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1 Introduction

Credit risk models can be roughly divided into three classes:
e Actuarial models,
e Structural or asset value models,
e Reduced form or intensity-based models.

These lecture notes concentrate on actuarial models, starting from Bernoulli mod-
els and — justified by the Poisson approximation — progressing to Poisson models
for credit risks. Considerable effort is made to discuss extensions of CreditRisk™,
which are also extensions of the collective model used in actuarial science. The
presented algorithm for the calculation of the portfolio loss distribution, based
on variations of Panjer’s recursion, offers a flexible tool to aggregate risks and to
determine popular values to quantify risk, like value-at-risk or expected shortfall.
The algorithm is recursive and numerically stable, avoiding Monte Carlo methods
completely.

2 Bernoulli Models for Credit Defaults

Parts of Sections 2 and 3 are inspired by the corresponding presentation in Bluhm,
Overbeck and Wagner [9].

2.1 Notation and Basic Bernoulli Model

First of all we have to introduce some notation: Let m be the number of
individual obligors/counterparties/credit risks and (i, ..., Np,) be a random
vector of Bernoulli' default indicators, i.e. binary values

o {1 if obligor i defaults (within one period),

0 otherwise,
giving the number of defaults. Furthermore, let
pi =P[N; =1] € [0,1] (2.1)

denote the probability of default? of obligor i € {1,...,m} within a specified
time frame, typically one year, and

N:=>"N; (2.2)

! Named after Jacob Bernoulli (also known as James or Jacques, 1655-1705 according to the
Gregorian calendar). His main work, the Ars conjectandi, was published in 1713, eight years
after his death, by his nephew, Nicolaus Bernoulli.

2 Determining reliable values for p1,...,pm in practice can be a challenging task.
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be the random variable representing the total number of defaults. Obviously
and, using N? = N;

Var(N;) = E[NZ] — (B[N %) pi(1 = pi). (2.4)

The expected number of defaults (within one period) is given by

(2:3)
EN] =Y E[N] =Y pi. (2.5)
i=1 i=1
If Ny,..., Ny, are uncorrelated, meaning that

Cov(N;, Ny) = E[(N; — EIN])(N; — E[N,])] =0

for all 4,j € {1,...,m} with ¢ # j, then the variance of N is
m (2.4) m
Var(N) = > Var(N;) =) pi(1 — py); (2.6)
i=1 i=1

see (2.19) and Exercise 2.4 for a more general formula.
The probability of exactly n € {0,...,m} defaults is the sum over the prob-
abilities of all possible subsets of n obligors defaulting during the period, i.e.

PIN=n]= > P[N;=1foricl,Ny=0foriec{l,....m}\I]. (27)

IC{1,...,m}
|[I|l=n
Moreover, if the N1, ..., N, are independent (which is a strong assumption), then
v=n= > (II») I a-m (2.9
IC{1,...m} ‘i€l 1€{1,...mN\I
[I|=n

For n = 100 defaults in a portfolio of m = 1000 obligors, assuming pairwise
different p1,..., pm, this gives in general

1000
~ 6.4 x 1013
(100) 0.4 > 10

terms, which is impossible to calculate explicitly using a computer. This illus-
trates the need for simplifying assumptions, suitable approximations,® and more
sophisticated algorithms.*

In the special case of equal default probabilities for all obligors, i.e.

p1L =" =Ppm =D,

3 See e.g. Theorem 3.23 below.
1 See e.g. Exercise 5.4, Theorem 5.16.



the distribution in (2.8) simplifies to

m

IP’[N_n]_( >p"(1_p)m-n, nef0,...,m}, (2.9)

n

which is the binomial distribution® Bin(m,p) for m € Ny independent trials
with success probability p € [0,1]. In Section 2.3 and in the context of uniform
portfolios, we will encounter the case of equal default probabilities again.

In practice, Ny,..., N, are typically dependent on each other!

Exercise 2.1 (Factorial moments of the binomial distributions). Show for N ~
Bin(m,p) with m € N and p € [0, 1] (and the convention 0" := 1) that

-1 -1
E[H(N—k)} =p' [[(m-k), 1eN,. (2.10)

k=0 k=0

2.2 General Bernoulli Mixture Model

In the introduction above, all the default probabilities were constant numbers.
Taking the step to the general Bernoulli mixture model, we will introduce random
probabilities of default. This generalization is natural, as the default probabilities
affecting the obligors in the coming period are not precisely known today. The
uncertainty is expressed by introducing a distribution for them as follows.

Let Pi,..., P, be [0,1]-valued random variables with a joint distribution
function F' on [0, 1]™. We will denote this fact by writing (Py, ..., Py) ~ F.

2.2.1 Assumptions on the Random Default Probabilities

At this point no specific distribution is assumed for F. Only some general
assumptions are made. The first, and a quite natural one, is that P; completely
describes the conditional default probability of obligor i € {1,...,m}, i.e.

P[N; = 1|Py,...,Pn] 2 P[N; = 1|P] = P,. (2.11)

The second assumption states that the random default numbers Ny, ..., Ny,
are conditionally independent given (Py,..., Py). In other words: If the default
probabilities are known, then the individual defaults are independent. Formally,
for all ny,...,n, € {0,1}, the joint conditional probabilities satisfy

PNy =n4,...,Np =nn|P1, ..., Py = || PIN; = ng | Py, ..., P

—

@
I
—

(2.12)

—

N
Il
s

=1[pra-p)tm,

(2

® The name refers to the binomial theorem, which can be used to show that the terms in (2.9)
add up to one.
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where we used (2.11), the convention 0" := 1 and

F)i if?’Lz'Zl,

Pl —F)' = {1 P ifn; =0
1 T T )

for the last equation in (2.12). Note that, for every i € {1,...,m},

Y opru-p)l =1 (2.13)
n;€{0,1}

In the unconditional case, the joint distribution is obtained by integration
of (2.12) over all possible values of (P, ..., P,,) with respect to the distribution
function F, or formally

m

P[Nl :nl,...,Nm :nm] :E|:H‘sz(1_‘Pl)1m:|

=t (2.14)
:/ sz“(l—pi)l_”i F(dpi,...,dpm).
[0,1]™ ;4
If I C {1,...,m} is any subset of obligors, then iterative summation over all
n; € {0,1} with ¢ € {1,...,m} \ I using (2.13) implies that
P[N; = n; for all i € ] :E[Hpi"i(l —Pi)l_”i]. (2.15)

iel

Exercise 2.2 (Conditional expectation involving independent random variables).
Let (£2,.A,P) be a probability space, B C A a sub-o-algebra, (51,S1) and (S2,Ss)
measurable spaces, X: 2 — S7 and Y: Q — S5 random variables, and F: S7 X
So — R an & ® Se-measurable function, which is bounded or non-negative.
Suppose that X is B-measurable and Y is independent of B. Prove that

E[F(X,Y)|B] % H(X), (2.16)
where H(z) = E[F(z,Y)] for all z € ;.
Hint: Show that the set
F ={F:51xS2 — R | F is bounded and S; ® Sa-measurable satisfying (2.16) }

contains all F' of the form F(z,y) = 14(x)1p(y) with A € §; and B € Sz. Show
that the monotone class theorem is applicable.

Remark: In the case B = o(X), this exercise can be used to illustrate the
Doob—Dynkin lemma, because H is explicitly determined here.

Exercise 2.3 (Explicit construction of the general Bernoulli mixture model).
Consider a [0,1]™-valued random vector (Pi,...,P,) and let Uy,...,U,, be


https://en.wikipedia.org/wiki/Doob-Dynkin_lemma

independent random variables, uniformly distributed on [0, 1], and independent
of (P1,...,Py). Define, for every obligor i € {1,...,m},
1 ifU; <P,

N; =1y p1(U;) =
0.7 (U%) {0 if U; > P,
Use Exercise 2.2 to show that Ny, ..., N, satisfy (2.11) and (2.12).

Hint: For (2.12) with n = (n1,...,ny,) apply Exercise 2.2 with

H,(p1,...,pm) = IP’[]l[O,pi](Ui) =n; fori € {1,... ,m}}.

2.2.2 Number of Default Events, Expected Value and Variance

With the assumptions (2.11) and (2.12) above, it is possible to deduce the
expectation and the variance of the total number of default events from the
respective properties of the individual random default probabilities. For every
obligor i € {1,...,m},

(2.11)

E[N;] = P[N; = 1] = E[P[N; = 1| Py,..., Py]] E[P], (2.17)

where we also used a defining property of conditional expectation, or more directly
by (2.15) with I = {i} and n; = 1. Using (2.2), we obtain for the expected
number of defaults, cf. (2.5),

IE[N]:ZE[M] = ZE[PZ-]. (2.18)

For the variance, first note that by the general formula for sums of square-
integrable random variables (see Exercise 2.4 below),

Var(N) =) Var(N;) + > Cov(N;, Nj). (2.19)
i=1 i,j=1
1#]

Using N? = N; for {0, 1}-valued random variables, we obtain in a similar way as
n (2.4) for the variance

Var(IV) = E[V?] - (E[N])? = E[Ni] - (EIN)? "=” E[R] (1~ E[R])) (220)
for every i € {1,...,m}. Next we compute the covariance. From (2.15) we get
fori# jin {1,...,m}

E[N;N;] = P[N; = 1, N; = 1] = E[P,P}], (2.21)

hence with (2.17)

Cov(N;, Nj) = E[N;N;] — E[N;] E[N/]
— E[P,P;] — E[P,] E[Pj] (2.22)
= COV(.PZ', P]) .

9



Equations (2.19), (2.20) and (2.22) together yield the variance

Var(N) = iﬂam]u —E[P)) + i Cov(P;, P;). (2.23)
i=1 ij=1

i#]
Exercise 2.4. Prove (2.19) for real-valued square-integrable random variables
Ny, ..., Ny. You may use the first equality in (2.22) as definition.

2.3 Uniform Bernoulli Mixture Model

A uniform Bernoulli mixture model is defined as a special case of the general
Bernoulli mixture model, where the default probabilities of all obligors are equal
(but possibly random), i.e.

Pp=Py=---=P, =P,

where P is a [0, 1]-valued random variable, whose distribution function we denote
by F. The mixing random variable P can be viewed as a macroeconomic variable
driving the default probabilities.

Then, for ni,...,n, € {0,1} and n := n; + --- + n,, denoting the total
number of defaults, it follows from (2.14) that

1
PNy =n1,..., Ny = | = /0 p"(1—p)™ " F(dp). (2.24)

Given that the identity of the defaulting obligors is unknown (as in the case
above), the probability for n € {0,...,m} defaults is given by

P[N =n] = E[P[N = n|P]]

_ E[(TS) P(1— P)m—"] .

~
binomial distribution

= (1) [,

where (7;) is the usual binomial coefficient describing the number of m-tuples
(n1,...,nm) € {0,1}™ with sum n, see (2.9).
In the case of such a uniform portfolio, the expectation in (2.18) reduces to

E[N] = mE[P] (2.26)

and the variance of the total number of defaults can be computed using (2.23).
For i # j in {1,...,m} we have Cov(FP;, P;) = Var(P) > 0 and therefore

Var(N) = mE[P](1 — E[P]) + m(m — 1) Var(P). (2.27)

Hence, the variance of N is composed of the binomial component m E[P](1—E[P])
with success probability E[P] and a non-negative additional variance term arising

10



from the uncertainty of P. In essence, using the uniform Bernoulli mixture model
can only increase the variance of the total number of defaults.

More generally, the factorial moments can be calculated using (2.10) from
Exercise 2.1, because for every [ € Ny by conditioning

E[lﬂl(N—k)} ZE{E[ﬁ(N—k)’P” 1 Py ﬁ(m—k). (2.28)

A special case of the uniform Bernoulli mixture model is given by the extreme
assumption that P is itself a Bernoulli random variable. Then, either no or all
obligors default.

2.3.1 Beta-Binomial Mixture Model

Let us consider a more interesting class of distributions on the unit interval [0, 1].
Recall that the gamma function is defined® by

o0
MNa) = / e le ™ da, a>0. (2.29)
0
By partial integration,
al(a)=T(a+1), a>0, (2.30)

which is the functional equation of the gamma function. Iterated application of
(2.30) yields

|
—

INa+n)=T(a) ] (o +1), a>0,n € Ny. (2.31)

7

Since I'(1) = 1 by (2.29), the case a = 1 shows that I'(n 4+ 1) = n! for all n € Ny.

