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The collective model of risk theory

Task: Calculate (fast and in a numerically stable way if possible)
the distribution of the random sum

N
S=> X,
n=1

where
@ {X,}nen is a sequence of Np-valued i.i.d. random variables,

e N is an Np-valued random variable independent of {X,}pen.

Applications:
@ N insurance claims with sizes X1, X, ...
o N credit losses, X, equals the loss given default minus recovery

@ N operational losses with sizes X1, X, ...
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The simple-minded solution

Start with S1 := X; and calculate the distribution of
Sk =Xg+ -+ X = Sp_1 + Xk for k > 2

recursively by convolution (due to independence of Sx_; and Xk)
= P(Sk-1=n—j)P(Xc=j), neN.

For the distribution of S = S"N_, X = Sy, due to independence
of N and {Sk}ken, just sum up

—n)_ZIP k)P(Sx =n), neNp.

This is numerically stable but very time consuming.
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More sophisticated approaches

e Approximations based on clever use of limit theorems
(cf. textbooks on risk theory).

e Fast Fourier Transform (FFT): Can be problematic for
heavy-tailed distributions (see later).

o FFT with exponential tilting: Critical choice of tilting
parameter, numerical instabilities are possible (see later).

| will concentrate on:

@ Recursive methods, in particular variants and extensions
involving Panjer’s recursion.
— Requires restrictions on the distribution of claim number N.
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Panjer class distributions (for claim number )

Definition

A probability distribution {gn}nen, is in the Panjer(a, b, k) class
with a,beRand keNgifggo=¢g1=---=qgk_1 =0 and

q,,z(a%-g)q,,,l for all n € N with n > k + 1.

Note: Same distribution on both sides, see later ...

Determination of all distributions:
e k =0: Sundt and Jewell (1981)
e k=1: Willmot (1988)
@ General k € Ny: Hess, Liewald and Schmidt (2002)
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Basic Panjer class distributions

e Bin(m, p) € Panjer(, m—“p, 0) with me N and p € [0,1)

@ Poisson(\) € Panjer(0, A\,0) with A >0

e NegBin(a, p) € Panjer(g, (o« — 1)g,0) with & > 0 and p € (0,1)
e Log(q) € Panjer(q, q,1) with g € (0,1) and

dn = mfora”neN
o Extended logarithmic distribution: Given k € N\ {1} and
q € (0,1], define gop =--- = gx—1 =0 and

n 1 n

a0 = L"l for n> k.
Sk (1)

ExtLog(k, q) is in Panjer(q, —kq, k), has heavy tails for g = 1.

Closed-form expression for the series is available in our paper.
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Basic Panjer class distributions (cont.)

@ Extended Negative Binomial Distribution: For k € N,
a € (—k,—k+1)and p€[0,1) define g =1— p,
Go="---=qk—1 =0 and

Gn = ) T :
P =5 (e
ExtNegBin(a, k, p) is in Panjer(q, (o« — 1)q, k). It has heavy
tails for g = 1, which is good for reinsurance companies.
Theorem (Hess, Liewald and Schmidt, 2002)
Let Q = {qn}nen, be non-degenerate. Then are equivalent:
e Q is in Panjer(a, b, k).
@ Q is the k-truncation of a basic Panjer(a, b, k') distribution

Q' ={q)}nen, with k' < k andc:=>"", q, >0, ie,
gn=0forne{0,1,...,k — 1} and q, = q),/c for all n > k.

for n > k.
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(Extended) Panjer recursion

Theorem (Panjer, 1981; Hess, Liewald and Schmidt, 2002)

Assume that the probability distribution {qn}nen, of N belongs to
the Panjer(a, b, k) class and alP(X; = 0) # 1. Then the
distribution {pn}nen, of S = X1 + - - + Xy can be calculated by

where on(s) = ) ,cn, GnS" Is the probability generating function
of N, and the recursion formula

\_/

Pn = 1—3M1X1) (P(Sk =n Qk+z (a + bj ) P(X1 —J)Pn—J

Jj=1 \\"/ same
>07? dist.

for all n € N, where S := X1 + - -+ + Xk.
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Historical comment on Panjer’s recursion

For o € R and a power series f(s) = Y 32 5 axks* with ag # 0, the
coefficients {b, } nen, of the power series f~%(s) satisfy the
recursion

n

bn=-—> ((1—a)k—n)agbyr, neN.

Gould (1974) has traced this remarkable, often rediscovered
recurrence back to Euler (1748). Using the probability generating
functions of the binomial, negative binomial, and extended
negative binomial claim number distributions and ps = ¢n 0 px,,
the above formula applied to f(s) =1 — gpx,(s) gives the
corresponding Panjer recursions.

