ε

]
= 0.

We assume thatX has càdlàg paths, as it can be shown thatX always has
such a modification, which is again a Lévy process [10, Theorem I.30]. We
may assume that (Ft) is the natural filtration of X, i.e. the generated filtra-
tion augmented by the null sets. It can be shown that it is right-continuous
[10, Theorem I.31]. The characteristic function of Xt is

φXt(ξ) = E[eiξ·Xt ], t ≥ 0, ξ ∈ Rd.

Recall that a random variable Y is infinitely divisible, if for all n ∈ N there

exist iid random variables Y
(1)
1 , . . . , Y

(n)
n such that Y

d
= Y

(1)
1 + · · ·+Y (n)

n . For

example, if Y ∼ N (µ, σ2), we may take Y
(n)
i ∼ N (µ

n
, σ

2

n
) iid.

Lemma 7.2. For a Lévy process X and t ≥ 0, Xt is infinitely divisible, and
φXt(ξ) = φXt/n

(ξ)n for n ∈ N.
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Proof. Put

Y
(n)
k := Xkt/n −X(k−1)t/n ∼ Xt/n, k = 1, . . . , n.

Lemma 7.3. Let X be a Lévy process (stochastically continuous and càdlàg
would suffice). Then, (t, ξ) 7→ φXt(ξ) is continuous.

Proof. Fix ξ̂ ∈ Rd, t ≥ 0, ε > 0. Let δε be such that

sup
|y|≤δε
|ξ−ξ̂|≤1

|eiξy − 1| ≤ ε

4
.

Then there is δ′ε > 0 such that

|s− t| < δ′ε =⇒ P[|Xt −Xs| > δε] ≤
ε

8
.

Hence, for such s and |ξ − ξ̂| ≤ 1, we have

|φXt(ξ)− φXs(ξ)| ≤ E[|eiξ(Xt−Xs) − 1|]
= E[|eiξ(Xt−Xs) − 1|︸ ︷︷ ︸

≤2

1{|Xt−Xs|>δε}] + E[|eiξ(Xt−Xs) − 1|︸ ︷︷ ︸
<ε/4

1{|Xt−Xs|≤δε}︸ ︷︷ ︸
≤1

] ≤ ε/2.

For fixed ω, X·(ω) is bounded on any finite interval, as it is càdlàg. By
dominated convergence,

lim
ξ→ξ̂

E[ sup
s:|s−t|≤δ′ε

|ei(ξ−ξ̂)Xs − 1|] = 0.

Let δ̃ε ∈ (0, 1] be such that the latter expectation is ≤ ε/2 for |ξ − ξ̂| ≤ δ̃ε.
For such ξ and s with |s− t| < δ′ε, we have

|φXt(ξ)− φXs(ξ̂)| ≤ |φXt(ξ)− φXs(ξ)|+ |φXs(ξ)− φXs(ξ̂)|

≤ ε/2 + E[|ei(ξ−ξ̂)Xs − 1|] ≤ ε.

The following two lemmas are proved in [12] (Lemmas 7.5 and 7.6).

Lemma 7.4. For ξ ∈ Rd, t ≥ 0, we have φXt(ξ) ̸= 0.

Proof. We give a different proof than [12]. If φXt(ξ) = 0, then Lemma 7.2
implies that φXt/n

(ξ) = 0 for all n ∈ N. Since φX0(ξ) = 1, Lemma 7.3 yields
a contradiction.

Lemma 7.5. Let φ ∈ C(Rd,C) with φ(0) = 1, and without any zeros. Then
there is a unique g ∈ C(Rd,C) with g(0) = 0 and φ(ξ) = eg(ξ) for all ξ ∈ Rd.
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This function is called “distinguished logarithm” and is sometimes written
as “g = logφ”. This is not a composition of functions though: The example
d = 1, φ(ξ) = eiξ, g(ξ) = iξ, φ(0) = φ(2π) = 1 shows that φ(ξ) = φ(ξ′) does
not imply g(ξ) = g(ξ′).

Theorem 7.6. Let X be a Lévy process. Then there is a unique ψ ∈ C(Rd,C)
with ψ(0) = 0 and φXt(ξ) = etψ(ξ) for all t, ξ. It is called characteristic
exponent or Lévy exponent of X.

Proof. Let gt be the distinguished logarithm of φXt . For m,n ∈ N, we have

egm(ξ) = φXm(ξ) =
(
φXm/n

(ξ)
)n

= exp
(
ngn/m(ξ)

)
,

and so
gm(ξ) = ngm/n(ξ) + 2πik(ξ)

for some Z-valued function k. Since gm and gm/n are continuous, and k(0) =
0, k must vanish identically. Therefore,

gm/n(ξ) =
1

n
gm(ξ) =

m

n
g1(ξ).

For arbitrary t ≥ 0, let (qn) be a sequence of rational numbers converging
to t. Then we have

gt(ξ) = lim
n→∞

gqn(ξ) = lim
n→∞

qng1(ξ) = tg1(ξ).

Thus, we can take ψ = g1.

Example 7.7. (i) For one-dimensional Brownian motion with drift, µt +
σWt, we have

φXt(ξ))E[eiξXt ] = eiµtξE[eiξσWt ] = eiµtξ+
1
2
(iξσ)2t = eiµtξ−

1
2
σ2tξ2 ,

hence ψ(ξ) = iµξ − 1
2
σ2ξ2.

(ii) For d, n ≥ 1, µ ∈ Rd, σ ∈ Rd×n, covariance matrix C = σσT, and
Xt = µ+ σWt, we have

ψ(ξ) = iµ · ξ − 1

2
Cξ · ξ

(iii) For a Poisson process with intensity λ, we have

φNt(ξ) = E[eiξNt ] =
∞∑
n=0

eiξne−λt
(λt)n

n!
= eλt(e

iξ−1),
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hence ψ(ξ) = λ(eiξ − 1).
(iv) Let Xt =

∑Nt

n=1 Zn be a compound Poisson process, i.e. Nt is a Pois-
son process and (Zn) an independent iid d-dimensional sequence with cdf η.
If

η̂(z) = E[eiξZ1 ] =

∫
Rd

eiξxη(dx)

denotes the characteristic function of η, then

φXt(ξ) =
∞∑
n=0

η̂(ξ)nP[Nt = n] = eλt(η̂(ξ)−1),

hence ψ(ξ) = λ(η̂(ξ) − 1). For the compensated compound Poisson process
X̃t = Xt − λtm, where m =

∫
Rd xη(dx), we have

φX̃t
(ξ) = φXt(ξ)e

−iλtξm,

hence

ψ(ξ) = λ(η̂(ξ)− 1− iξm) =

∫
Rd

(eiξx − 1− iξx)λη(dx).