Il
o

Exercise 2.5 (Multivariate beta function). For integer dimension d > 2 define
the open standard orthogonal (d — 1)-dimensional simplex (also called lower
simplex in the open unit cube) by

Ag1={(x1,...,24-1) € (0, |2y + -+ 241 <1} (2.32)

Show by direct calculation for the multivariate beta function” that

d—1
B(ag,...,aq) = / < xf"'_1>(1 —xy = —xg )% (. )
Ad-1 \ 1

H?—lr(ai)
= = , gy ...,0q >0,
T(ar+ -+ ag) ' I

(2.33)

5 The gamma function is actually a meromorphic function on the complex plane C with poles
at 0 and the negative integers, but this will not be used in the following.
" The proof of Lemma 4.35 below contains a probabilistic argument for the case d = 2.

11
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which in the case d = 2 simplifies to

! L(a)T(8)
B(a, B ::/ 2711 = 2)f e = L0 a,B>0. 2.34
(o, B) ; (1—=) T(a+3) (2.34)
Using a particular choice of a,..., a4, conclude that the (d — 1)-dimensional

volume of Ay_q is 1/(d — 1)L
Hint: Write down Hle I'(c;) and use a d-dimensional integral substitution with
(x1,...,x4-1,1 — a1 — -+ —xg9-1)2 Where (x1,...,24-1) € Ay_1 and z € (0, 00).

Definition 2.6 (Beta distribution®). A density of the beta distribution with real
shape parameters «a, 5 > 0 is given by

p i(1—p)P! for

—Ba5 p€(0,1),

faplp) =4 B (0.1) (2.35)
0 forpe R\ (0,1),

where B denotes the beta function, see (2.34). For a random variable P with a
beta distribution, we use the notation P ~ Beta(a, ().

When the mixing random variable P in the uniform Bernoulli mixture model
(as presented in Section 2.3) follows a beta distribution, we can derive a more
explicit distribution for the number of defaults. From (2.25) we get that

- (T:) B(;,B) /o1 P )T (2.36)

= B(a+n,8+m—n) by (2.34)

_ (m\ B(a+n,8+m—n)

S\ n B(a, B) ’

which is called the beta-binomial distribution with shape parameters «, 5 > 0
and m € Ny trials. We will use the notation BetaBin(a, 3, m).

ne{0,1,...,m},

Exercise 2.7 (Moments of the beta distribution). Let P ~ Beta(c, 5) with

a, 8 > 0. Show that

B(a+v,8+9)
B(a, )

and, using the relation (2.34) for the beta function and the functional equation

(2.31) of the gamma function, conclude that

E[P(1-P)°] =

¥>—a, 6 > —p, (2.37)

-1

! a+k
E[P'] = klzlo s [ € Ny, (2.38)
in particular
o« B af
E[P] = s and Var(P) = CEHCEY IS (2.39)

8 For the multivariate generalization, see Definition 4.26 below.

12


http://en.wikipedia.org/wiki/Beta_distribution
http://en.wikipedia.org/wiki/Beta-binomial_distribution

Exercise 2.8 (Computation of the beta-binomial distribution). Using the relation
(2.34) for the beta function and the functional equation (2.30) of the gamma
function, show that the beta-binomial distribution (2.36) can be computed in an
elementary way by

nila—l—’i mfnflﬁ_i_z. m—1 i+ 1
P[N:”]:<Hi+1>< H) i+1>Ha+ﬁ+i

i=0 i=0
for every n € {0,...,m}, and conclude that it can also be calculated recursively
from the initial value .
m— .
B+
PN =0] =
[ ) H} a+pB+1
and the recursion formula
-1 — 1
PN == @Fn-Dm=n+ ey o e ml,

n(f+m—n)
in a numerically stable way, because only differences of integers are calculated.

Exercise 2.9 (Factorial moments of the beta-binomial distribution). Let N have
a beta-binomial distribution with shape parameters «, 8 > 0 and m € N trials.
Show that, for every [ € Ny, the [-th factorial moment is given by

-1 -1
B (a+k)(m —k)
E[I};[O(N—k)} _k];[O T (2.40)

and conclude from (2.40) using N2 = N + N(N — 1) that

BV = 2T ad V() - (jﬁ”;gg(gﬁ ET)D-

Hint: Combine (2.28) and (2.38).

Exercise 2.10 (Calculating moments from factorial moments). Using the con-
vention 2% = 1, show that in the polynomial ring R[z] over a commutative ring

R (with 1),
-1

Z" = g {?} [[z—k), neN, (2.41)

k=0

where {7} denotes the Stirling number of the second kind,? defined recursively

by
1
{”7 }:{l’_”‘l}u{?}, €N andn e Ny, (2.42)

9The Stirling number of the second kind {7} gives the number of ways to partition a set

of n € N elements into [ € {1,...,n} non-empty subsets: Obviously {}} = 1. To explain the
recursion formula (2.42) by induction, you can add {n + 1} as a new subset to the partition of
{1,...,n} into I — 1 subsets, or you can put n + 1 into one of the [ existing sets of the partition.

13
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with initial conditions {8} =1, {8} = 0 and {(l]} =0 for [,n € N. Conclude
that, for every Ny-valued random variable N, the moments can be calculated
from the factorial moments by the formula

E[N"] :i{?}E[ﬁ(]\f—k)], n € No. (2.43)

1=0 k=0
Show that (2.43) is also true for C-valued random variables, provided the absolute
factorial moments for the right-hand side of (2.43) are finite or the absolute nth
moment for the left-hand side is finite. Explain how (2.43) can be applied to
random C%*“-matrices and see Exercise 4.14 for the multivariate extension.

Hint: Show for all [,n € N that {?} =0if Il > n and {7} =1ifl =n. Use
x = (z —1)+1 to prove (2.41).

2.3.2 Biased Measure and the Beta Distribution

Definition 2.11 (Biased probability measure). Let A be a [0, c0)-valued random

variable on a probability space (€2, F,P) such that 0 < E[A] < co. Then the

A-biased probability measure Pp on (2, F) is defined by

_ B[ALY)

- E[A]
Some distributions just change their distributional parameters under suitable

biasing, an example is the beta distribution.

Lemma 2.12 (Biased beta distribution'"). Assume that P ~ Beta(a, ) with pa-
rameters a, 5 > 0 and that v € (—a,00) and § € (—f,00). Then IP’Pa,(l,P)aP_l =
Beta(a + 7, 8+ 8), that means the distribution of P under the PY(1— P)°-biased
probability measure Ppy(_pys given by Definition 2.11 is the Beta(a + 7, 3 + )
distribution.

Proof. By (2.37) and (2.44), a density of the PY(1 — P)’-biased probability
measure Ppy;_pjs w.r.t. Pis given by

dPpy(1—p)s B(a, B)

_ o 4
P " Blatyprel LB

Let p denote the Lebesgue—Borel measure on R. Using the density f, s from
(2.35) shows that, for p-almost all p € (0,1),

d(Ppy(y_pys Pt d(Ppy_pe P71 -1
Er Ud;) )p)= ( 1;(%;,)1) )(p)'d(Pi )(p)

PA[A]

AeF. (2.44)

B(O{, 6) % é
= 1—p)?-f,
Blatr. 810" (1=p)" fap(p)
_ pa—l-’y—l(l _ p)ﬁ+5—1
Bla+v,6+6) ’
which by (2.35) gives a density of the Beta(a + v, 8 + §) distribution. O

10 See Lemma 4.29 below for the generalization to the Dirichlet distribution.
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2.4 One-Factor Bernoulli Mixture Model

We now introduce a version of the Bernoulli mixture model, which is more
restrictive than the general one from Subsection 2.2 in the sense that there
is only one (macroeconomic) random variable driving the default probabilities.
However, it’s more general than the uniform Bernoulli mixture model of Subsection
2.3, because the individual obligors have susceptibilities pi,...,pn w.r.t. the
macroeconomic random variable, which don’t need to be equal.

Definition 2.13 (One-factor Bernoulli mixture model). Consider Bernoulli
random variables Ni,..., N,,. Let A be a [0, co)-valued random variable such
that 0 < E[A] < oco. If there exist p1,...,pm € [0,00) such that

PN, = 1|A] = piA, i€ {l,...,m}, (2.45)
and if Ny,..., N, are conditionally independent given A, i.e.,
m
P[Ny =n1,..., Now = | A] 2 T PIN: = ni| A] (2.46)
=1

for all ny,...,ny, € {0,1}, then we call (Ny,..., Ny, A) a one-factor Bernoulli
mixture model with susceptibilities p1,...,pm. If p1 =+ = p,,, then we call the
model homogeneous.

Condition (2.45) implies that max{pi,...,pm}A < 1 P-almost surely. Fur-
thermore, P[N; = 1] = E[P[V; = 1|A]] = p; E[A]. Hence in the case E[A] = 1, the
susceptibilities p1, ..., pm are the individual default probabilities within the next
period as introduced in (2.1).

Remark 2.14 (Discussion of expectation and variance). Let (Ni,..., Ny, A)
be a one-factor Bernoulli mixture model with susceptibilities p1,...,pm, let
N = Ni + -+ N,,, denote the number of defaults, and define A = p1 + - -+ + pp,.
Then (2.45) implies that

E[N|A] % (p1 4 - + pm)A = AA,

hence E[N] = AE[A]. For the variance we see from (2.23) that

Var(N) = ZE[A] (1 — ZE[A]) + COV( iA7 ]A) .
;p b Zﬂzzlhp,p_/ (247)

7,75] =DpiPj Var(A)

Using the abbreviation Ay := p? + - -- + p2, and noting that the double sum over
pip; in (2.47) has all terms of A% except p?,...,p2, it follows that

Var(N) = AE[A] — Ao (E[A])? + (A2 — \p) Var(A), (2.48)

which can be smaller or larger than E[N] = AE[A] depending on (A% — \3) Var(A).
If A2 = Xy, then at most one of pi,...,p, is non-zero, and we exclude this
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uninteresting case of a single Bernoulli random variable in the remaining discussion.
Hence p, == (A% — X\2)/)\? defines a strictly positive probability. If, for a given
mean u > 0, the susceptibilities satisfy p; < py/u for every i € {1,...,m}, then
there exists a random variable A with E[A] = ppand p;A < 1foralli e {1,...,m}
satisfying

Var(A) = (E[A])?; (2.49)

A2 — Xy
a simple (but extreme) example is a random variable A with P[A = 0] =1 — py,
and P[A = u/pp] = pp, because E[A] = p and E[A?] = 12/py, hence

Var(A) = B[A%) = (B[AI)? = (1)1 = Aﬁj&pﬂ.

In the case (2.49), the expectation and the variance of N agree,'! see (2.48).

3 Poisson Models for Credit Defaults

For the application of Poisson models to describe defaults in credit portfolios, it
is necessary to look at some of the basic properties of the Poisson distribution.

3.1 Elementary Properties of the Poisson Distribution

Definition 3.1 (Poisson distribution). An Np-valued random variable N has a
Poisson distribution'? with parameter A > 0 if

PN =n] = —e™7, n € No, (3.1)

where we use the convention 0° := 1. We will use the notation N ~ Poisson()).

In a credit risk context, if N describes the number of defaults of an obligor
within one period, then mainly the events N = 0 and N = 1 are of practical
interest. The event N = 2 would correspond to a default of the obligor after
recapitalization, and in principle recapitalization and subsequent default could
happen several times within one period.

First we consider moments. Suppose N ~ Poisson(\) and [ € Ny. Then, by
the power series of the exponential function, the [-th factorial moment of the
Poisson distribution is given by

-1 0o -1 n n—l
E[H(N—k)] (?’;I)Z<H(n—k)>>\ =\ —AZ r:\—l . (3.2)
k=0 n=l “k=0

—_—— \—v—’
=0 for ne€{0,...,1—-1} =e)

"' The property E[N] = Var(N) is shared with the Poisson distribution, see Definition 3.1 as
well as (3.3) and (3.4) below.
12 Named after the French mathematician Siméon Denis Poisson (1781-1840).
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For [ =1 this gives the expected value
E[N] = A\ (3.3)

Using N2 = N + N(N — 1) and (3.2) for | = 2, the variance can be calculated
according to

Var(N) = E[N?] — (E[N])?

, . (3.4)
= E[N] +E[N(N —1)] — (E[N])2 = A+ A% — A2 = X,

To calculate higher moments of N, use (2.43) from Exercise 2.10.

Another very important feature of Poisson distributed random variables is
their summation property: The sum of independent Poisson distributed random
variables is again a Poisson distributed random variable with parameter given by
the sum of the respective parameters.

Lemma 3.2 (Summation property of the Poisson distribution). If Ni,..., Ny
are independent with N; ~ Poisson();) for all i € {1,...,k}, then

k
N = Z N; ~ Poisson(A; + -+ + Ag) . (3.5)
=1

We give a direct proof below; for a short one using probability-generating
functions, see (4.32). For the multivariate generalization, see Lemma 3.43.