Panjer (1981) introduced the recursion to actuarial science.
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Numerical stability of Panjer's recursion

Panjer’s recursion is certainly numerically stable when
bj .
at 2 >0 forallje{l,...,n}.
n

This is the case when a > 0 and b > —a, hence for
@ Poisson distribution,
@ Negative binomial distribution,
@ Logarithmic distribution,
@ Trancations of the above.

It is potentially unstable for

@ Binomial distribution,

Extended negative binomial distribution,

o Extended logarithmic distribution.
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Example for numerical instability due to cancellation

Take N ~ ExtNegBin(a, k, p) with k € N, ¢, p € (0,1) and
o = —k + . Consider the loss distribution
P(X; =1)=P(Xy =1/)=1/2 with / > 3. Then

k(I —1)4+¢ck s qx Qi+1—
prys = g = L) ( - 1)

k+ 1 \QktT T Tkt
k(l—1)—el qx
k+1  2k+1°

With e =1/10000, k =1, /=5, p=1/10:
ps = 0.1499926 — 0.1499701 = 0.0000225 .
Panjer’s recursion with five significant digits gives

pe = 0.0000400.. ..
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Panjer’s recursion complemented by weighted convolution

Theorem (Gerhold, S., Warnung, 2010)

Fix | € N, consider N ~ {qn}nen, and N; ~ {Gi n}nen, such that
6;70 == ai7k+/,,',1 =0 foralli € {1, 0004 /} and one k € Ny.
Assume that there exist a1, ..., ay, b1,..., b, € R such that

/
b.
o= i+ = )Gini forn>k+1.
q ;(a + n)q7 orn +
NDefine S=Xi+--+ Xy~ {pn}nen, and
5(,) =X1+--- +XN,- ~ {/3,'7,,},761\;0 for i € {1, 50 .,/}.
Then po = on(P(X1 = 0)) and, for n € N,

k+1-1 I .0 i
b,'j o
j= T
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Example: Combination of truncated distributions

Lemma (Gerhold, S., Warnung, 2010)

Fix k € Ng, | € N. For all i € {1,...,1} assume that «; > 0,
Bi > —ia (at least one #) and that the No-valued N; satisfies
IP’(N,- < k+1—1i)=0. Consider qq,...,qk+i—1 > 0 with

qo + -+ gkyi—1 < 1. Define

n_cz<a, ) N—n—i) forn >k + I,

(1—“”%)/ 3o+ el ]

Then {qn}nen, is a probability distribution satisfying the recursion
condition of the theorem with a; = ca;; and b; = c[3; and the
calculation of {pp}nen, is numerically stable.
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Weighted convolution for extended logarithmic dist.

Corollary

Let k € N and g € (0,1). Let N ~ ExtLog(k + 1, q) and
N ~ ExtLog(k, q), where ExtLog(1, q) means Log(q).
Define S = X1 + -+ + Xy and § = Xy + -+ + X,
Then, with an explicit by > 0,
P(S =n) = ﬁzn:ﬂp(xl =)P(S=n-j), neN.
n

Algorithm (for ExtLog(k, g), numerically stable, g # 1)

@ Panjer’s recursion for N ~ Log(q)

e k — 1 weighted convolutions: Log(q) — ExtLog(2,q) — ---
— ExtLog(k — 1, q) — ExtLog(k, q)
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Numerically stable algorithm for ExtLog(2, g) with g =1

Lemma (Gerhold, S., Warnung, 2010)
Let N ~ ExtLog(2,1). For S = X1 + --- + Xy we have

P(S =0) =P(X; =0) +P(X; > 1) log P(X; > 1)
with 0log0 := 0 and, in the case P(X; > 1) >0,
P(S = n) = 1zn:ﬂ@(xl — )o_;, nEN,
n <~
where rg = — logIP(X1 > 1) and, recursively for n € N,

n—1
1 1 . .
= P(xlzn@(xl =)+ nJZ_lf“”(Xl =" JM)-
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Weighted convolution for extended negative binomial dist.