If X and Y are independent Lévy processes with Lévy exponents ψX
and ψY , an easy calculation shows that ψX+Y = ψX + ψY .

Example 7.8. A jump diffusion is a Lévy process of the form

Xt = µt+Bt +
Nt∑
n=1

Zn, (7.1)

where µ ∈ Rd, B is a d-dimensional Browian motion with covariance ma-
trix C, and the sum is an independent compound Poisson process. The Lévy
exponent is

ψ(ξ) = iµξ − 1
2
Cξ · ξ +

∫
Rd

(eiξx − 1)λη(dx).

For d = 1, Z1 ∼ N (α, δ2) and C = σ2 we obtain the famous Merton jump
diffusion, with

ψ(ξ) = iµξ − 1

2
σ2ξ2 + λ(eiαξ−

1
2
δ2ξ2 − 1).

Let (Tn)n≥1 be the jump times of the d-dimensional jump diffusion (7.1).
For I ×H ∈ B([0,∞)× Rd), define

J(I ×H) :=
∞∑
n=1

δTn(I)δZn(H)
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Since Nt = #{n ≥ 1 : Tn ≤ t}, we have

J([0, t]×H) =
Nt∑
n=1

δZn(H).

This defines a random measure, which is called the jump measure of X. We
have

E[J([0, t]×H)] = E[
Nt∑
n=1

δZn(H)] =
∞∑
n=1

E[
n∑
k=1

δZk
(H)1{Nt=n}]

=
∞∑
n=1

P[Nt = n]
n∑
k=1

P[Zk ∈ H] = η(H) e−λt
∞∑
n=1

(λt)n

n!
n︸ ︷︷ ︸

=λt

= λtη(H),

and thus
E[J([0, t]×H)] = tE[J([0, 1]×H)] =: tν(H).

Definition 7.9. The finite measure

ν(H) = E[J([0, 1]×H)] = λη(H),

which satisfies η(Rd) = λ, is called Lévy measure of the jump diffusion X,
and (µ,C, ν) is the characteristic triplet (Lévy triplet) of X.

For a càdlàg function f , we write

∆f(t) := f(t)− f(t−)

for the jump in t.

Theorem 7.10. Let X be a jump diffusion, and f : R+ × Rd → R be
measurable. Then∑

0<s≤t
∆Xs ̸=0

f(s,∆Xs) =

∫ t

0

∫
Rd

f(s, x)J(ds, dx).

Define J̃(dt, dx) := J(dt, dx) − dtν(dx) (compensated jump measure). For
f ∈ L1(R+ × Rd, ds⊗ ν), define

Mt :=

∫ t

0

∫
Rd

f(s, x)J̃(ds, dx).

Then M is a martingale with M0 = 0 and

Var[Mt] =

∫ t

0

∫
Rd

f(s, x)2ν(dx)ds.
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The proof is straightforward, and omitted.

Example 7.11. For a compound Poisson process, the theorem implies

Xt =
Nt∑
n=1

Zn =

∫ t

0

∫
Rd

xJ(ds, dx).

For the variation, the theorem implies

V[0,t](X) =
Nt∑
n=1

|Zn| =
∫ t

0

∫
Rd

|x|J(ds, dx).

Therefore,

E[V[0,t](X)] = t

∫
Rd

|x|ν(dx).

For the quadratic variation, we have

E[V2
[0,t](X)] = t2

∫
Rd

|x|2ν(dx).

Now consider a general Lévy process X. For H ∈ B(Rd) with 0 /∈ H̄
(closure of H), and T > 0, a.s. there are only finitely many jump times with
jump in H (“large jumps”). For such H, we again define the jump measure

J(I ×H) = #{t ∈ I : ∆Xt ∈ H}.

It can be shown that J can be extended to a random measure on R+ × Rd

with J(I × {0}) = 0, and that

ν(H) = E[J([0, 1]×H)], H ∈ B(Rd),

defines a σ-finite measure on Rd. If 0 /∈ H̄, it can be shown that

J([0, t]×H) = #{s ≤ t : ∆s ∈ H}

is a Poisson process with intensity ν(H).

Theorem 7.12 (Lévy-Ito decomposition). Let X be a Lévy process. The
Lévy measure satisfies

∫
|x|≥1

ν(dx) < ∞ and
∫
|x|<1

|x|2ν(dx) < ∞. There is

a Brownian motion B such that for arbitrary R > 0 there exist µR ∈ Rd and
processes XR and MR such that B,XR,MR are independent,

Xt = µRt+Bt +XR
t +MR

t ,
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XR
t =

∫ t

0

∫
|x|≥R

xJ(ds, dx) =
∑
0<s≤t

∆Xs1{|∆Xs|≥R}

is a compound Poisson process, and

MR
t =

∫ t

0

∫
|x|<R

xJ̃(ds, dx)

= lim
ε↓0

∫ t

0

∫
ε<|x|<R

x(J(ds, dx)− ν(dx)ds)︸ ︷︷ ︸
=:X̃R,ε

t

is a martingale. If C is the covariance matrix of B, then (µR, C, ν) is called
characteristic triplet (Lévy triplet) of X.

Theorem 7.13 (Lévy-Khintchine representation). Let X be a Lévy process
with Lévy triplet (µ1, C, ν). Then the characteristic function is given by

φXt(ξ) = etψX(ξ),

where

ψX(ξ) := iµ1ξ −
1

2
Cξ · ξ +

∫
Rd

(eiξx − 1− iξx1{|x|<1})ν(dx).