Proof of Lemma 3.2. For the proof, we first consider the case k = 2, i.e., the sum
of two independent Poisson distributed random variables.

Let X ~ Poisson(\) and Y ~ Poisson(u) be independent and let n € No.
Then, by considering all possibilities to get the sum n,

PX +Y =n] = ZIF’ =n—1,Y =1

=P[X=n—{]P[Y=l] by independence

Al u " /n
_ -2 e~ —(/\—i-u) - n—1 1
Z R T T nl ; (z) ATTH

=+

(3.6)

where we used the factorial definition of the binomial coefficient and the binomial
theorem at the end. Hence X +Y ~ Poisson(\ + p). The rest of the proof follows
by mathematical induction on the number & of random variables. O

Remark 3.3 (Infinite divisibility of the Poisson distribution). Lemma 3.2 implies
that, for every A > 0, the Poisson distribution Poisson(\) is infinitely divisible,
because for every k € N the distribution of Nj + - -- 4+ N is Poisson()), when
Ni,..., Nj are independent with N; ~ Poisson(A/k) for every i € {1,...,k}.
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Remark 3.4 (Raikov’s theorem). The summation property in Lemma 3.2 charac-
terizes the Poisson distribution in the following sense: Given k € N independent,
real-valued random variables Ny, ..., Ni such that Ny + --- + Ny ~ Poisson(\),
then there exist aj,...,ar € Rand A,..., Ay € [0,\] with a1 + -+ a; = 0 and
A1+ -+ = Asuch that N/ := N;+a; ~ Poisson(\;) for every i € {1,...,k}. If,
in addition, Ny, ..., Ny are assumed to be non-negative, then a; =--- =a; =0
and N; ~ Poisson();) for every i € {1,...,k}. This general case of Raikov’s
theorem follows from the case k = 2 by induction. The proof for k = 2 uses the
Hadamard factorization theorem from complex analysis, hence we omit the more
involved part of the proof here.

3.2 Calibration of the Poisson Distribution

There are at least five calibration options available. The Poisson parameter
A > 0 of a random variable N ~ Poisson(\) can be determined as follows when a
Bernoulli distribution with success probability p € [0, 1] is provided:

(a) Given p € [0,1), choose A € [0,00) so that the probability of no default
coincides with the one in the Bernoulli model, i.e.

e*=P[N=0]=1-p, (3.7)
or equivalently, using the Taylor expansion,'3
X n
P 1 1
)\:—log(l—p):Z?:p+§p2+§p3+~-. (3.8)
n=1

However, when the probability p of one default is sufficiently close to
1, it might be better to approximate p by P[N = 1] = Ae™ as best as
possible. By considering the derivative of [0,00) 3 A — Ae™*, which is
A= (1—=X)e™, it follows that P[N = 1] attains its maximum 1/e for A = 1.
Hence at least for p > 1 — 1/e, the calibration A\ = 1 instead of the larger
value arising from (3.8) should be chosen, see also (d) and (e) below.

(b) Given p € [0, 1], choose A € [0, 1] so that the expected number of defaults
fits with the one in the Bernoulli model, i.e.

A =E[N] = p, (3.9)

where (2.3) for the expectation of a Bernoulli random variable and (3.3) for
the expectation of N are used.

(c) Given p € [0, 1], choose X € [0,1/4] so that the variance of the number of
defaults equals the corresponding variance in the Bernoulli model, i.e.

A = Var(N) = p(1 —p), (3.10)

where (2.4) for the variance of a Bernoulli random variable and (3.4) for
the variance of N are used.

13 Note that the terms on the right-hand side of (3.8) are (up to normalization) those of the
logarithmic distribution Log(p), see Definition 4.4 below.
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Note that, using the expansion (3.8), the results of the three calibration methods
(3.7), (3.9) and (3.10) are ordered in the sense that —log(1—p) > p > p(1 —p) for
p € [0,1) with equality only for p = 0. For small p the expansion (3.8) justifies
the approximations

—log(1 —p) =p~p(l—p),

hence the three methods above give very similar results for small p. For p close
to 1, the three methods give quite different results, and the “good” one depends
on the purpose; in most cases the calibration (3.9) will be the appropriate one.

There are two additional calibration methods discussed in Subsection 3.4.1
below and mentioned here for completeness, both are variants of (3.8):

(d) For p € [0,1] take A = —log(1 — min{p, 1/2}) € [0,log 2], which minimizes
the Wasserstein distance between Poisson(\) and the Bernoulli distribution
Bin(1, p), see Definition 3.14 and Remark 3.28 below.

(e) For p € [0,1] take A = —log(1 — min{p,1—1/e}) € [0, 1], which minimizes
the total variation distance between Poisson(\) and Bin(1, p), see Definition
3.7 and Exercise 3.33 below.

3.3 Metrics for Spaces of Probability Measures

To quantify the quality of the Poisson approximation in the next section, we need
a way to measure the distance between probability measures. To this end, let
(S,S) denote a measurable space'*, M1 (S,S) the set of all probability measures
on (S,8), and F a non-empty set of real-valued, measurable functions on (5, S).
When it is clear from the context, we will suppress the o-algebra & in the notation.
Define the set

MT(8) = {ne Mm(s) | /S]f]d,u<oofor all f € F) (3.11)

of all probability measures u such that F C L'(u). Then

df(u,V)zﬁgg)[qfdu—[qfdv

defines an R -valued pseudometric on M7 (S), meaning that dr is non-negative,
symmetric, and satisfies the triangle inequality. However, dz(u, ) = 0 does not
need to imply p = v. To ensure that dz(u,v) = 0 actually implies that u = v,
it suffices that F separates the probability measures in le (S), meaning that
for every choice of u,v € M{(S) with pu # v there exists an f € F such that

Jsfdu# [g fdv.

Remark 3.5. Note that the supremum in (3.12) can result in dr(u,v) = oo,
which is normally not an allowed value for a metric or a pseudometric. This

. v € MT(9), (3.12)

14 We will mainly need S = Ny and S = R with S denoting the set P(Np) of all subsets of Ny
or the Borel o-algebra Br on R, respectively.
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already happens with S = {0,1} and F the set for bounded functions on S,
just take u = dp, v = 6 and f,(z) = nx for n € N and = € S. This problem
can be rectified by choosing a real number r» > 0 and considering the bounded
(pseudo-)metric d’z(p, v) == min{r,dr(u,v)}. However, in the first two examples
we consider, the functions in F are bounded by 1, and in the third example of
the Wasserstein metric for probability measures on a metric space (5,d) (see
Definition 3.14 below), this problem does not occur, see Remark 3.15.

Remark 3.6. If, for every f € F, there exists a constant ¢y € R such that ¢y — f
is also in F, then

[er=nau= [ -nav= [ rar— [ ran ser

because i and v are probability measures, hence we can omit the absolute value
in the definition (3.12) of dr.

We will consider three different choices for F, giving rise to three different
metrics.'® The first one arises from the set Fry = {14 | A € S} of all indicator
functions, which has the property discussed in Remark 3.6 with ¢; = 1, and
which by definition separates the probability measures in M, (S).

Definition 3.7 (Total variation metric). The total variation metric dpv on the
set M1(.S) of all probability measures on the measurable space (.S, S) is defined
by
drv(p,v) = sup(u(A) —v(A4)),  p,v e Mi(S).
AeS

Remark 3.8. Note that dry(p,v) < 1 for all u,v € M;(S). If p and v are
mutually singular, then dpy(u,v) = 1. The reverse direction is also true and
follows from Exercise 3.19(c) below.

For many applications, in particular when proving convergence of the distri-
butions of R?valued random variables, the total variation metric is too strong.
Therefore, in the case S = R? with Borel o-algebra Bpa, we consider the collection

FKs = {1(—m,a1]x~~-x(—m,ad] ’ (ala R 7ad) € Rd }

Since the distribution function F), of a probability measure p on R?, defined by
Fu(ay, ... aq) = p((—00,a1] X -+ x (—00, aq)) for all (ai,...,aq) € R?, uniquely
determines'® ji, the collection Fig separates the probability measures on RY.

15 There are other notions of “distances” for probability measures like the Hellinger metric,
the pth Wasserstein metric for p > 1, the LeVy—Prokhorov metric metricizing the so-called
weak topology, the Kullback—Leibler divergence (which is not a metric), and so on, cf. [24]. For
connections to optimal transport, see the textbooks by C. Villani [55, 56].

16 For a proof, show that £ :== {(—o0,a1] X -+ x (=00, a4] | (a1,...,aq) € R?} is intersection-
stable and generates Bra. Then consider for p and fi with F,, = Fj; the set D := {A € Bga |
w(A) = (A)} and apply Dynkin’s lemma to conclude that u = fi.
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Definition 3.9 (Kolmogorov—-Smirnov metric). The Kolmogorov—Smirnov met-
ric!” dkg — sometimes just called Kolmogorov metric — on the set Ml(Rd) of all
probability measures on R? is defined by

dKS(M? l/) = SU% ‘Fﬂ(a) - Fl/(a)’ - HFM - FVHOOa JUSZAS Ml(Rd)v (3'13)
acR

where F}, and F,, denote the distribution functions of y and v, respectively.

Remark 3.10. For probability measures p and v on R?, it follows from Fxg C
Frv that
dks(p, v) < dov(p,v). (3.14)

The Kolmogorov—Smirnov metric is useful to obtain estimates for quantiles
and value-at-risk, see Lemma 8.7 below. Remark 3.10 implies that dtv generates
a (not necessarily strictly) finer topology on Mj(R?) and that convergence with
respect to dry implies convergence with respect to dkg. The following example
shows that the converse is not true in general, hence the metrics dry and dggs
generate different topologies on M (R?).

Example 3.11. Let u denote the uniform distribution on [0,1] and define

tin = (1/1) Sy 8iy- Then p({1/n, ..,n/n}) = 0 and pn({1/n,..,n/n}) = 1,
hence drv (i, prn) = 1 by Remark 3.8, while dkg(p, n) = 1/n for all n € N.

The next example shows that weak convergence does not imply convergence
in the Kolmogorov—Smirnov metric.

Example 3.12. Consider the probability measures u = dp and pp, = 41/, on R.
Then p((—o00,0]) =1 and py,((—00,0]) = 0, hence dgs (i, pr,) = 1 for every n € N.
On the other hand, [, fdu, = f(1/n) — f(0) = [q fdp as n — oo for every
bounded and continuous function f: R — R, which means weak convergence of

(fn)nen to pu.

For the last one of the three metrics, consider a metric space (.S, d) with Borel
o-algebra S and let Fw denote the set of all functions f: .S — R, which are
Lipschitz continuous with constant at most 1, i.e.,

|f(z) = f(y)] < d(z,y), x,y €S.

Note that Fw has the property discussed in Remark 3.6 with c¢; = 0. Define
MW (S) according to (3.11).

Exercise 3.13 (Separating functions for M;(S)). Let (S,d) be a metric space.
Show that already the bounded functions in Fyw separate the probability measures
in M(95).

Hint: Consider fa,(z) = (1 —ndist(A4,z))" for closed A C S and n € N. Use a
corollary of Dynkin’s lemma, see e.g. [49, Corollary 15.69].

1" Named after Andrey Kolmogorov (1903-1987) and Nikolai Smirnov (1900-1966), because
the metric appears in the test statistic in their Kolmogorov—Smirnov test.
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Definition 3.14 (Wasserstein metric). Let (S, d) be metric space with Borel
o-algebra S. The Wasserstein metric!® dyw induced by d is defined by

dw (p,v) = fseléf%(/sfdu — /Sfdy), v € MIV(S). (3.15)

Remark 3.15 (The Wasserstein metric is well defined on M{W(S)). Consider
a point 2o € S and two probability measures u,v € M{W(S). Then, for every
function f: S — R having Lipschitz constant

Lip(f) == supsw < 00, (3.16)

the expectations [q fdu and [ f dv are well defined, because |f(z)| < |f(zo)| +
Lip(f)d(z,zo) for all z € S, and the function S > z — d(x,z0) € R is in Fw by
the reverse triangle inequality: |d(x,z¢) — d(y, xo)| < d(z,y) for all x,z¢,y € S.
Furthermore,

/5 feu— /S fdv
< Lip() ([ dteso0)utde) + [ dtoav)viao))

which in particular implies that dw(u, v) in (3.15) is finite, cf. Remark 3.5.