Corollary

Let k € No, a € (—k,—k +1) and p € (0,1). Let

N ~ ExtNegBin(a — 1,k + 1, p) and N ~ ExtNegBin(«, k, p),
where ExtNegBin(«, 0, p) := NegBin(a, p). Let S = X1+ -+ Xy
and S =Xy +---+ Xj- Then, with an explicit by > 0,

P(S=n)=—> jPX1=/)P(5=n-j), neN

Algorithm (for ExtNegBin(«, k, p), numerically stable, p # 0)

@ Panjer recursion for N ~ NegBin(« + k, p)

@ k weighted convolutions:
NegBin(« + k, p) — ExtNegBin(aw +k—1,1,p) = --- —
ExtNegBin(a+ 1,k — 1, p) — ExtNegBin(a, k, p)
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Numerically stable algorithm for ExtNegBin(a — 1,1, 0)

Lemma (Gerhold, S., Warnung, 2010)

Let N ~ ExtNegBin(a —1,1,0) with o € (0,1).
For S = X1 +--- + Xy we have

P(S=0)=1— (P(X; > 1)) “

and in the non-trivial case P(X; > 1) >0

N IR =), neEN,
j=1

P(S=n)=

n
where ro = (P(X1 > 1))~ and, recursively for n € N,
n

B 1 n—j+aj .
rn = P(Xl > 1) Z P(Xl —J)rnfj‘

Jj=1
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Application: Poisson—tempered-a-stable mixtures

Definition (7-tempered a-stable distribution Fy 5 ;)

For index a € (0, 1), scale o > 0 and tempering 7 > 0 define
Foor(y) =Ele™ 1iy<)l/Ele™], yeR.

where Y is a-stable on [0, c0) with Laplace transform
Elexp(—sY)] = exp(—7a,05“) for s > 0, where v, =

cos((:wr /2)"

Theorem (Gerhold, S., Warnung, 2010)

Let A ~ Fy . and L(N|A) 2 Poisson(A\) with A > 0. Then

NZ N+ + Ny

with independent M ~ Poisson(Ya,o((A + 7)* — 7%)) and

Np, ~ ExtNegBin(—a, 1, )\%FT) for m € N.
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Application: Poisson—tempered a-stable mixtures (cont.)

Let A ~ Fo . and L(N|A) % Poisson(A) with A > 0. Then the
stochastic representation N 4 Ni+---+ Ny leads to

N Ni+--4N; M N
d
S=>_ %< Z > X=X X
j=1 i=1 j=Ny -+ N +1 i=1 j=1

where {X; j}ijen are i.i.d. with X ; 4 Xi.

Algorithm (numerically stable, 7 # 0)

@ Panjer recursion for N ~ NegBin(l — a, ﬁ)
o Weighted convolution: Ny ~ ExtNegBin(—a, 1, 1)
@ Panjer recursion for M ~ Poisson(ya,o((A 4+ 7)* — 7%))

If 7 =0, use the special algorithm for N; ~ ExtNegBin(—a, 1,0).
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Examples for 7-tempered %—stable distributions

Definition (Lévy distribution with scale parameter o > 0)

A denSity of F1/270.70 is

flévy,o(X) = (L)l/z exp(—%), x > 0.

27 x3

Definition (inverse Gaussian distribution, parameters u, & > 0)

Define 0 = p?/52 and 7 = 1/(252). A density of Fi/2,0,7 is

AV
ﬁG,,u,c"r(X) = MeXp<—(XM)>, x > 0.

262x

V2m52x3
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Additional examples of probability distributions
for the Poisson mixture we can handle

o Generalized 7-tempered a-stable distributions
(one additional parameter m € Np)

@ Inverse gamma distribution
(with half-integer shape parameter)

@ Generalized inverse Gaussian distribution
(with additional half-integer parameter m + )
With an additional convolution:

@ Reciprocal generalized inverse Gaussian distribution
(with additional half-integer parameter m + 3)
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Definition of a generalized gamma convolution

These distributions arise as the weak limit of sums of independent
gamma distributed random variables.

Definition (cf. Bondesson 1992, Lecture Notes in Statistics)

An (a, U)-generalized gamma convolution (g.g.c.) is a probability
distribution F on Ry = [0, 00) with moment generating function

M(s) = /0°° 5 ) — (as + /(O’oo) In<t ‘ S> U(dt)),

for s <0, where a> 0 and U is a locally finite non-negative
measure on (0, c0) satisfying

/ lIn £ U(dt) < oo, / L y(dt) < .
(0,1] (1,00) t
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Examples of generalized gamma convolutions

o Consider a finite sum Y = a+ 3 7, Yj with a > 0 of

independent random variables Wlth Y ~ Gamma(oy, §;),
Jj€A{1,...,n}. Then

sY] __ _as ‘ B aj_ B
Ele’"] =e E(ﬂjis> exp<as+ZaJIn<ﬂJ ) ))

for s <min{p1,...,B,}, hence U =3"7_; a;dg,.
@ Pareto distribution, 7-tempered a-stable distribution,
lognormal distribution, inverse Gaussian distribution, etc.
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A closure theorem

This theorem is useful for the construction of an approximation.