Proof. Since
Xt = µ1t+Bt +X1

t + lim
ε↓0

X̃1,ε
t ,

by independence and Example 7.7 we obtain

ψµ1t+Bt+X1
t +X̃

1,ε
t
(ξ) = ψµ1t+Bt(ξ) + ψX1

t
(ξ) + ψX̃1,ε

t
(ξ)

= iµ1ξ −
1

2
Cξ · ξ +

∫
|x|≥1

(eiξx − 1)ν(dx) +

∫
ε≤|x|≤1

(eiξx − 1− iξx)︸ ︷︷ ︸
=O(|x|2)

ν(dx).

Now take the limit ε ↓ 0.

If we assume
∫
|x|≤1

|x|ν(dx) <∞ (finite activity), then

ψX(ξ) = iξµ0 −
1

2
Cξ · ξ +

∫
Rd

(eiξx − 1)ν(dx),

where µ0 = µ1 −
∫
|x|≤1

xν(dx). If
∫
|x|≥1

|x|ν(dx) < ∞, then it follows from

Theorem 7.12 that

E[X1] = µ1 +

∫
|x|≥1

xν(dx).
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More generally, it can be shown for n ∈ N that E[|X1|n] < ∞ if and only
if
∫
|x|≥1

|x|nν(dx) < ∞. For d = 1 and ξ ∈ R, E[eξX1 ] < ∞ if and only of∫
|x|≥1

eξxν(dx) <∞.

Theorem 7.14. Let X be a 1-dimensional Lévy process with characteristic
triplet (µ1, σ

2, ν).

(i) If E[|X1|] <∞, then Xt − E[Xt] is a martingale.

(ii) X is a martingale ⇐⇒
∫
|x|≥1

|x|ν(dx) <∞ and µ1 +
∫
|x|≥1

xν(dx) = 0.

(iii) For ξ ∈ R with E[eξX1 ] <∞, the process eξXt/E[eξXt ] is a martingale.

(iv) eXt is a martingale ⇐⇒
∫
|x|≥1

exν(dx) <∞ and 0 = µ1 +
σ2

2
+
∫
R(e

x−
1− x1{|x|≤1})ν(dx).

Proof. (i) By independence of the increments,

E[Xt −Xs|Fs] = E[Xt −Xs], s ≤ t.

(ii) This follows from (i) and the remarks above.
(iii) Define

Mt := eξXt/E[eξXt ] = eξXt−tψX(−iξ).

Then we have

E[Mt −Ms|Fs] = E[eξXt−tψ(−iξ) − eξXs−sψ(−iξ)|Fs]

= E[eξ(Xt−Xs)−(t−s)ψ(−iξ) − 1]eξXs−sψ(−iξ)

= E[eξXt−s−(t−s)ψ(−iξ) − 1]Ms

=Ms(e
−(t−s)ψ(−iξ)e(t−s)ψ(−iξ) − 1)) = 0.

(iv) Since E[eXt ] = etψ(−i) = 0, the Lévy-Khintchine formula implies
ψ(−i) = 0.

Example 7.15. An α-stable Lévy process has Lévy measure

ν(dx) =
c1
x1+α

1{x>0}dx+
c2

(−x)1+α
1{x<0}dx.

with constants c1, c2 > 0. By the integrability properties of the Lévy measure
(see Theorem 7.12),∫

0<x<1

x2

x1+α
dx <∞ and

∫
x>1

x−1−αdx <∞,

we must have α ∈ (0, 2). Recall that a random variable Y is strictly stable,

if for all n ∈ N there are cn and iid Y
(n)
1 , . . . , Y

(n)
n ∼ Y such that cmY

d
=

Y
(n)
1 + · · · + Y

(n)
n . Then, there is α ∈ (0, 2] with cn = n1/α. For our ν, X1 s

strictly α-stable. The Lévy exponent can be calculated explicitly.
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7.2 Option pricing

We consider a bank account Bt = ert and a risky asset St = S0e
Xt , where X

is a Lévy process. In general, there are infinitely many EMMs. If Q is an
EMM, and g the payoff function of a contingent claim, then

e−r(T−t)EQ[g(ST )|Ft]

is an arbitrage free price process.

Proposition 7.16. Let X be a Lévy process under an equivalent probability
measure Q with characteristic exponent ψQ,X . Then the discounted process
S∗
t = e−rtSt is a Q-martingale on [0, T ] if and only if EQ[e

XT ] < ∞ and
ψQ,X(−i) = r.

Proof. By Theorem 7.14, S∗
t = S0e

Xt−rt is a Q-martingale if and only if

S0 = EQ[S0e
Xt−rt] = S0e

ψQ,X(−i)t−rt.

Definition 7.17. Let Y be a random variable, and θ ∈ R with E[eθY ] < ∞.
Then the probability measure Pθ defined by

dPθ

dP
=

eθY

E[eθY ]
is called Esscher transform of P with parameter θ.

For a Lévy process X, we write ℓX(z) = ψX(−iz), which is called Laplace
exponent.

Theorem 7.18. Let X be a Lévy process and θ ∈ R, T > 0 such that
E[eθXT ] <∞. Then

Zθ
t := eθXt−tℓX(θ)

is a martingale. Under PθT , (Xt)0≤t≤T is a Lévy process with Laplace exponent
ℓθ(z) = ℓX(z + θ)− ℓX(θ).

Proof.

E
[Zθ

t

Zθ
s

∣∣∣Fs

]
= E[eθ(Xt−Xs)]︸ ︷︷ ︸

=e(t−s)ℓX (θ)

e−(t−s)ℓX(θ) = 1.

Moreover,

EθT [ez(Xt−Xs)|Fs] =
E[ez(Xt−Xs)Zθ

T |Fs]

E[Zθ
T |Fs]

=
1

Zθ
s

E
[
ez(Xt−Xs)E[Zθ

T |Ft]
∣∣∣Fs

]
= E[e(z+θ)(Xt−Xs)|Fs]e

−(t−s)ℓX(θ)

= e(t−s)(ℓX(z+θ)−ℓX(θ)).

50



Lemma 7.19. Let (µ, σ2, ν) be the characteristic triplet of X, and θ, T as
in Theorem 7.18. Then, the triplet (µθ, σ

2
θ , νθ) under PθT is given by

µθ = µ+ θσ2 +

∫
R
(eθx − 1)x1{|x|<1}ν(dx),

σ2
θ = σ2,

νθ(dx) = eθxν(dx).