= ‘/(f(w) = f(xo)) p(dz) — /(f(x) = f (o)) v(dx)
S S

Remark 3.16 (Bounds for the Wasserstein metric). Consider two probability
measures p,v € M{W(S). Let (X,Y) be an (S x S)-valued random variable,
defined on a probability space (2,.A,P), such that £(X) = p and L(Y) = v.
Suppose the function f: S — R has Lipschitz constant Lip(f) < oo. If Lip(f) = 0,
then f is constant. If Lip(f) > 0, then the function f/Lip(f) has Lipschitz
constant 1. Hence Definition 3.14 implies the lower bound

[E[f(X)] = E[f(YV)]| < Lip(f) dw (1, v), (3.17)

which will be used in Lemma 8.25 below to estimate differences of expected
shortfalls. If the metric d: S xS — [0, 00) is S ® S-measurable (which is certainly
the case when the metric space (S, d) is separable and equipped with the Borel o-
algebra S as before, see [49, Corollary 15.55]), then d(X,Y’) is a random variable.
Then by (3.16), for every function f: S — R with Lipschitz constant Lip(f) < oo,

[E[f(30)] = E[f(Y)]] < E[If(X) - f(Y)]] < Lip(f) E[d(X,Y)], (3.18)
and taking the supremum in (3.18) over all functions f with Lip(f) <1,
dw (i) 2 sup (E[f(X)] - E[f(V))) <E[d(X.Y)].  (3.19)

feFw

To obtain a good upper bound, we can optimize the right-hand side of (3.19)
with respect to the dependence of X and Y.

8 Named after the Russian-American mathematician Leonid Nisonovich Vaserstein, most
English-language publications use the German spelling Wasserstein. The metric is also known
as Dudley, Fortet—-Mourier, and Kantorovich D11 metric.
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The next example shows that weak convergence in general does not imply
convergence in the Wasserstein metric, because there are unbounded functions in
Fw. See Exercise 3.22 below for a proper characterization in case of a normed
vector space.

Example 3.17. Define the probability measures u = dp and p,, = (1 — 1/n)do +
(1/n)d, on R. Using the function R 5 z — |z|, it follows from Definition 3.14
that dw(u, pn) > 1 for all n € N. On the other hand, | [ fdu — [4 fdun| =
|£(0) = f(n)|/n < 2| f|lco/n — 0 as n — oo, for every bounded and continuous
function f: R — R, which verifies weak convergence.

Lemma 3.18 (Total variation and Wasserstein metric on M;(Np)). Let S # @
be a finite or countable infinite set. Then, for all p,v € My(S,P(9)):

(a) A set AC S satisfies drv(p,v) = u(A) —v(A) if and only if AC {ne S|
p({n}) = v({n})} and A°C {neS|u({n}) <v({n})}.

(b) drv(p,v) =5 X pes ln({n}) —v({n}).

(c) Let S C Z with the usual distance. If u and v have finite expectation, i.e.

> lnlu({n}) <oo  and Y |njr({n}) < oo, (3.20)

nes nes
then dpv(p,v) < dw(u,v).

For S C Z the Wasserstein distance dy (i1, ) between the probability measures
p and v takes into account not only the amounts by which their individual
probabilities differ, as in the total variation distance dry(u,v), but also how far
apart the differences occur, which explains the inequality in part (c) above.

Proof of Lemma 3.18. (a), (b) Let e, = u({n}) — v({n}) denote the approxima-
tion error for n € S. Then, for every A C S,

S denl 2 s S =Y e 5 e = (A) — (),
nes neA nesS\A neA nes
=0
where the inequality is an equality if and only if |e,| = e,, for every n € A and
len| = —ey, for every n € S\ A.
(c) Due to (3.20), it follows as in Remark 3.15 that the Wasserstein distance
dw (p,v) is well defined. Given a set A C S, the indicator function 14: S — R is
Lipschitz continuous on S C Z with constant at most 1, hence (c) follows from

the Definitions 3.7 and 3.14. O

Exercise 3.19 (Representation of the total variation metric with densities).
Let (S,S) be a measurable space and consider u,v € M;(S,S). Let A be a
non-negative o-finite measure on (5,S) such that 4 < A and v < A (such a
measure always exists, take A\ = u + v, for example, or the counting measure
when S is countable). By the Radon—-Nikodym theorem there exist corresponding
probability densities f = du/d\ and g = dv/dA.
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(a) Generalize Lemma 3.18(a) by proving that a set A € S satisfies dpy (u,v) =
w(A) — v(A) if and only if there exists a set N € S with A(N) = 0 such
that AAN C{z eS| f(zx)>g(x)}and A\ N C{z eS| f(z) <gx)}.

(b) Generalize Lemma 3.18(b) by proving that drv(u,v) = 3| f — gllzron-

(c) Derive from part (b) that drv(p,v) = 1 — [[min{f, g}||;1(,) and compare
with Remark 3.8.

Hint: (c) Verify and use that 3|a — b| = 3(a + b) — min{a, b} for all a,b € R.

Exercise 3.20 (Total variation norm for signed and C-valued measures). Let
(S,S) be a measurable space and consider the set M(S,S) of all R-valued (or
C-valued) measures on (S,S). Let D be a measure-determining subset of S,
meaning that p(A) =0 for all A € D is only possible if u € M(S,S) is the zero
measure, i.e. (A) =0 for all A € S. Prove:

(a) ||pllp = supgep |u(A)| for p € M(S,S) defines a norm.
Hint: Measures on o-algebras with values in R or C are always bounded,

see e.g. [44, Theorem 6.4].

For D = S this is the total variation norm || - ||pv. In particular, (M(S,S), |- ||p)
is a normed vector space. Prove in addition:

(b) (M(S,S), |- |lrv) is a Banach space.

Hint: When showing completeness, o-additivity of the limiting candidate
p has to be shown. For this purpose, given a sequence (Ag)keny in S
of disjoint sets and € > 0, show that there exists m. € N such that

‘ﬂ(UkeN Ap) = >, ,u(Ak)‘ < ¢ for all m > m..
(c) f DC D' CS, then ||ullp < ||p|lp for all p € M(S,S).

(d) D ={N}U{{k}: k € N} is measure-determining for P(N), but the normed
space (M(N,P(N)), |- ||p) is not complete.

Hint: For n € N consider the discrete uniform probability distribution pu,
on {1,...,n}.

(e) Explain where the proof of o-additivity for a limiting candidate p in item
(b) goes wrong when the sequence (Ag)reny with Ay = {k} in the setting of
(d) is considered.’

Exercise 3.21 (Scaling property of the Wasserstein metric). Let (5, ||-||) denote
a normed vector space over K =R or K = C. Let X and Y be S-valued random
vectors with E[|| X ||] < oo and E[||Y]|] < co. Prove that, for every ¢ € K\ {0},

dw(£(eX), £(cY)) = |e dw (£(X), £(Y)).
Hint: For f: S — R with Lip(f) < 1 consider f.(z) = & f(cz) for = € S.

le]

19 To learn how to use Zorn’s lemma to produce non-trivial {0, 1}-valued additive set functions
on (N, P(N)), which are not o-additive, see [35, Chapter V, Section 10, Problems 34-41].
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Exercise 3.22 (Characterization of convergence in the Wasserstein metric). Let
(S,]l-1]) be a normed real or complex vector space, (X, )nen a sequence of S-valued
random vectors with E[||X,||] < co for every n € N, and u € M(S5).

(a) Prove that (i) implies (ii):

(i) [gllzll p(dz) < co and dw(L(Xn), 1) = 0 as n — oo.
(ii) The set {X,, }nen is uniformly integrable, i.e.

Jim sup E[|Xa][ Lx, 15c1] =0

and converges weakly to p.

Due to the claimed uniformity in f € Fw, the reverse implication is more involved
than just (c) and (d) and outlined here with stronger assumptions on (S, ||-||),
see (f) below. The proof is divided into several steps.

(b) For C C S with C # @ let f: C' — R denote a function with Lip(f) < 1.
Show that g(z) = inf,cc(f(2)+||z—x]|) for all z € S is in Fyw and extends f.

Always assume (ii) for the following steps.
(c) Prove that [¢[lz| u(dz) < oo.
(d) Prove for each f € Fy that limy, o E[f(Xn)] = [g fdp.
It remains to show that the convergence in (d) is uniform in f € Fy.

(e) For each b > 0 define Fywp = {f € Fw | ||fllc < b} and assume that

dw p(L(Xy), 1) = sup (E[f(Xn)] — / fdu) —0 asn— oo.
feFwp S

Prove that dw(L£(X,),u) — 0 as n — co.

(f) When (S, -||) is a separable Banach space, prove that the assumption in
(e) is satisfied.

Hints: (a) You may use that weak convergence of probability measures on metric
spaces is determined by all integrals over bounded Lipschitz continuous functions,
see [17, Chapter 3, Theorem 3.1, proof of (c) implies (d)]. For ¢ > 0 the Lipschitz
continuous function h., defined by h.(x) = max{0, ||z|| — max{0, c(c — ||z]|)}}
satisfies [|2||1{z>cp < he(w) < [[z]| for all 2 € S and he N\ 0 as ¢ — oco. (c)
Uniform integrability implies boundedness in L!(P), i.e. sup, ey E[[| Xn||] < oo.
Define f,,(z) = min{||z||, n} for all z € S, use the monotone convergence theorem.
(d) Restrict to f € 7Y = {f € Fw | f(0) = 0}, then use |f(z)| < |z for
x € S, part (c) and uniform integrability of {X,}nen. (e) Similar to (d). (f)
For a proof by contradiction, assume that there are b, > 0 such that, after
passing to a subsequence if necessary, dyw ,(L(Xp), 1) > 8¢ for every n € N. Then
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there exists a sequence (fy)nen in Fiyp such that E[f,(X,)] — [¢ fadp > 7
for each n € N. By Prokhorov’s theorem (see e.g. [17, Chapter 3, Theorem
2.2 in combination with Theorem 3.1]), there exists a compact subset C' of S
such that u(C) > 1 —¢/b and P[X,, € C] > 1 —¢/b for every n € N. By the
Arzela—Ascoli theorem, there exists a subsequence (fp, )xen converging uniformly
to a function f: C'— R. Show that || f||cc < b and Lip(f) < 1. Apply (b), define
h(z) = min{b, max{—b, g(x)}} for x € S, verify that h(x) = f(x) for all z € C,
and h € Fywp as well as || fr, — h|loc < 2b. Take k. so large that | f,, (z) —h(z)| < e
for all z € C and k > k.. Then

Blfe (X = [ e < 62 + BN — [ Rl k> e,

and the assumption of weak convergence can be applied to h.

3.4 Poisson Approximation

In this section we show that the distribution of a sum of independent Bernoulli
random variables can be well approximated by a Poisson distribution. The quality
of the approximation is measured by the total variation metric dpv of probability
distributions as well as the Wasserstein metric dyw, see Definitions 3.7 and 3.14,
respectively.

Theorem 3.23 (Unbiased Poisson approximation). Let Xi,..., X, be indepen-
dent Bernoulli random variables. Then W = X1+ - -+ X, is the random variable
counting the number of ones. Define p; = P[X; = 1] and A = E[W] = p1+-- -+ Dpm.
Then

drv (Poisson(\) , L(W 1 —° Z (3.21)

see Barbour and Hall [4], with the understanding that the fraction on the right-
hand side is one for A =0 (apply L’Hopital’s rule for A\ 0). In addition,

dw (Poisson(\) , L(W)) < mln{ \/7 } Z 2. (3.22)

Remark 3.24. Since e > 0 and 1 — e~ < \, we have the upper bound

1—e?
A
which is illustrated in Figure 3.1.

< min{l, %} A> 0, (3.23)

Remark 3.25. In the Theorem 3.23, the Poisson parameter \ is chosen such
that the expectations of W and N ~ Poisson(\) agree, which corresponds to the
calibration method (3.9). If p1,..., pn, are small, then the estimate (3.21) can
be improved by using the calibration method of (3.7) to obtain the bound (3.37)
from Exercise 3.33, see also Remark 3.34 and Table 3.2.
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Figure 3.1: The factor [0,00) 3 A+ (1 —e )/ in (3.21) and its upper bound X\ —
min{1, 1/A} from (3.23). The upper line is the factor from (3.22) with a kink at \ ~ 1.144.

3.4.1 Results Using an Elementary Coupling Method

In this subsection we want to prove a weaker version of the unbiased approximation
bound (3.22), namely the estimate

dw (Poisson()) , L(W)) < Zp?, (3.24)
i=1

which actually agrees with (3.22) for A < % ~ 1.3080, and which by Lemma
3.18(c) also implies

drv (Poisson()) , L(W)) <> p}, (3.25)
=1

which is (3.21) without the factor (1 —e~*)/), see Le Cam [36]. This can be done
using the so-called coupling method (see Lindvall [38] for a textbook presentation).
The proof below will be slightly more general, so that we can also treat some
biased Poisson approximations.