Theorem (cf. Bondesson 1992, Thorin 1977)

Let {F,}nen be a sequence of (a,, Up)-generalized gamma
convolutions and F a probability distribution. Then {F,}pen
converges weakly to F as n — oo and F is an (a, U)-generalized
gamma convolution if and only if

Q@ U, — U vaguely on (0,00) as n — oo,
Q a=Ilimaoolimp_oo (a,, + f(A,oo) % U,,(dt)),
Q limplimsup, . f(o ¢ lIn't[ Un(dt) = 0.
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Approximation by finite gamma convolutions

Proposition

For every (a, U)-generalized gamma convolution F with N ~ F
there exists a weakly convergent sequence {A\n}nen ~ {Fn}nen of
(a, Un)-generalized gamma convolutions with

Un = Z O[’(n)éﬁ(n) 5
i=1 !

which converges vaguely to U as n — oo. Then
Fn = 62 Gamma (agn), 61")) % -+ % Gamma (ozg,"), ’(7n))_
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Representation and convergence of Poisson mixtures

Lemma (Rudolph & S.)

Fix A > 0. Let A\ and A\, as in the Proposition. For each n € N let

a

N, be a random variable such that L(N,|A,) = Poisson(\,) and

My =P+ > R,
j=1

where P ~ Poisson(a) and

(nm o (n) 1 -
RJ- NegBm(aj , 1+/\/[3f"))’ Jje{1,....n},

are independent. Then M, 4 N, for all n € N and {Np} nen
converges weakly to some random variable N satisfying

L(N|A) Z Poisson(AA) .
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Total variation distance for Poisson—g.g.c. mixtures (I)

© )\ > 0 and A denotes an (a, U)-g.g.c. and V a (b, V)-g.g.c.,

(dt
(2} f(OT] t+/\) _f(OT] t+>\) for all T > 0,
© the random variables N and M satisfy

L(N|A) £ Poisson(A\) and  L(M|W) £ Poisson(AV),

Q {Xi}ien is a sequence of i.i.d. non-negative random variables
independent of N and M,

@S =N XandT ="V X.

Assumption 2 is satisfied if U((0, T]) > V/((0, T]) for all T > 0.
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Total variation distance for Poisson—g.g.c. mixtures (1)

Theorem (Rudolph & S.)
Let the assumption be satisfied. Then the total variation distance
is
—v  Mav — by
p=v Al W !’

drL(S), £(T)) < 5 iy

' — v+

w\w

where

u:/@@)m(“ﬁ) U(dt), V:/(o,oo)ln<t+tA> V(dt),

w =p+a\and vV = v+ bA.

If a= b =0, then drv(L(S),L(T)) < 2(u — v).
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Sketch of the proof

o drv(L(S),L(T)) < drv(L(M), L(N)), see Lemma 3.1 in
Chaudhuri and Vellaisamy (1996).

@ Representation as compound Poisson distributions:
Let M ~ CPoi(v/, H) and N ~ CPoi(y/, F).

e Applying Corollary 3.2 in Chaudhuri and Vellaisamy (1996)
gives

drv(L(M), L(N)) < min{|\/p = VV'|, |4 = V']}
+ min{y/, v }drv(F, H).

@ Determine the distributions F and H using the moment
generating function of A and W, respectively.
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Approximation quality by finite gamma convolutions

Lemma (Rudolph & S.)
@ For A > 0, n € N and U denotes the measure of a g.g.c.

© 0=p0 <p1 < < Bnwith atoms U({f1}),..., U({Bn})
° i =[5 5y TR U(dt) forie{L,...,n}

o V=31 (i + U({Bi}))d5,
o vim [ m(E) Vi)

the previous theorem is applicable and

n

ocrre ([ 5 ()

i=1

+/ |n<t“> U(dt).
(Bn,00) ¢
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Algorithm for computing the approximation (I)

For € > 0 choose 1, ..., 8, such that © — v < ¢ and use the
algorithm given in Gerhold, S. and Warnung (2010):

o My=P+X" 1 R, where R; ~ NegBin(a,-, ﬁ)
R = Z}Zl L;j where P; ~ Poisson(a;In(1+ X\/3;)) and
Li; Log( B ) are Panjer class distributions.