Proof. A straightforward calculation, using the Lévy-Khintchine formula.

Theorem 7.20. Consider the market model (Bt, S0e
Xt)0≤t≤T . If θ

∗ satisfies
E[eθ∗XT ] < ∞, E[e(θ∗+1)XT ] < ∞ and ℓ(θ∗ + 1) − ℓ(θ∗) = r, then Pθ∗T is an
EMM.

Proof. By assumption, Pθ∗T is well-defined, and Eθ∗T [ST ] < ∞. Moreover, we
have

Eθ∗T [S∗
t |Fs] = Eθ∗T [S0e

Xt−rt|Fs] = e−r(t−s)eXs−rsS0 Eθ
∗

T [eXt−Xs|Fs]︸ ︷︷ ︸
=e(t−s)ℓθ∗ (1)

= S∗
se

(t−s)(ℓθ∗ (1)−r).

By assumption, we have

ℓθ∗(1) = ℓ(θ∗ + 1)− ℓ(θ∗) = r.

7.3 Option pricing by Fourier transform

For f ∈ L1(R), we write

f̂(ξ) =

∫
R
eiξxf(x)dx

for the Fourier transform of f .

Theorem 7.21 (Inversion formula). Suppose that f and f̂ are in L1. Then
we have

f(x) =
1

2π

∫
R
e−ixξf̂(ξ)dξ.

We consider a market model (ert, St)0≤t≤T with St = S0e
Xt , with charac-

teristic function

φXt(ξ) = E[eiξXT ] =

∫
R
eiξxQT (dx),
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where QT is the distribution of XT . We assume that we work under a pric-
ing measure, i.e. we dispense with the notation Q and EQ. Let f be the
payoff function in terms of the log-price, i.e. the option payoff is f(logSt) =
f(logS0 +XT ).

We compute the price of the claim, for ease of notation with S0 = 0 and
r = 0:

E[f(XT )] =

∫
R
f(x)QT (dx)

=

∫
R

1

2π

(∫
R
e−ixξf̂(ξ)dξ

)
QT (dx)

=
1

2π

∫
R
f̂(ξ)

(∫
R
e−ixξQT (dx)

)
dξ

=
1

2π

∫
R
f̂(ξ)φXT

(−ξ)dξ.

With general r and S0, the price becomes

erTE[f(XT )] =
e−rT

2π

∫
R
e−iξ logS0 f̂(ξ)φXT

(−ξ)dξ.

For instance, f(x) = (ex −K)+ for a call. As this function is not in L1, we
consider the damped payoff function fα(x) := e−αxf(x), α ∈ R. For α > 1,

fCall,α(x) = e−αx(ex −K)+

is in L1. The damped put payoff

fPut,α(x) = e−αx(K − ex)+

is in L1 for α < 0.

Proposition 7.22. Let α ∈ R, fα, f̂α ∈ L1, E[SαT ] < ∞ (w.r.t. the pricing
measure). Then the price of the claim with payoff f at time zero is

e−rTSα0
π

∫ ∞

0

e−iξ logS0φXT
(−(ξ + iα))f̂(ξ + iα)dξ.

Proof. We have

f̂(ξ + iα) =

∫
R
ei(ξ+iα)xf(x)dx = f̂α(ξ).

The computation is then very similar to the case α = 0.
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The Fourier transform of the payoff function is usually easy to calculate.
For α > 1, we have

f̂Call(ξ + iα) = f̂Call,α(ξ) =

∫ ∞

logK

e(iξ−α)x(ex −K)dx =
K1−αeiξ logK

(iξ − α)(iξ − α + 1)
,

which is in L1. For α < 0, the same expression gives the Fourier transform
of the damped put.

8 Fundamental theorem of asset pricing

Consider a filtered probability space satisfying the usual conditions, and k
assets modeled by a k-dimensional semimartingale

(Z1
t , . . . , Z

k
t )t∈[0,T ],

with Zk positive. By the Girsanov theorem for semimartingales [10, p. 132],
the semimartingale property is preserved under equivalent measure changes.
Thus, to achieve freeness of arbitrage, it is standard to assume that prices
are semimartingales under the physical measure.

For an appropriate set of trading strategies, the following definitions are
analogous to the BS model: discounted price process, value process, self-
financing, admissible strategy, arbitrage, EMM. For instance, the value pro-
cess of a strategy ϕ is

Vt(ϕ) =
k∑
i=1

ϕitZt,

and

Vt(ϕ) = V0(ϕ) +
k∑
i=1

∫ t

0

ϕiudZ
i
u

if ϕ is self-financing.
Let K0 denote the claims that can be replicated with zero initial capital.

We write
K := K0 ∩ L∞

for the (essentially) bounded attainable claims. With

L∞
+ := {X ∈ L∞ : X ≥ 0 a.s.},

we define the cone

C := K − L∞
+ = {X − Y : X ∈ K, Y ∈ L∞

+ } ⊆ K.
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It can be shown that freeness of arbitrage is equivalent to C ∩ L∞
+ being

trivial:
NA⇐⇒ C ∩ L∞

+ = {0}.

Thus, the convex sets C and L∞
+ intersect only in one point. To achieve this,

it would be convenient to find 0 ̸= F ∈ L1 such that

E[FX] ≥ 0, X ∈ L∞
+ ,

E[FX] ≤ 0, X ∈ C.
(8.1)

If F ∈ L1 satisfying (8.1) exists, it satisfies F ≥ 0, by considering X =
1{F<0}. W.l.o.g., E[F ] = 1, and we can define dQ = FdP. Since K ⊆ C, we
have

E[FX] ≤ 0, X ∈ K,

and since K is a vector space

E[FX] = 0, X ∈ K.

Two Problems arise: 1. As we mentioned, the existence of F is not trivial.
2. We must have F > 0, because otherwise Q might only be absolutely
continuous.

For F ∈ L1, the map

L∞ → R
X 7→ E[FX]

is linear and continuous, and in fact L∞ is the dual space of L1. On the other
hand, the dual of L∞ is in general strictly larger than L1, and so we cannot
apply the Hahn-Banach theorem.

The following condition is a bit stronger than NA.