Example 3.26 (Comparison of Poisson approximation bounds). To see that the
difference between the estimates (3.21) and (3.25) can be substantial, consider
the case p1 = -+ = p;,, = 1/y/m. Then the right-hand side of (3.25) is 1 and
therefore useless (see Remark 3.8), while the right-hand side of (3.21) is smaller
than 1/y/m, which is small for large m € N, think of m = 10%, and see Table 3.1
for some specific values.
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m | K.-S. dist. | total var. | Bound (3.21) | Percentage | Bound (3.37)
1] 0367879 | 0.632121 0.632121 100.00 % 0.63212
2| 0.169948 | 0.327278 0.535197 61.15% 0.67845
3| 0.101422 | 0.199464 0.475205 41.97 % 0.64008
4| 0.093506 | 0.173882 0.432332 40.22 % 0.61371
5| 0.085456 | 0.144796 0.399416 36.25% 0.59765
6| 0.077148 | 0.134432 0.373001 36.04 % 0.58665
8 | 0.062349 | 0.108886 0.332656 32.73% 0.57225
10 | 0.050520 | 0.091307 0.302842 30.15% 0.56305
20 | 0.034107 | 0.060421 0.221053 27.33% 0.54209
50 | 0.020212 | 0.036644 0.141301 25.93 % 0.52539
100 | 0.014170 | 0.025829 0.099996 25.83 % 0.51755
200 | 0.009583 | 0.017777 0.070711 25.14 % 0.51222
500 | 0.005915 | 0.011105 0.044721 24.83 % 0.50762
1000 | 0.004131 | 0.007805 0.031623 24.68 % 0.50536
2000 | 0.002880 | 0.005481 0.022361 24.51% 0.50377
5000 | 0.001792 | 0.003450 0.014142 24.40 % 0.50237
10* | 0.001258 | 0.002435 0.010000 24.35 % 0.50168

Table 3.1: Quality of Poisson approximation. For various m € N the second column
gives the Kolmogorov—Smirnov distance, see Definition 3.9, of the binomial distribution
Bin(m, 1/y/m) and the Poisson distribution Poisson(y/m), while the third column gives
the total variation distance. The fourth column gives the upper bound (3.21) from Theorem
3.23, which is proved by the Stein—Chen method and results in (1 — exp(—+/m))/v/m
in this example. The fifth column gives the total variation distance as a percentage of
the upper bound in the fourth column. The elementary coupling bound (3.25) always
gives 1 in this example and is not shown; instead the last column shows the slightly
improved bound from (3.37) when Poisson(—m log(1 — min{1/y/m,1 —1/e})) is used for
the approzimation (where the minimum is 1/v/m for m > 3). It converges to 1/2.

Proof of (3.24) using the coupling method. Since the estimate (3.24) concerns
only the distribution of W, we may define this random variable in a suitable way
as long as it satisfies the distributional assumption. For every i € {1,...,m}
define the sample space Q; = {—1} UNj and the probability measure

1—p; for n =0,
Pi({n}) = { Ae i /n! for n € N, (3.26)
e —(1—p;) forn=—1,

where \; € [0, 00) satisfies
Ai < —log(l—pi) ifp; <1, (3.27)

see (3.8), so that P;({—1}) > 0. Define the product space Q@ = Q1 x -+ x Q,
together with the product measure P = P; ® --- ® P,,,. In addition, for all
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m | K.-S. dist. | total var. | Bound (3.21) | Percentage | Bound (3.37)
1] 0367879 | 0.632121 0.632121 100.00 % 0.632121
2| 0.117879 | 0.198181 0.316060 62.70 % 0.306853
3| 0.071583 | 0.114848 0.210707 54.51 % 0.189070
4| 0.051473 | 0.080993 0.158030 51.25 % 0.136954
5| 0.040199 | 0.062581 0.126424 49.50 % 0.107426
6 | 0.032982 | 0.050997 0.105353 48.41 % 0.088392
71 0.027963 | 0.043035 0.090303 47.66 % 0.075096
8| 0.024271 | 0.037225 0.079015 4711 % 0.065280
9| 0.021440 | 0.032797 0.070236 46.70 % 0.057736
10 | 0.019201 | 0.029312 0.063212 46.37% 0.051755
20 | 0.009394 | 0.014211 0.031606 44.96 % 0.025427
50 | 0.003710 | 0.005583 0.012642 44.16 % 0.010067
100 | 0.001847 | 0.002775 0.006321 43.90 % 0.005017
200 | 0.000922 | 0.001384 0.003161 43.78 % 0.002504
500 | 0.000368 | 0.000552 0.001264 43.70 % 0.001001
1000 | 0.000184 | 0.000276 0.000632 43.67 % 0.000500
2000 | 0.000092 | 0.000138 0.000316 43.66 % 0.000250
5000 | 0.000037 | 0.000055 0.000126 43.65 % 0.000100
10* | 0.000018 | 0.000028 0.000063 43.65 % 0.000050

Table 3.2: Quality of Poisson approrimation as in Table 3.1, but here the binomial
distribution Bin(m, 1/m) is approzimated by the Poisson distribution Poisson(1). In this
example, the elementary coupling bound (3.25) always gives 1/m and is greater than
(3.21) by the factor 1/(1 —e™1) ~ 1.58198; it is not shown here. The last column shows
the improved bound from (3.37), when Poisson(—mlog(1l — 1/m)) for m > 2 is used for
the approximation. It gives a better upper bound for the corresponding approximation
than (3.21), but the expectations of the two distributions do not agree.

ie{l,...,m}and w= (wy,...,wn) € Q, define

() 0 if w; € {-1,0},
IVZ w) =
w; if w; > 1.

and

i(w) =
1 otherwise.

With these definitions, Ny, ..., N,, are independent and so are Xi,..., Xym,.
Furthermore, P[X; = 1] = p; and N; ~ Poisson(});). However, note that N; and
X, are coupled and strongly dependent, in particular X; = 0 implies N; = 0 and
N; > 1 implies X; = 1. As shown in Lemma 3.2, the sum of independent Poisson
distributed random variables is again Poisson distributed. Therefore

N = Nj+ -+ Ny, ~ Poisson(\) with A=A +--- 4+ \p.
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All together we now have the means to derive the upper estimate (3.24). Using
the upper bound (3.19) and the triangle inequality,

dw (L(N), L(W)) <E[IN = W[ <Y E[IN; - Xi]. (3.28)
i=1
By considering the cases X; =0 and X; =1,
‘Ni — Xz| =N, — X, +2- ]l{Ni:O,Xizl}‘

Since E[N;] 2 ; and E[X;] & p; as well as P[N; = 0, X; = 1] = B ({-1}) "2”

e M +p; — 1, it follows that
E[|N; — Xi|] = A — pi 4+ 2(e ™ +p; — 1), ie{l,...,m}. (3.29)

Note that by (3.8), the condition (3.27) allows the choice \; := p; for all i €
{1,...,m}, which corresponds to the unbiased calibration from (3.9). Since the
function f: [0,00) — R with f(z) = 2(e™* + z — 1) satisfies f(0) = f/(0) =0
hence by applying the fundamental theorem of calculus twice,

f(w)z/oxf’(y)dyz/ox/oyf’;(j) dzdys/;%dy:x? (3.30)

for all z € [0,00). Combining (3.28), (3.29) and applying (3.30) gives (3.24). O

Remark 3.27. By omitting the application of (3.30) in the above proof, we
obtain a slightly better estimate for the unbiased Poisson approximation with
A = E[W], namely

dw (Poisson(\) , L(W)) < 2Z(e_p" +p; — 1), (3.31)
i=1
see Figure 3.2. By Lemma 3.18(c), the result (3.31) implies the same upper
bound for dry (Poisson()), L(W)).

Remark 3.28 (Biased Poisson approximation in the Wasserstein metric). When
we willing to accept a biased Poisson approximation, i.e. A # E[W], then we can
improve the upper bound in (3.31) by optimizing in (3.29). The partial derivative
of the right-hand side of (3.29) w.r.t. \; is given by [0,00) 3 \; = 1 — 2e™,
which changes sign at A\; = log 2. Hence the right-hand side of (3.29) is decreasing
for A\; € [0,log2] and increasing afterwards. Taking the constraint (3.27) into
account, we minimize the right-hand side of (3.29) by taking

Ai = —log(l —min{p;,3}) i€ {l,....,m}. (3.32)

Substitution into (3.28) leads to an improved version of (3.31) for the adjusted
A=A+ -+ A\, namely

dyw (Poisson(A) , L(W)) < 2 i(e—/\i +# — 1) (3.33)
i=1

see Figure 3.2.
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Figure 3.2: Comparison of the individual terms of the Poisson approzimation bounds as
functions of the Bernoulli success probability p € [0,1]. Namely the general bound p — p?
from (3.24) and (3.25) (upper black curve) as well as the improved unbiased Poisson
approzimations with p — 2(e™? + p — 1) from (3.31) (Wasserstein metric, red curve)
and p— p(1 —e™P) from (3.34) (total variation metric, blue curve). The estimates for
the quality of the biased Poisson approximations are illustrated by the dashed curves of
corresponding colour, namely p + 2e™> +\ +p — 2 with X\ == —log(1 — min{p, 1/2})
from (3.33) for the Wasserstein metric (dashed red curve, linear for p > 1/2) and
p—p— e with A = —log(1 — min{p, 1 — 1/e}) from (3.37) for the total variation
metric (dashed blue curve, linear for p > 1—1/e ~ 0.6321). See also Figure 3.5.

Remark 3.29 (Unbiased Poisson approximation in the total variation metric).
An additional slight improvement, see Figure 3.2, in the unbiased case A = E[IW],
namely

dry (Poisson(X) , L(W)) < " pi(1 — e Pi), (3.34)
=1

is derived below by estimating the total variation distance directly. Note that for
m = 1, estimate (3.34) agrees with (3.21).

To derive (3.34), define A = {n € Ny | PIN =n] > P[W =n]}. By Lemma
3.18(a),

dTV(ﬁ(N)> E(W))

=P[N € A] - P[W € A]
=PINEANAWI+PIVEAN=W]- FW € 4] (3.35)
omit C{weA}
<P[N #W] <> PN # X,
=1

31



L L L 1 L L L 1 L L L 1 L L L 1 L L L 1 p
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.3: Comparison of the bounds from Figure 3.2 relative to the upper bound
[0,1] 5 p = p?,

where we used in the last estimate that Ny + -+ + Ny, # X1 + - -- + X, is only
possible if N; # X; for at least one i € {1,...,m}. Furthermore, using (3.26),

P[N; # X;] = 1 — P[N; = X;] = 1 — P;({0,1})

3.36
:1—(1—pi+)\ie*)‘i):pi—)\ie*)‘i. ( )

In the unbiased case \; :== p; for all i € {1,...,m}, see (3.9), the combination of
(3.35) and (3.36) yields the estimate (3.34).

Exercise 3.30 (Comparison of Poisson approximation bounds). Prove directly
that the right-hand side of (3.34) is indeed smaller than the right-hand side of
(3.31). Hint: Use the method from (3.30).

Exercise 3.31 (Upper bound for the total variation metric). Let (S,d) be a
metric space with (S ® §)-measurable metric d, and let X and Y be two S-valued
random variables, defined on the same probability space (2,4, P). Prove that
dprv(L(X),L(Y)) <P[X #Y]. Hint: See Exercise 3.19(a) and (3.35). Remark:
Without the measurability of d, the outer P-measure of {X # Y} can be used.

Remark 3.32 (Cancellation of individual Poisson approximation errors). Since
P[N; = 0] > P[X; = 0] for every i € {1,...,m} with p; > 0 in the above coupling
proofs, see (3.26), there is a trade-off for the large values IV; > 2, for example
on {N; =2, Ny =0, X; = Xy = 1} we have N; + No = X; + Xo. The last
estimates in (3.28) and (3.35) do not take this cancellation effect of individual
approximation errors into account, hence there is room for improvement. The
Stein—Chen method introduced below does this in an ingenious way, see Example
3.26 for a comparison.
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Exercise 3.33 (Biased Poisson approximation for the total variation metric).
Let X1,..., X, be independent Bernoulli random variables with p; := P[X; = 1]
foralli € {1,...,m}. Define W = X1 +---+ X, and A = A\ + - -+ + Ay, where
Ai = —log(1 — p;) with p; :== min{p;, 1 — 1/e}. Use the coupling method to prove
(see Figure 3.2)

m

drv (Poisson(X) , L(W)) < Z(pl — Nie M) (3.37)
i=1

Hint: Optimize in (3.36) taking (3.27) into account.