1+/\/6
° Sp=n X = Z, 1X+Z,1Zk1 Xik, and X; = X/k
_ l,1+ +L171 i Ll,l
° Let 5’)./ - k:L,"1+~"+L,'J,1+1 X’vk - k=1 Xlzk

e Compute £(S; 1) for i € {1,..., n} by numerically stable
Panjer recursions.
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Algorithm for computing the approximation (Il)

The probability generating function of

n—ZX+ZZSu
i=1 j=1
is

Gs, (2) = exp(a(Gx, (2) — 1)) [T exp (i In(1 + /87) (Gs,,(2) - 1))
i=1
=exp((a+v)(G(z) — 1)), |z] <1,
with v = Y7 1 a;In(1 + A\/B;) and convex combination

j_ ” Gx,(z) + Z Qi T AP In(L+A/5) GS/,l(Z)-

a 14
i=1 T

G(z) :=

Gs,, for i € {1,...,n} were computed previously. Conduct another
numerically stable Panjer recursion for CPoi(a + v, Fg).
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Comparison of distributions obtained by FFT with
exponential tilting and iterated Panjer recursion

Probabilities .
r Panjer
0.010/ * FFT Tilted

0.005- - it

0.000
I 200 300 400 500

Figure : Approximations of S = X; + - - - + Xy, where X; ~ Poisson(30)
and L(N|A) % Poisson(20A) with A ~ Pareto(0.5,2.5) and £ = 0.01.
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Generalized gamma convolutions
Poisson mixtures with generalized gamma convolutions Error bounds and approximation
Examples

Comparison of FFT and iterated Panjer recursion

-3
1
3x 0
— Panjer exact
25 - — Panjer approx
e FFT
2r J/ B
3 p
= Y
S 157 J/ N .
8 y
o 1l // i
/
/
0.5r b
0 L L L L L
0 100 200 300 400 500 600

Number of Atoms

Figure : Approximations of the distribution of S = X; + - - - + Xy, where
X1 ~ Poisson(10) and £(N|A) % Poisson(30A) with A ~ Fy4502 and
€ =0.1. Here F, , . denotes a T-tempered a-stable distribution.
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Several dependent collective risk models

New task: Calculate (in a fast and numerically stable way if
possible) the distribution of the sum of random sums

Ny Nim
S—ZX1J+"'+ZXm,j
Jj=1 Jj=1

where

o the losses {Xi}jen with i € {1,..., m} are independent
sequences of Np-valued i.i.d. random variables,

@ (Ni,...,Npy) is an Nf'-valued random vector, independent of
all individual losses but with possibly dependent components.
Remark: Independence is lost, no convolutions of random sums.

Question: Which multivariate distributions for the claim numbers
(Ni,...,Np) can we handle with recursive methods?
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Random scenarios of linear dependence

o Let Aj,...,Ax €[0,00)™*" be matrices with non-negative
entries describing dependence scenarios.

@ Let J be a random variable selecting one of the k scenarios.

@ Let Ry,..., R, be independent and non-negative random
variables (risk factors), independent of J.

@ Define random Poisson intensities by
(AL,...,Am) = Ay(Ry,...,Ry)".

o Let N=(Ny,...,Np) be a random vector with conditionally
independent components given Ay, ..., Ay such that

L(N; AL, ..., Am) 2 L(N;|A}) 2 Poisson(AiA;),

where \; > 0 for each i € {1,..., m}.
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Equivalent stochastic representation of claim numbers

Theorem (Rudolph & S.)

Let {E{7 1 }hen for each scenario j € {1,..., k} and risk

I €{1,...,n} be independent sequences of i.i.d. random vectors,
/ndependent of all other random variables, where

Ei, ~ Multinomial (1; X; af i =1, ,m) with

R = D )\da{“ > 0. Define the NO —va/ued random vector

M = Z Li=p Z Z Eh Is

I=1 h=1

where [,( lii|d, R, ..., R ) = L’(IWJ-,/|R/) = Poisson(\; /Ry) for
j€{l,....k} and | € {1,...,n} are conditionally independent
given J,Ry, ..., R,. Then M and N have the same distribution.
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Application to recursive algorithms

@ Rewrite the random sum using the equivalent representation
to restore independence via scenarios and risk factors:

l

5= ZZ i *Zl{J J}szfw/?

i=1 j=1 I=1 h=1

where {Xh,j,/}hEN are independent sequences of i.i.d. random
. d
variables such that Xy, = >, E X, 1

e For the random sums, if £(I\/I /) permits, recursive methods
are applicable,! see the previous sections.

o If every £(I\7Ij’,) is a compond Poisson distribution, then the
n — 1 convolutions might be replaced by a convex
combination and one Panjer recursion.

LFFT and FFT with tilting can also be applied.
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