Definition 8.1. The market model satisfies NFLVR (no free lunch with van-
ishing risk) if C̄ ∩ L∞

+ = {0}, where the closure of C is taken w.r.t. ∥ · ∥∞.

The negation of NFLVR is a bit weaker than arbitrage, but “close”: It
implies that there is 0 ̸= X ∈ L∞

+ and Xn ∈ C with |Xn − X| ≤ 1/n a.s.,
n ∈ N. In particular, we have Xn ≥ −1/n.

Theorem 8.2 (Kreps-Yan, 1980, 1981, Delbaen–Schachermayer 1994, 1998).
NFLVR implies that there is F ∈ L1, F > 0 with E[FX] ≤ 0, X ∈ C.

Corollary 8.3. If NFLVR holds, then there is an EMM.
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Proof. Let F be as in the theorem, and w.l.o.g. E[F ] = 1. Define dQ/dP = F .
We have already shown that EQ[X] = 0 for X ∈ K. W.l.o.g., assume Zk = 1
(zero interest rate). Let s ≤ t, A ∈ Fs, and i ∈ {1, . . . , k}. Consider the
following strategy: At time s, take a loan and buy 1A units of Zi. At time t,
sell the units and put the result in the bank account. Then

Vt = 1A(Z
i
t − Zi

s) = VT .

As the strategy has zero initial cost, we have VT ∈ K, and so EQ[1A(Z
i
t −

Zi
s)] = 0. By definition of the conditional expectation, this implies EQ[Z

i
t |Fs] =

Zi
s. Thus, Q is an EMM.

9 Variance-optimal hedging

The goal is to minimize the variance of the hedging error for some non-
replicable claim. We write M2 for the real-valued martingales on [0, T ] with
E[[M ]T ] <∞. By the Burkholder-Davis-Gundy inequality,

C1E[[M ]T ] ≤ E
[

sup
0≤t≤T

M2
t

]
≤ C2E[[M ]T ],

this is equivalent to E[sup0≤t≤T M
2
t ] <∞. With the inner product (M,N) =

E[MTNT ], M2 becomes a Hilbert space, isomorphic to L2(P). M,N are
orthogonal if E[MTNT ] = 0. We define them to be strongly orthogonal, ifMN
is a martingale. For M,N ∈ M2

0 (i.e., starting in 0), strong orthogonality
implies orthogonality.

Recall that the quadratic covariation of two semimartingales X, Y is de-
fined by the limit in probability

[X, Y ]t = lim
n∑
k=1

(Xtk −Xtk−1
)(Ytk − Ytk−1

)

taken over partitions of [0, t] with mesh tending to zero, and satisfies

d(XY ) = X−dY + Y−dX + d[X, Y ].

Theorem 9.1 (Kunita-Watanabe inequality). Let X, Y be semimartingales,
and θ, ψ be measurable processes. Then we have∫ T

0

|θs||ψs|dV[0,s]([X, Y ]) ≤
(∫ T

0

θ2sd[X]s

)1/2(∫ T

0

ψ2
sd[Y ]s

)1/2

.
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Proposition 9.2 (Strong orthogonality). Let M,N ∈ M2 be strongly or-
thogonal. Then we have

(i) [M,N ] is a martingale,

(ii) E[MτNτ ] =M0N0, where τ ≤ T is a stopping time,

Conversely, (ii) implies strong orthogonality.

Proof. Since
d(MN) =M−dN +N−dM + d[M,N ],

[M,N ] is a local martingale. We have

|[M,N ]t| ≤ V[0,T ]([M,N ]) ≤
√
[M ]T [N ]T ,

where the second inequality follows from Kunita-Watanabe with θ = ψ = 1.
By Cauchy-Schwarz,

E
[√

[M ]T [N ]T

]
≤ E

[
[M ]T

]1/2E[[N ]T
]1/2

<∞,

and so sup0≤t≤T |[M,N ]| is integrable, which implies (i).
(ii) By the optional sampling theorem.
Finally, suppose that (ii) holds. For t ∈ [0, T ] and Γ ∈ Ft, define

τΓ :=

{
t ω ∈ Γ

T ω /∈ Γ.

Then we have

E[MtNt1Γ] + E[MTNT1Ω\Γ] = E[MτΓNτΓ ]
(ii)
= M0N0,

and thus
E[MtNt1Γ =M0N0 − E[MTNT ]︸ ︷︷ ︸

=0

+E[MTNT1Γ].

Definition 9.3. For M ∈ M2
loc, define

L2(M) :=
{
θ predictable,E

[ ∫ T

0

θ2sd[M ]s

]
<∞

}
.

This is a Hilbert space w.r.t. to the inner product

(θ, ψ) := E
[ ∫ T

0

θsdMs

∫ T

0

ψsdMs

]
.
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By the Ito isometry, the corresponding norm is

∥θ∥L2(M) = E
[ ∫ T

0

θ2sd[M ]s

]1/2
.

The stable subspace generated by M is

S(M) :=
{∫ ·

0

θdM : θ ∈ L2(M)
}
.

Proposition 9.4. S(M) is a closed subspace of M2. For
∫
θdM ∈ S(M)

and a stopping time τ ≤ T , the stopped process (
∫
θdM)τ is in S(M).

Proof. For
∫
θdM ∈ S(M), [

∫
θdM ]T =

∫
θ2d[M ] is integrable, and so

S(M) ⊆ M2. The map θ 7→
∫
θdM is an isometry from L2(M) to S(M),

since ∥∥∥∫ ·

0

θdM
∥∥∥2

M2
= E

[( ∫ T

0

θdM
)2]

= E
[ ∫ T

0

θ2sd[M ]s

]
= ∥θ∥2L2(M).

Thus, S(M) is isometrically isomorphic to L2(M), and in particular it is
complete.

If τ is a stopping time, then(∫ ·

0

θdM
)τ

=

∫ ·

0

1[0,τ ]θdM.

Theorem 9.5 (Kunita-Watanabe decomposition). Let M ∈ M2
loc and N ∈

M2. Then there is a unique representation N = N0 +
∫
θdM + L with

θ ∈ L2(M) with L ∈ M2
0 strongly orthogonal to S(M).