Remark 3.34 (Comparison of biased and unbiased Poisson approximation). If
P1,y--.,Pm and their sum p; + - - - 4 p,, are small, then the approximation used
in Exercise 3.33 gives the (without much work obtainable) upper bound (3.37)
for the approximation error, which can be as small as about half the size of the
bound (3.21) in Theorem 3.23 relying on the Stein-Chen method. To be specific,
consider the example p; == 1 — e 1/m* for all i € {1,...,m}, hence p; and p; in
Exercise 3.33 agree and \; = 1/m?. As preparation, note that

©  n 2 o0 n—2 2
x x 2 T x
T_ = - < —e® > 0.
¢ T=2 QZn(n—l)(n—2)!_2e’ v=
n=2 ”:2A,_/
<1

Then the right-hand side of (3.37) simplifies to

m<1 Lo l/m? _LQ e—l/wﬂ) — e l/m? (el/m2 - L) <
m

1 1/m?2
S2”m4e/

On the other hand, with A == p; +--- 4+ p, = m(1 — e_l/m2), the right-hand side
of (3.21) yields, for large m € N,

1—e?
A

m(1l — efl/m2)2 =(1—eM(1- efl/mz) _ U + O(%)

S om3 2mé

a2
by using the Taylor approximation of R 5 x — (1 — exp(—keT)) (1-— e_”:Q) at
xg = 0, evaluated for x = 1/m. For another illustration, see Table 3.2.

Exercise 3.35 (Unbiased normal approximation). Using a computer and suitable
software of your choice, compute similarly to Table 3.1 the Kolmogorov—Smirnov
distance, see Definition 3.9, between the binomial distribution Bin(m, 1/v/m)
and the normal distribution N (y/m, /m — 1) with expecation /m and variance
/m — 1 for various values of m € N. Compare with the upper bound given by
the Berry—Esseen theorem. Why is the total variation distance not useful in this
context?
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3.4.2 Proof by the Stein—Chen Method for the Total Variation
Let N ~ Poisson(A) with A > 0. Then, using (3.1),

)\TZ
A]P[N:n—1]:me*A:nP[N:n], n €N, (3.38)
and this recursion relation?® uniquely determines the Poisson distribution with
parameter \: If N is Nyp-valued, then (3.38) implies by induction that

PN =n] = —P[N =0], n € Ny,

n!
and P[N = 0] = e~ gives the correct starting probability to obtain a probability
distribution. The recursion (3.38) implies that, for every function g: Ny — R
which is bounded below,

AE[g(N +1 =n—1]

)] =Y Ag(n)P[N
ot (3.39)
=Y ng(n)PIN =n] = E[Ng(N)].
n=1
Relation (3.39) applied to the functions g,, = 1y, for n € N reduces to (3.38),
hence (3.39) for all indicator functions 1,;: No — {0, 1} also uniquely determines
the Poisson distribution with parameter A > 0. Therefore, if £L(N) # Poisson(\)
for an Ny-valued random variable IV, then equality in (3.39) is violated for at
least one bounded g: Ny — R.

Exercise 3.36 (Characterization of the Poisson distribution). Let Z be a [0, 00)-
valued random variable satisfying A\E[g(Z + 1)] = E[Zg(Z)] for all indicator
functions g of Borel subsets of [0,00). Prove that £(Z) = Poisson(\). Hint:
Consider 1, ,,41) for n € Np.

The idea of the Stein-Chen method?! is to measure the distance of a dis-
tribution on Ny, in our case L(W) with W as in Theorem 3.23, to the Poisson
distribution with parameter A > 0 by the amount

AE[g(W 4+ 1)] — E[Wg(W)] (3.40)

of inequality in (3.39), for a specific function g or a suitable collection of them.
If A=0, then py =--- =py, =0, and N = W = 0 almost surely, hence (3.21)
and (3.22) hold and we may assume A > 0 in the following.
According to Lemma 3.18(a) the set A .= {n € Ny | P[W =n| > P[N =n|}
satisfies
dry(L(W),L(N)) =P[W € A] — P[N € A]. (3.41)

20 The recursion relation (3.38) also shows that the Poisson distribution with parameter A > 0
agrees with the Panjer(0, A, 0) distribution, see Example 5.21 below.

2! Named after Charles M. Stein (1920-2016) and his former Ph.D. student Louis H.Y. Chen,
Emeritus Professor at the National University of Singapore.

34


http://en.wikipedia.org/wiki/Stein-Chen_method
http://en.wikipedia.org/wiki/Charles_Stein_(statistician)
http://www.genealogy.math.ndsu.nodak.edu/id.php?id=13645
http://en.wikipedia.org/wiki/Louis_Chen_Hsiao_Yun

Since P[W =n] = 0 for all n > m, it follows that A C {0,1,...,m} is finite.
Define f: Ng — [—1,1] by

f=14—P[N € 4]. (3.42)

Note that
E[f(W)]=P[W € A] — P[N € A] (3.43)

is the right-hand side of (3.41), for which we want to obtain an upper estimate.
The next aim is to find a function g to express E[f(WV)] from (3.43) by (3.40).
We do this more general, not just for the function f from (3.42), because we also
want to use the result for the Wasserstein metric in Subsection 3.4.3 below.

Lemma 3.37 (Solution of the Stein equation). Let f: Ng — R be a function
and X\ > 0. Then the function g: Ng — R given by g(0) =0 (or any other value)
and??

I
! "

gl+1) = N1 > Ff(n)v I € No, (3.44)
n=0

solves the so-called Stein equation for the Poisson distribution with parameter A,
i.e.

F() = Xg(l+1) —1g(l),  1€N,. (3.45)

Proof. By direct inspection of (3.44) for [ = 0, we get that Ag(1) = f(0), which
is (3.45) for [ = 0. For every [ € N,

l -1

Ag(l+1) —lg(l) = %Z %f(n) _u ;11)! > %f(n) = f(l).
n=0 n=0 Il

Exercise 3.38. In the setting of Lemma 3.37, let N ~ Poisson(\) and show that

E[f(N)1{n<p]

9U+1) ===y

. leN. (3.46)
In addition, if f has a finite Lipschitz constant and E[f(NN)] = 0, prove that g is
bounded.

Since W takes values in the finite set {0, ..., m}, the expectations E[g(W + 1)],
E[Wg(W)] and E[f(W)] are well defined and the Stein equation (3.45) implies
that

E[f(W)] = AE[g(W + 1)] - E[Wg(W)]. (3.47)

We are now prepared for the main probabilistic argument of the proof, which is
valid not just for the function g arising from the specific f given by (3.42).

2 The representation (3.44) can be derived from the Stein equation (3.45) by recursion, hence
there is no need to memorize it.
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Lemma 3.39. For every function g: Ng — R,

AE[g(W +1)] ~EWg(W)] < _max Ag(l) >} (3.48)
2

with forward difference Ag(l) = g(l+ 1) — g(l) for all I € N.

Proof. Using that A=p; 4+ -+ +pp and W = Xy + - - - + X,,,, we obtain for the
left-hand side of (3.48) that

m

AElg(W +1)] = E[Wg(W)] = 3 (mElg(W + 1)) — ELX;g(W))).

Define W; = W — X; for every i € {0,...,m}. By splitting E[X; g(WW)] into the
two cases X; = 1 and X; = 0, noting that X; g(W) = 0 for X; = 0, and using the
independence of W; and X;, we obtain that

EXigW)] = Y E[Xig(Wi+ X;)1{x,—;y] = Elg(W; + 1)]pi.
Jje{0,1}

Repeating this reasoning and noting that W; takes values in {0,...,m — 1},

AE[g(W +1)] = EWg(W)] = Y pi E[g(W; + X; + 1) — g(W; + 1)]
=1
=E[(g(Wit Xi+1)—g(Wi+1))1 x,-1}]
=E[g(W;+2)—g(W;+1)] p; by indep. of W; and X;
=E[Ag(Wi+1)] ps

< Ag(l 2.
< efpm, 200 2

i O
Combining (3.41), (3.43), (3.47) and (3.48), we just need the result of the

next lemma to obtain (3.21).

Lemma 3.40. For the function f = 14—P[N € A] defined in (3.42), the solution
g of the Stein equation (3.45) given by Lemma 3.37 satisfies Ag(l) < (1 —e™*)/A
for all 1 € N (with equality for A= {1} and I =1).

Proof. For every n € Ny define the function
fn(l) = ﬂ{n}(l) — P[N = TL] , [ € Ng. (3.49)

Due to Lemma 3.37 and (3.46), a corresponding solution g,,: Ng — R of the Stein
equation (3.45) is given by ¢,(0) = 0 and, for every | € N,
E[fn(N)]l{Ngl}] ]l{n,n-l—l,...}(l) - IP)[N < l]

g(l+1) = NN =l NPV = 1] PN =n], (3.50)
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Figure 3.4: The function Ng 3 1 — g,(I) from (3.50) for A = 5 and n = 4. The
increments of this Stein solution are estimated by (3.51).

because E[ﬂ{n}(N)ﬂ{Ngl}} = ﬂ{n,n+1,...}(l) P[N =n]. Since A C {0,...,m} is
finite, f = 3_,c4 fn- Since the Stein equation (3.45) is linear with respect to
the functions, it follows that g := > _, gn is a corresponding solution for f and
Ag =73, caAgn with forward difference Agy(l) == gn(l+1) — gn(l) for all I € No.
Hence it suffices to show that, see Figure 3.4,

1—e /X forl=neN
Agn(l) < 4 BT/ orl=neR, ‘ (3.51)
0 for | € N and n € Ny with [ # n.
Using (3.50) and the recursion formula
)\l
/\]P’[N:l—l]:(l_l)'e_A:lIP[N:l], l€N, (3.52)

see (3.38), we see that for [ =n € N,
1-P[N<n] P[N<n-—1]

gn(n+1) = gn(n) =

A AP[N =n — 1]
PIN>n+1 PN <n-1]
= +
A n
PIN>n+1] 1< 1
= 4+ — — APIN=Ek -1
A +/\kz_1 n APl k ]
= ;1% = kP[N=k] by (3.52)

PIN>1] 1—e?
< =
- A A
with equality for [ =n =1. For [ € N and n € Ny with [ < n we get

@50) (PN <1 | PIN <1—1]\P[N =n]
gn(l+1) = gn(l) "= (_]P[N:l] P[Nzl—l]) A

37



The term in parentheses is negative, because by the recursion formula (3.52)

For | € N and n € Ny with [ > n we get from (3.50)

gn(l + 1) — 3n

_(PIN>1+1]  PIN>I \PN=n]
(l)_( P[N =[] _P[N:l—1]> ‘

Again, the term in parentheses is negative, because, using (3.52),

PIN>1 <=~ AP[N=Fk-1] i k PN =k IP’[N2Z+1]
PN =1-1] APIN =1—1] I P[N l] PN =1]
k=l+1 \,-/
Therefore, the estimate (3.51) for Ag, is proved. O

3.4.3 Proof by the Stein—Chen Method for the Wasserstein Metric

To prove the Poisson approximation for W in the Wasserstein metric, i.e. (3.22),
we can follow the strategy used in the previous subsection. Let N ~ Poisson(\)
and let f: Ng — R have Lipschitz constant at most 1. By subtracting the constant
E[f(N)] from f if necessary, we may assume that E[f(N)] = 0. By Lemma 3.37,
the corresponding solution g of the Stein equation is given by (3.44), and Lemma
3.39 applies to g. In view of the definition of the Wasserstein metric in (3.15), all
we need for (3.22) is the following lemma.

Lemma 3.41. Let f: Ny — R have Lipschitz constant at most 1 and satisfy
E[f(N)] = 0. Then the corresponding solution g of the Stein equation for the
Poisson distribution with parameter A > 0 satisfies

4 /2
Ag <minq 1, -4/ — ¢.
g_mln{,3 e)\}

Proof. See [5, Remark 1.1.6] or, for a more explicit presentation, [6, Eq. (1.4) in
Theorem 1.1]. Note that, according to Exercise 3.38, the solution g is bounded. [J

For more details and further applications of the Stein—Chen method, see e.g.
the textbook by Barbour, Holst and Janson [5] or the lecture notes by Eichels-
bacher [15]. For the application of Stein’s method for the normal approximation,
see e.g. the textbook by Chen, Goldstein and Shao [10].

3.5 Multivariate Poisson Distribution

The multivariate generalization of the Poisson distribution is motivated by com-
mon Poisson shock models [37]; with different notation it is also given in [53,
Chapter 20.1]. It will easily allow us to model joint defaults of obligors.
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Definition 3.42 (Multivariate Poisson distribution). Let m € N, consider a
collection G C P({1,...,m}) of subsets of {1,...,m} with @ ¢ G, and Poisson
parameters® A = (\;)gec € [0,00)%. Let (Ng)gec be independent random
variables with Ny ~ Poisson(),) for every g € G. Then the distribution of the
Ng'-valued random vector

N =Y ¢N,, (3.53)
geG
where the vector? ¢; = (cg1,...,¢4m)" € {0,1}™ is given by
1 ifieg,
coi = 14(1) = 3.54
i = (i) {0 el (3.50

is called m-variate Poisson distribution MPoisson(G, A, m) on N{'.