Proof. S(M) is a closed subspace of M2. By orthogonal projection, we find
θ ∈ L2(M) with

N =

∫
θdM︸ ︷︷ ︸

∈S(M)

+ L̃︸︷︷︸
∈S(M)⊥

,

where the orthogonal complement is w.r.t. (·, ·)M2 . With L := L̃ − N0, we
have N = N0 +

∫
θdM + L. To show strong orthogonality, we use Proposi-

tion 9.2. Let θ ∈ L2(M) and τ ≤ T be a stopping time. Then,

E
[
Lτ

∫ τ

0

θtdMt

]
= E

[
LT

∫ τ

0

θtdMt

]
= E

[
LT

∫ T

0

1[0,τ ]θt︸ ︷︷ ︸
∈L2(M)

dMt

]
= 0.

The first equality holds because L is a martingale, and the last one by L ∈
S(M)⊥.
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Consider now an asset with price process S ∈ M2
loc. For simplicity, we

assume zero interest rate. For a claim H ∈ L2(FT ), let Vt := E[H|Ft], where
the expectation is w.r.t. to the pricing measure. For an initial capital c and
a strategy θ ∈ L2(S), we obtain the value process c+

∫ ·
0
θdS. The goal is to

find c, θ such that

E
[(
H − c−

∫ T

0

θtdSt

)2]
→ min . (9.1)

Theorem 9.6. Let V = E[H] +
∫ ·
0
θHdS + L be the Kunita-Watanabe de-

composition of V . Then the optimization problem is solved by c∗ = E[H] and
θ∗ = θH .

Proof. Define

U :=
{
c+

∫ T

0

θdS : c ∈ R, θ ∈ L2(S)
}
⊆ L2(FT ).

The solution of (9.1) is the projection of H to U . We have

VT = H = E[H] +

∫ T

0

θHdS︸ ︷︷ ︸
∈U

+LT .

Since LT ∈ S(S)⊥, we have LT ∈ U⊥.

For Lévy models, the quadratic hedging strategy of standard options can
be explicitly calculated (See Chapter 6 in [11]).

10 Duality and semi-static hedging

Throughout this section, we consider a price process S with S0 = 1. For
most of the results, we assume zero interest rate.

Definition 10.1. Let S = eX be a positive P-martingale. Define the share
measure by dP′/dP = ST . Then the dual process is defined by S ′ := 1/S
(resp. X ′ := −X).

If S ′ is integrable, then it is a P′-martingale:

E′[S ′
t|Fs] =

E[STS ′
t|Fs]

E[ST |Fs]
=

E[E[ST |Ft]S
′
t|Fs]

Ss
=

1

Ss
= S ′

s.
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Theorem 10.2 (Girsanov-Meyer). Let P ∼ Q, with density process Z, and X
be a semimartingale with decomposition X = M + A under P. Then the
decomposition of X under Q is

X =
(
M −

∫
1

Z
d[Z,M ]

)
︸ ︷︷ ︸

local Q−martingale

+
(
A+

∫
1

Z
d[Z,M ]

)
︸ ︷︷ ︸

finite variation

.

Proposition 10.3. Let S = eX be a continuous martingale with S0 = 1.
Then the canonical decomposition of X ′ = −X under P′ is given by

X ′ = (−X + 1
2
[X])− 1

2
[X].

Proof. We have to show that −X + 1
2
[X] is a local P′-martingale. The mar-

tingale S can be written as the stochastic exponential S = E(Y ), where
Y := X + 1

2
[X]. We have dS = SdY , d[S, Y ] = Sd[Y ], dY = (1/S)dS. By

Girsanov, Y −
∫
(1/S)d[S, Y ] is a local P′-martingale. We compute

Y −
∫

1

S
d[S, Y ] = Y −

∫
1

S
Sd[Y ] = Y − [Y ] = X − 1

2
[X].

In the BS model, we have Xt = σWt − 1
2
σ2t and Y = σW .

−X + 1
2
[X] = −σW + 1

2
σ2t+ 1

2
σ2t = −σW + σ2t

is a local P′-martingale. By Girsanov, Ŵt := −Wt + σt is a P′-BM. Since

S ′
t = e−σWt+

1
2
σ2t = eσŴt− 1

2
σ2t,

the dual model is the BS model itself.
In general, we write C(S,K) for the call price, and C ′(S ′, K) for the call

price in the dual model.

Proposition 10.4 (put-call duality). With similar notation for the put, we
have

1

K
C(S,K) = P ′(S ′, 1/K).

Proof.

C(S,K) = E[(ST −K)+] = E′
[ 1

ST
(ST −K)+

]
= E′[(1−KS ′

T )
+] = KE′

[( 1

K
− ST

)+]
= KP ′(S ′, 1/K).
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Under some additional assumptions, duality can be used to simplify the
prices of exotic options.

Definition 10.5. (X ′
t)0≤t≤T satisfies the dual reflection principle, if sup0≤t≤T X

′
t−

X ′
T and − inf0≤t≤T X

′
t have the same law under P′.

For BM, the dual reflection principle follows from an easy calculation
using Lemmas 5.1 and 5.2. More generally, it can be shown that it holds if
X ′ is a P′-Lévy process (Lemma 3.5 in [7]).

Proposition 10.6. Suppose that X ′ satisfies the dual reflection principle.
Then the price of a lookback call with floating strike can be expressed by a
simpler lookback option in the dual model.

Proof. Let α > 0. We have

E[(ST − α inf
t≤T

St)
+] = E′[(1− αeinft≤T Xt−XT )+]

= E′[(1− αeX
′
T−supt≤T X

′
t)+] = αE′

[( 1

α
− einft≤T X

′
t

)+]
= αE′

[( 1

α
− inf

t≤T
S ′
t

)+]
.

Definition 10.7. (X ′
t)0≤t≤T satisfies the time inversion principle, if the pro-

cesses X ′
T −X ′

(T−t)− and X ′
t have the same law under P′.

Again, this holds for Lévy processes.

Proposition 10.8. If X ′ satisfies the time inversion principle, then the price
of an Asian put with floating strike can be expressed by the price of an Asian
put with fixed price in the dual model.

Proof. We have

E
[(
ST−

1

T

∫ T

0

Stdt
)+]

= E′
[(

1− 1

T

∫ T

0

St
ST︸︷︷︸

=e
−(X′

t−X′
T
)

dt
)+]

= E′
[(

1− 1

T

∫ T

0

eX
′
T−X′

T−udu
)+]

= E′
[(

1− 1

T

∫ T

0

eX
′
udu

)+]
= E′

[(
1− 1

T

∫ T

0

S ′
udu

)+]
.

Definition 10.9. An adapted positive process S is quasi-selfdual of order α
(selfdual if α = 1), if for every non-negative Borel function f and stopping
time τ

E
[
f
(ST
Sτ

)∣∣∣Fτ

]
= E

[(ST
Sτ

)α
f
(Sτ
ST

)∣∣∣Fτ

]
.
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In particular, f ≡ 1 shows that Sα is a martingale.

Proposition 10.10. S is quasi-selfdual if and only if there is α ̸= 0 with Sα

selfdual.

Proof. Let S be quasi-selfdual. We show that Sα is selfdual. Let f be as in
the definition, and g(x) := f(xα). We have

E
[SαT
Sατ
f
(Sατ
SαT

)∣∣∣Fτ

]
= E

[(ST
Sτ

)α
g
(Sτ
ST

)∣∣∣Fτ

]
= E

[
g
(ST
Sτ

)∣∣∣Fτ

]
= E

[
f
(SαT
Sατ

)∣∣∣Fτ

]
.

Converse: consider f(x1/α).

We now consider a knock-in barrier option with barrier H ̸= S0. Define
η := sgn(H − S0) and the hitting time

τH := inf{t : ηSt ≥ ηH}.

The payoff is g(ST )1{τH≤T}.

Theorem 10.11. Let the martingale S be quasi-selfdual of order α, and
suppose that SτH = H holds on {τH ≤ T} (e.g., this holds if S is continuous).
Moreover, assume P[ST = H] = 0. Then, the knock-in barrier option can be
hedged semi-statically as follows:

(1) At time 0, buy the European claim

G(ST ) :=

(
g(ST ) +

(ST
H

)α
g
(H2

ST

))
1{ηST>ηH}

(2) If S hits the barrier, exchange the option against the claim g(ST ) (at
no cost).

Proof. If τH > T , then both options are worthless at time T . Consider
τH ≤ T . We have to show that E[g(ST )|FτH ] = E[G(ST )|FτH ]. We have

E[g(ST )|FτH ] = E[g(ST )1{ηST>ηH}|FτH ] + E[g(ST )1{ηST<ηH}|FτH ]

= E[g(ST )1{ηST>ηH}|FτH ] + E
[
g
(ST
H
H
)
1{ηST /H<η}|FτH ]

= E[g(ST )1{ηST>ηH}|FτH ] + E
[(ST

H

)α
g
(H
ST
H
)
1{ηH/ST<η}|FτH ]

= E[G(ST )|FτH ].
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Definition 10.12. Let (Mt)0≤t≤T be an adapted process. It is called sym-
metric, if

E[f(MT −Mτ )|Fτ ] = E[f(Mτ −MT )|Fτ ]

for every Borel function f ≥ 0 and stopping time 0 ≤ τ ≤ T .

If M is integrable, consider the functions f1(x) = x+, f2(x) = x−. Then
f1(x)−f2(x) = x, and E[MT−Mτ |Fτ ] = E[Mτ−MT |Fτ ] implies E[MT |Fτ ] =
Mτ . Thus, M is a martingale.

Theorem 10.13 (Tehranchi). Let Y be a continuous martingale with Y0 = 0
and such that S = E(Y ) is a martingale. Then S is selfdual if and only if Y
is symmetric.

Proposition 10.14 (symmetric stochastic volatility models). Suppose

dYt = σ(Yt, Vt)dBt

dVt = α(Yt, Vt)dt+ β(Yt, Vt)dWt

where B,W are independent BMs, σ, α, β are even functions of Y . Assume
that Y and E(Y ) are martingales with Y0 = 0. Moreover, assume uniqueness
in law. Then, S = E(Y ) is selfdual.

Proof. We have d(−Y ) = σ(−Y, V )d(−B) and dV = α(−Y, V )dt+β(−Y, V )dW .
Thus, the weak solutions (Y, V,B,W ) and (−Y, V,−B,W ) have the same
law. Therefore,

L(YT − Yτ |Fτ ) = L(Yτ − YT |Fτ ).

We conclude that Y is symmetric, and the assertion follows from Theo-
rem 10.13.

A The Snell envelope

We fix a filtered probability space satisfying the usual conditions. (The
filtration will only be needed from Lemma A.6 onwards.) The sup of an
uncountable family of random variables need not be measurable, and if it is,
it might have undesirable properties:

Example A.1. consider Lebesgue measure on [0, 1] and the family Xi = 1{i},
i ∈ [0, 1]. Then supi∈I Xi = 1, but each Xi is a.s. zero.

Theorem A.2. Let {Xi : i ∈ I} be a family of real random variables. Then
there exists a random variable X∗, called the essential supremum (ess sup) of
the family, such that
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(i) X∗
a.s.

≥ Xi for all i ∈ I,

(ii) If a random variable X̂ satisfies X̂
a.s.

≥ Xi for all i ∈ I, then X̂
a.s.

≥ X∗,

(iii) If I ⊇ J is countable, then supi∈J Xi

a.s.

≤ X∗.

Proof. By applying a strictly increasing map R → [0, 1], we may assume that
all Xi take values in [0, 1].

For I ⊇ J countable, define the random variable XJ := supi∈J Xi. We
claim that the upper bound

c := sup{E[XJ ] : J ⊆ I countable}

is attained. Indeed, take a sequence Jn with E[XJn ] → c and define the
countable set J∗ :=

⋃
n Jn. Then

E[XJn ] ≤ E[XJ∗ ] ≤ c,

and so E[XJ∗ ] = c.
Define X∗ := XJ∗ . If (i) does not hold, then there exists i ∈ I with

P[Xi > X∗] > 0. Thus, J ′ := J∗ ∪ {i} satisfies

E[XJ ′ ] > E[XJ∗ ] = c,

contradicting the definition of c.
Now let X̂ be as in (ii). Then {X̂ ≥ X∗} =

⋂
i∈J∗{X̂ ≥ Xi} has proba-

bility 1.
(iii) follows from (i), since {X∗ ≥ XJ} =

⋂
i∈J{X∗ ≥ Xi}.