In the credit risk interpretation, the obligors in the group g C {1,...,m}
default together with Poisson intensity )4, independent of the other groups in
G. An empty group of obligors cannot cause any default, for this reason we
excluded @ from G. For practical applications we should assume that {1,...,
m} C U gec 9> because otherwise there would exist obligors who can never default.
If G = @, then (3.53) is an empty sum and MPoisson(G, A, m) is interpreted as
the degenerate distribution concentrated at the origin 0 € Ni*. If m = 1 and
G = {g} with g = {1}, then MPoisson(G, A\, m) coincides with Poisson(\,). It
might be tempting to choose G = P({1,...,m})\ {@} for greatest generality, but
then there are 2™ — 1 Poisson parameters (\g)4eq, which already for m = 1000
obligors are far too many to yield a practically useful model.

The next result is the multivariate generalization of Lemma 3.2.

Lemma 3.43 (Summation property of the multivariate Poisson distribution). If
Ni,..., Ny are independent with N; ~ MPoisson(G;, \j,m) for all i € {1,...,k}
with A\; = (Nig)geq, according to Definition 3.42, then

k
N = Z N; ~ MPoisson(G, A\, m) ,
i=1

where G == Ule Gi and X = (Ag)geq is given by

k
A=Y Aig.  g€G.
=1

1
Gi3¢g

% We consider [0,00)¢ as the set of all functions A: G — [0, 0c0), where the image of g € G is
denoted by Ag, hence A can be represented by the “tuple” (Ag)gee. With this interpretation,
the d-fold Cartesian products R% and N¢ are short-hand versions of R{* 4} and Nél """ i,

24 The vector ¢, points to a corner of the m-dimensional hypercube.
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Exercise 3.44 (Proof of Lemma 3.43 under extra independence). Write N; =
>_geq, CgNig with N g ~ Poisson(); ) for each i € {1,...,k} and g € G; accord-
ing to Definition 3.42, where (N; 4)4eq, are independent for each i € {1,...,k}.
Under the additional assumption that the collection (Njg)ic1,... k) geq, 1S inde-
pendent, use Lemma 3.2 to prove Lemma 3.43. (Without the extra independence,
the proof is given as Exercise 4.33 below.)

Remark 3.45 (Infinite divisibility of the multivariate Poisson distribution).
Lemma 3.43 implies that the multivariate Poisson distribution MPoisson(G, A\, m)
with A = (\g)g4ec is infinitely divisible, because for every k € N the distribution
of N1 + -+ + Ny is MPoisson(G, \,m), when Ni,..., Ni are independent with
N; ~ MPoisson (G, )\(k),m) for every i € {1,...,k}, Where AE) = (N /k)gec-

Lemma 3.46 (Moments of the multivariate Poisson distribution). Assume
that N = (N1,...,Ny,)T ~ MPoisson(G,\,m). Then, with the notation from
Definition 3.42, for all i,j € {1,...,m},

N =) ") (3.55)

geG
g1

and for the components of the covariance matriz of N,

Cov(Ni, Nj) = D Ag. (3.56)

geG
93%,j

Proof. Equation (3.55) follows from (3.53), (3.54) and (3.3). Similarly, using the
bi-linearity of the covariance and the independence of (Ng)geq,

Cov(N;, Nj) Z Z Cov(Ng,Ny) = Z Var(Ny)
G G%’—,’ G
‘2691 %’Eaj =0 if g#g gggi,j
Using (3.4), the result (3.56) follows. O

Remark 3.47. Note that by (3.56) the components of a multivariate Poisson
distribution can only have a non-negative covariance.

Lemma 3.48 (Multivariate Poisson distribution with independent components).
Consider N = (N1,..., Ny)T ~ MPoisson(G, \,m) and m > 2. Then, with the
notation from Definition 3.42, the following properties are equivalent:

(a) The components Ni,..., Ny, are independent.
(b) Cov(N;,N;) =0 forall i,5 € {1,...,m} with i # j.

(c) A\g =0 for all g € G with |g| > 2.
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Proof. Note that (a) implies (b), which in turn implies (c) via (3.56). If (c) holds,
then N, = 0 for all g € G with |g| > 2, hence

Nl m
) E D N
N (itec

by (3.53), hence N; = Ny;y if {i} € G, and N; = 0 otherwise. Since (Ng)geq, (o<1
are independent by Definition 3.42, part (a) follows.

3.6 General Multivariate Poisson Mixture Model

Following the mixture approach outlined in Section 2.2 for Bernoulli default
indicators, this section generalizes the multivariate Poisson distribution discussed
in the previous section by introducing random Poisson intensities (Ag)geq for all
the groups of obligors defaulting together.

Formally, (Ag)geq is a collection of [0, c0)-valued random variables, which
may even be dependent. Similar assumptions as in Section 2.2.1 are made for
the intensities, namely

g
A, Ay

ng!

P[Ng = ng|(An)nec] = P[Ng = ng|Ag] =e (3.57)
for every g € G and ny € Ny, cf. (2.11), and the conditional independence of
(Ng)gea given (Ag)geq, i-e., for all ny € Ny for g € G,

P[Ny = ng for all g € G|(Ap)nec] =[] PINg = ng| (An)nec]
geG
g
= H A e A by (3.57),

g
geG 9

(3.58)

cf. (2.12). The unconditional joint distribution of (NNy)se@ can be obtained by
integrating over the random intensities, i.e.

Ay
P[N, = n, for all g € G] = IE[ 11 o Ag} (3.59)
geG Y’

Exercise 3.49 (Explicit construction of the general multivariate Poisson mixture
model). Consider a [0, 0c0)“-valued random vector A’ = (A})gec on a probability

space (€, A", ). Define Q = Q' x N§ and A = A’ @ P(N§).
(a) Show that K: [0,00)¢ x P(N§) — [0, 1] with
ExnB) = > ]I a e (3.60)
(ng)gecEB 9€G ng!
for all A = (A\y)geq € [0,00)¢ and B C N§ is a well-defined stochastic tran-

sition kernel. Hint: (3.60) can be expressed as K (A, -) = @) ¢ Poisson(Ag).
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(b) Show that a well-defined probability measure P on the product space (€2, .A)
is uniquely determined by

P[A x Bl =Ep[14K(A,B)], AecA, BCNS. (3.61)

Hint: Consider P’ ® v on (Q,.A), where v is the counting measure on N§,
and consider the product in (3.60) as probability density. Alternatively,
apply [33, Corollary 14.23].

(c) For every g € G define Ay(w) = Ay(w') and Ny(w) = ny for all w =
(W', (np)req) € Q. Prove that (3.57) and (3.58) are satisfied. Hint: Use
(3.61) and the hint for (a).

3.6.1 Expected Values, Variances, and Individual Covariances

Again, the expected number of defaults can be deduced from the properties of the

underlying random intensities (Ay)4ec. From (3.3), (3.4) and (3.57) we obtain

that E[N,|A,] 2 A, and Var(Ny|A,) = A, for every g € G. For the numbers

Ni,..., Ny, of default events of the individual obligors 1,...,m, we have the
representation

Ny

L =) e (3.62)

Np, 9eG

from (3.53), hence

E[N1]
: = ZC!]E[E[NQ|A9H = chE[Ag];
E[N.) 9€eG as’y 9€G
- g
or, written out componentwise,
E[N;] =Y E[A], i€{l,...,m}, (3.63)
ge@
go1

cf. (3.55). Note that the sum of all ones in the vector ¢4 gives the number |g| of
obligors defaulting together when the group g defaults. Hence, using (3.62),

m

N:=N;+---+ N\, :Zch,iNg:Z]g]Ng (3.64)

=1 geG geG

is the random variable representing the overall number of defaults in the credit
portfolio. Similarly, using (3.63),

E[N] =) E[N] =) |9l E[A]

=1 geG
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To calculate the variances and covariances of Ny,..., N,,, we start with a
general formula, which is helpful in particular for mixture models. We will apply
(3.66) below with X = N, and the sub-o-algebra B := o(A,) containing all the
information about A,.

Lemma 3.50 (Law of total covariance). Let X and Y be square-integrable RC-
and Re-valued random vectors, respectively, on a probability space (0, A,P) and
B C A a sub-o-algebra. Then the covariance matrix of size ¢ X d satisfies

Cov(X,Y) =E[Cov(X,Y|B)| + Cov(E[X |B],E[Y|B]), (3.65)

where expectations are taken componentwise. If c=d =1 and X =Y, then
(3.65) reduces to the law of total variance

Var(X) = E[Var(X |B)] + Var(E[X |B]). (3.66)

Remark 3.51 (Vanishing conditional covariance). In the setting of Lemma 3.50,
when X and Y are conditionally independent given B, then Cov(X,Y |B) = 0
by [49, Exercise 9.11(b)]. This observation can be useful when applying (3.65).

Proof of Lemma 3.50. The formula for the variance follows from the one for the
covariance matrix. It therefore suffices to prove (3.65). We view X and Y as
column vectors. Using the definition of the covariance matrix, subtracting and
adding conditional expectations, we get that
Cov(X,Y) = E[(X ~ E[X])(Y ~ E[Y])"]
=E[((X - E[X|B]) + (E[X|B] — E[X]))
x ((Y —E[Y|B)) + (E[Y|B] - E[Y]))"].
Expanding the product, inserting conditional expectations given B in the first
three terms and using properties of conditional expectation,
Cov(X,Y) =E[E[(X —E[X|B])(Y —E[Y|B])"|B]]
=:Cov(X,Y|B)
+E[(E[X|8] -E[X])E[Y —E[Y|B]|B]"]

B-measurable

+E[E[X - E[X|B]|B] (E[Y\B]_— E[Y))T]

as. () B-measurable
+E[(E[X |B] - E[X]) (E[Y|B] - E[Y])T].
=Cov(E[X|B],E[Y|B]) 0

Corollary 3.52. Let A, B be random matrices and X, Y random vectors of
compatible sizes such that AX and BY are well defined. Assume that AX, BY,
X and Y are square-integrable. If (A, B) and (X,Y) are independent, then

Cov(AX,BY) = E[ACov(X,Y) B"] + Cov(AE[X], BE[Y]).
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Proof. We apply (3.65) from Lemma 3.50 with B = J(A B). Since A and B are
B-measurable, E[AX |B] 2 AE[X |B] and E[BY |B] 2 BE[Y'| B] as well as
Cov(AX,BY |B) = E[(AX — E[AX |B])(BY — E[BY |B])" | B]
= AE[(X - E[X|B))(Y —E[Y|8])" |B]BT
= ACov(X,Y|B)BT.

Due to the assumed independence, it follows that E[X |B] %= E[X] and E[Y |B] =
E[Y] as well as Cov(X,Y|B) = Cov(X,Y). O

Now we are in a position to calculate the variances and covariances of Ny, ...,
Ny, given by (3.62) as well as the variance of N = Ny + .-+ + N,,, provided that
these default numbers have a finite expectation. Using (3.66) from Lemma 3.50
and (3.57),

Var(N,y) = E[Var(Ng|Ag)] + Var(E[N,y|Ag]) = E[Ag] + Var(A) (3.67)
— ——
A, by (3.4) Ay by (3.3)

for every g € G. By the conditional independence of Ny and Nj, see (3.58), and
(3.57),

E[NgNh} = E[E[NgNhHAg’)g’eGH = E[E[Ng |Ag] E[Nh|Ah]] = E[AgAh]
—_—

a.

»

Ay =2 Ay

for all g, h € G with g # h, hence

COV(Ng> Np) = E[NgNh] - E[Ng] E[Ng]
— E[A,As] — E[Ag] E[As] (3.68)
= COV(Ag, Ah) y

cf. (2.22). Using the representation (3.62), in particular N; = > . ,o; Ny and
N; = ZheG, h3j Ny, it follows with the linearity of covariance in both arguments
that

Cov(N;, N;) Z Cov(N,

g9,heG
g3i,h3j
= Z Var(Ng) + Z Cov(Ng, Np)
geG g:he€G, g#h
g31,] LEINEY]

for all obligors 7,5 € {1,...,m}. By inserting (3.67) and (3.68),

Cov(N;, Nj) = > (E[Ag] + Var(Ag)) + > Cov(Ag, Ay).

geG 9,h€G, g#h
921,] EINEY)
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For the case ¢ = j, we obtain that

Var(N;) = Z (]E[Ag] + Var(Ay) + Z Cov(Ag,Ah)>, ie{l,...,m}.
ggG he}?\{g}
g=1 31

Using the representation (3.64) and formula (2.19), it follows for the total
number of defaults in the portfolio that

Var(N) = |g|* Var(Ng) + Y g [l Cov(Ng, Np);
geG g,heG
g#h

rearranging and inserting (3.67) and (3.68), it follows that

Var(V) = 3 bl (1ol (Bl + Var(g) + 3 18] Cov(Ap. ) )
geG heG\{g}
Exercise 3.53. Rederive (2.22) using (3.65) and the conditional independence
formulated in (2.12).