Definition A.3. A family {Xi, i ∈ I} of real random variables is directed
upwards, if

∀i, j ∈ I ∃k ∈ I : Xi ∨Xj

a.s.

≤ Xk

Note that the family in Example A.1 is not directed upwards. We will
often omit “a.s.” in the following equalities and inequalities.

Lemma A.4. If {Xi} is directed upwards, then there is a sequence (ik) in I
such that Xik ≤ Xik+1

and

ess sup
i∈I

Xi = sup
k∈N

Xik = lim
k∈N

Xik .

Proof. In the proof of Theorem A.2, let (jk) be an enumeration of J∗. Let
i1 = j1, then pick i2 such that Xi2 ≥ Xi1 ∨ Xj2 , pick i3 such that Xi3 ≥
Xi2 ∨Xj3 and so on.
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Lemma A.5. Let G ⊆ F be an arbitrary sub-σ-algebra.
(a) We have

E[ess sup
i∈I

Xi|G] ≥ ess sup
i∈I

E[Xi|G].

(b) Assume that {Xi} is directed upwards. If Xi ≥ 0 for all i ∈ I, or
E[ess supi∈I |Xi|] <∞, then

E[ess sup
i∈I

Xi|G] = ess sup
i∈I

E[Xi|G].

Proof. (a) By Theorem A.2 (i), E[X∗|G] ≥ E[Xi|G], i ∈ I, and the assertion
follows from Theorem A.2 (ii).

(b) By (a), it suffices to show ≤. We have

E[X∗|G] = sup
k∈N

E[Xik |G] ≤ ess sup
i∈I

E[Xi|G],

where the equality follows Lemma A.4 and conditional monotone resp. dom-
inated convergence, and the inequality from Theorem A.2 (iii).

We write TJ for the set of stopping times with values in the interval
J ⊆ [0,∞).

Lemma A.6. Let (Zt)t≥0 be adapted, non-negative, and right-continuous,
with E[supt≥0 Zt] < ∞. For any t ≥ 0, the family {E[Zτ |Ft] : τ ∈ T[t,∞)} is
directed upwards.

Proof. Note that the integrability of the sup ensures integrability of Zτ for
any random time τ . Let τ1, τ2 ∈ T[t,∞) and define Xi := E[Zτi |Ft], i = 1, 2.
Define

τ := τ11{X1≥X2} + τ21{X1<X2}.

This is a stopping time, since for u ≥ t

{τ ≤ u} = {τ1 ≤ u}︸ ︷︷ ︸
∈Fu

∩{X1 ≥ X2}︸ ︷︷ ︸
∈Ft

∪ {τ2 ≤ u}︸ ︷︷ ︸
∈Fu

∩{X1 < X2}︸ ︷︷ ︸
∈Ft

∈ Fu.

For A ∈ Ft, we calculate

E[E[Zτ |Ft]1A] = E[Zτ1A]
= E[Zτ11A∩{X1≥X2} + Zτ21A∩{X1<X2}]

= E[E[Zτ1|Ft]︸ ︷︷ ︸
=X1

1A∩{X1≥X2} + E[Zτ2|Ft]︸ ︷︷ ︸
=X2

1A∩{X1<X2}]

= E[(X1 ∨X2)1A] ≥ E[Xi1A]

= E[E[Zτi |Ft]1A], i = 1, 2.

This shows that E[Zτ |Ft] ≥ Xi for i = 1, 2.
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We now define the Snell envelope of the process Z.

Theorem A.7. Let Z be as in Lemma A.6.
(a) The process

Ut := ess sup
τ∈T[t,∞)

E[Zτ |Ft]

is a supermartingale.
(b) E[Ut] = ess supτ∈T[t,∞)

E[Zτ ]
(c) Under the usual conditions (which we assume), U has a right-continuous

modification. This is the Snell envelope of Z.

Proof. (a) For 0 ≤ s ≤ t, we have

E[Ut|Fs] = E[ess sup
τ∈T[t,∞)

E[Zτ |Ft]|Fs]

= ess sup
τ∈T[t,∞)

E[E[Zτ |Ft]|Fs]

≤ ess sup
τ∈T[s,∞)

E[Zτ |Fs] = Us.

The second equality follows from Lemma A.5 (b), and the inequality from
T[t,∞) ⊆ T[s,∞).

(b) Use Lemma A.5 (b).
(c) It suffices to show that t 7→ E[Ut] is right continuous (see Section I.2

in [10]). Let t ≥ 0 and tn ↓ t. Since E[Utn ] = E[E[Utn|Ft]] ≤ E[Ut] by (a), we
have lim supE[Utn ] ≤ E[Ut]. For the converse inequality, let τ ∈ T[t,∞) and
τn := τ ∨ tn. Then Zτ = limn→∞ Zτn . Indeed, on {τ > t} we have Zτn = Zτ
for large n, and on {τ = t} we have τn = tn and can use the right continuity
of Z. By Fatou’s lemma and Theorem A.2 (iii),

E[Zτ ] ≤ lim inf
n→∞

E[Zτn ] ≤ lim inf
n→∞

ess sup
τ̂∈T[tn,∞)

E[Zτ̂ ]
(b)
= lim inf

n→∞
E[Utn ].

As this holds for all τ ∈ T[t,∞), part (b) implies that E[Ut] ≤ lim inf E[Utn ].

Theorem A.8. Let T > 0 and (Zt)t∈[0,T ] be adapted, non-negative, and
right-continuous, with E[supt Zt] < ∞. Then the Snell envelope of Z is the
smallest right continuous supermartingale dominating Z.

Proof. By definition, U dominates Z. Let V be a right continuous super-

martingale such that Vt
a.s.

≥ Zt for t ≥ 0. By right continuity, we have a.s. for
all t ≥ 0 Vt ≥ Zt. By the optional sampling theorem, for t ≥ 0,

Ut = ess sup
τ∈T[t,T ]

E[ Zτ︸︷︷︸
≤Vτ

|Ft] ≤ Vt.
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