3.6.2 One-Factor Poisson Mixture Model

As a special case of the general multivariate Poisson mixture model, assume that
G = {{1},...,{m}}, that there exists a single [0, c0)-valued random variable
A, let F' denote its distribution function, and assume that there are parameters
P15 ftm > 0 such that Ay = A for all i € {1,...,m}. Then N; = Ny; by
(3.62) for all i € {1,...,m} and (3.59) simplifies, i.e., for all ny,...,n, € No,
m n;
P[Ny = n1, ..., Ny = nm] = (H“i

n;!
i=1 "

) E [An1+---+nm e—uA}
(3.69)

g
)

m 1 0o
= <H - '> / )\n1+...+nm e—,u)\ F(d)\)
i=1 "/ J0

with = p1 4+ -+ tim.-

Since Ny,..., N,, are conditionally independent given A, the summation
property of the Poisson distribution, see Lemma 3.2, implies that the conditional
distribution of the sum N = Nj + .- -+ N,, given A is almost surely Poisson(uA).
Hence, for all n € Ny,

P[N =n] = /OOO PN =n|A =\ F(d\) = /Ooo V" —an F(d)\) . (3.70)

n!

3.6.3 Uniform Poisson Mixture Model

To model a uniform portfolio, we may consider the one-factor Poisson mixture
model of Subsection 3.6.2 with pu; = -+ = p,, = 1, hence p = m. Then (3.69)
simplifies, i.e., for all ny,...,n, € Ny,

00 An1ttnm

PNy =n1,..., Ny = 1] = / ™™ F(dN),
0

and (3.70) holds with u = m.

n!. . ng!
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4 Generating Functions,
Mixed and Compound Distributions

4.1 Probability-Generating Functions

Probability-generating functions are a powerful tool when working with Ng-valued
or, more generally, Ng—valued random variables. Especially, as will be shown, a
probability-generating function uniquely determines a probability distribution on
N4 and vice versa.

Usually, the distribution of the sum of two independent random variables
is expressed as convolution of their distributions. In the context of probability-
generating functions, it is simply the distribution uniquely determined as the
product of the two probability-generating functions, see (4.31) below. In the
following we will use some multi-index notation, which we will introduce when
convenient.

4.1.1 Definition and Basic Examples

Definition 4.1. For a random vector X = (Xy,...,Xy): Q — Ng define the
probability-generating function® of its distribution by?%

¢X<s>:=E[f[1s§“]: > (:ls?i)P[X:n], (1)

n=(n1,...,nq) ENg

=
= X = s

where the series is absolutely convergent at least for all s = (s1,...,s4) € C? with

||s]|co == max{|si|,...,|sq|} <1, so the generating function is defined at least on

the closed and centred unit polydisk of C¢, meaning the d-fold Cartesian product
of the closed unit disk of C. The probability-generating function actually belongs
to the probability distribution £(X) and not to the random vector X itself, but
we will avoid the more clumsy notation ¢, (x).

Example 4.2 (Bernoulli distribution). Let the random variable B take values
in {0,1}, where p :==P[B = 1]. Then B is said to have a Bernoulli distribution
with success probability p € [0, 1]. Considering this distribution as a special case
of the binomial distribution, we write B ~ Bin(1, p). Its probability-generating
function is given by

op(s) Y PB=0]+PB=1s=(1-p)+ps=1+p(s—1), seC.(4.2)

5 The factorial moment generating function s — E[s¥], defined at least for all s = (s1,...,
sq) € C* with |s;| = 1 for all 4 € {1,...,d}, extends the notion of the probability-generating
function to R%valued random vectors, but we will not need this extension. However, we will
use the moment-generating property of the probability-generating function, see (4.25) below.

26 Recall that 2° := 1 for all z € C, because it is a special case of the empty product.
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Example 4.3 (Poisson distribution). For a random variable N ~ Poisson(\)
with parameter A > 0, the probability-generating function is given by

on(s) (L E[SN] (2D Z P eA = eMemA = M) seC. (43)
n€Ng

Example 4.4 (Univariate logarithmic distribution). Consider an N-valued ran-
dom variable N with univariate logarithmic distribution Log(p) with parameter
p€[0,1), ie.,

P[N =n] = . neN, (4.4)

n—1 _log(l=p) ¢ 1
p _{ 2 if p e (0,1), (5)

el 1 if p=0,

see the Taylor series (3.8). Using this Taylor series again, we see that

41 n—1 log(1=ps)  j¢ 1,  (0,1),
on(s) 2 S) > )" _ (elps) _ { log{1-7) (®.1) (4.6)

c(p) 7 cp) s if p=0,

defined for all s € C with p|s| < 1, is the probability-generating function of N. If
p is small, then the calculation of log(1— p) leads to the cancellation of significant
digits. Therefore, if for example p < 0.1 and an [-digit precision is desired,
then it is numerically more stable to add the first [ terms of the power series in
(4.5) defining ¢(p) than to use the formula of the right-hand side of (4.5). The
same advice applies to (4.6) when p|s| is small. For more information about
the univariate logarithmic distribution see [31, Chapter 7], for the multivariate
version see Definition 4.49 below.

Example 4.5 (Multivariate Bernoulli distribution). For d € N consider a ran-

dom vector B = (By, ..., Bq)" with a multivariate Bernoulli distribution with
parameter vector p = (p1,...,pq)" € [0,1]? satisfying p; +--- +pg = 1, i.e.
P[BI@Z'] = Pi, 1€ {1,...,d}, (4.7)

where e; = (0,...,0,1,0,...,0)" € {0,1}¢ denotes the ith unit vector with the
digit 1 at position ¢. It is also called categorical distribution on the finite set
{e1,...,eq}. In analogy to Example 4.2, we will consider this distribution as a
special case of the multinomial distribution, see Example 4.19 below, and write
B ~ Multinomial(1,p1,...,pq). It can be used, for example, to model the time
of default in a model with d periods, see Remark 7.1 below. Its probability-
generating function is given by

d d
4.1 4.7
vB(s) (4D E s; P[B = €] (40 E PD;iSi, s=1(81,-..,84) € ce. (4.8)
i=1

27 The function c is the hypergeometric function 2F3(1,1;2;-) and also the derivative of the
dilogarithm Lis.
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Note that B; is {0, 1}-valued and P[B; = 1] = p;, hence B; ~ Bin(1, p;) for every
component i € {1,...,d} of B = (By,...,By)", in particular E[B] = p and
Var(B;) = pi(1 — p;). Since ||e;||1 = 1 for every i € {1,...,d}, it follows that

|Bli=B1+---+ Bg=1. (4.9)
The multivariate Bernoulli distribution has the aggregation property
(B1,...,Bi,Biy1+---+By)" ~ Multinomial(1,p1, . .., pi, pir1+---+paq) (4.10)
for every i € {1,...,d — 1}, and the permutation property
(Bo(1)s - - - ,Bg(d))T ~ Multinomial(1, py(1), - - -  Po(a)) (4.11)

for every permutation o of {1,...,d}. Properties (4.9), (4.10) and (4.11) will
imply corresponding properties for compound distributions involving the multi-
variate Bernoulli distribution, see Exercises 4.20, 4.50 and 4.55 below. If d > 2,
then exactly one of the components of B attains the value 1, all others are zero,
hence for all 4,j € {1,...,d} with i # j,

Cov(Bi, Bj) = E[@] — E[Bi|E[B;] = —pip;, (4.12)
=0

which implies dependence unless p; = 0 or p; = 0. Together with the variance of
the components of B calculated above,

Cov(B) = diag(p) — pp", (4.13)

where diag(p) denotes the diagonal matrix with the entries of p on the diago-
nal. For the generalizations of the properties (4.9), (4.10), (4.11) and (4.13) to
the general multinomial distribution, see Exercise 4.20 below. For the general
multivariate Bernoulli mixture model, see Example 4.24 below.

4.1.2 Basic Properties and Calculation of Moments

Some of the basic properties of probability-generating functions of the distributions
of Nd-valued random vectors X = (X1, ..., Xy) following directly from (4.1) are

vx(0,...,0) =P[X =0], (4.14)
ex(1,...,1)= Y PX=n]=1 (4.15)
neNd
and
00,00 =m!.. .ngdPX =n], n=(n,...,ng) ENI,  (4.16)
where gpg?) = gog?l""’nd) means n; partial derivatives with respect to the ith vari-

able iteratively for all*® i € {1,...,d}. Because of (4.1) and (4.16), px uniquely

28 We only differentiate probability generating functions in the interior of the set where the
defining power series (4.1) converges absolutely. There, by Schwarz’s theorem, the order in
which the partial derivatives are computed, does not matter.
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determines the distribution of X and vice versa. It follows from the power series
representation in (4.1) that [0,1]? > (s1,...,54) = @x(s1,...,5q) is monotoni-
cally increasing, meaning that for all s,¢ € [0, 1]¢ with s < ¢ componentwise,?’
it follows that ¢x(s) < ¢x(t). In particular, ¢x is monotonically increasing
separately in every argument.

The probability-generating function ¢ x contains the information about all
distributions arising from X by an affine transformation with coefficients in Ny.

Lemma 4.6. Let X = (X1,...,Xq)" be an Ng-valued random wvector with
probability-generating function @x, let A = (aij)ief1,. c}je{l, .d} € N(C]Xd be
a matriz and b = (by,...,b.)7 € NG. Then the probability-generating function of
the distribution of the N§-valued random vector AX + b satisfies

&
waxsn(s) = sPox(ti, ... ta) with t, ::Hs?i’j, jed{l,...,d}, (4.17)
i=1

at least for every s = (s1,...,5.) € C¢ with ||s|lec < 1.
Proof. Using the definitions in (4.1) and (4.17),
SOAX+b(317 o 730) — E[ﬁ S@Z?q ai,ij+bi:| —&E [ ﬁ(ﬁ S?i,j>Xj]
i=1 j=1 Vi=1
:sbcpx t1,. .. tg). —
Example 4.7. Let us rewrite (4.17) for several special cases with b = 0.
(a) For the first c-dimensional marginal distribution with ¢ € {1,...,d},
‘P(Xl,...,Xc)(Sla ceySe) = px (81,86 1,00y 1), (4.18)

because a; j = d; ; fori € {1,...,c} and j € {1,...,d}, ie.

1 0 --- 00 --- 0
a=10 1
Lo 000 0
0 ... 0 10 0

This result generalizes to all other c-dimensional marginal distributions by
writing the ones in (4.18) as well as the zero column vectors of A at the
positions not used for the marginal distribution.

(b) For the sum of all the d components of X,

@X1+---+Xd(81) = @X(Sla .. .,Sl),

because A = (1,...,1) € NéXd is actually a row vector.

29 Hence ([0, 1]%, <) is a partially ordered set, which is directed upwards as well as downwards
(take the componentwise maximum and minimum, respectively).
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(c) Addition of the last d — ¢ + 1 components of X, for every ¢ € {2,...,d},

QD(le---7X6717XC+"'+Xd)(Sl’ o ,Sc) = @X(Sl, ey Se—1,8cy - - ,SC), (4.19)
because
1 0 0 0
a=|0 b -
0 -+ 0
0 0 1 1

This observation can be used to prove the aggregation property for several
multi-dimensional distributions discussed below.

(d) For every permutation o of {1,...,d}, with ¢! denoting the inverse per-
mutation,

QO(XJ(l),...,XG(d))(Slv s 78d) = @X(SJ*1(1)7 s 780'*1(d))7 (420)
because a;j = 0,(;) j = 0; ,-1(;) for all 4,5 € {1,...,d}.

Example 4.8 (Multivariate Bernoulli distribution revisited). Assume that the
random vector B = (B, ..., By) with d > 2 has a multivariate Bernoulli dis-
tribution, i.e. B ~ Multinomial(1,p;,...,pq) as in Example 4.5. Using the
probability-generating function from (4.2) and (4.8)

d

SOBi(Si) = PiSq + (1 _pz) = PiSi + ij = @B(la ey 178i7 17 ey 1)7 S; € (Ca
j=1
J#i

for every i € {1,...,d}, which illustrates (4.18). See Remark 4.56 below for

higher-dimensional marginal distributions of Multinomial(1, p1,...,pq).

Example 4.9 (Finite convex combination of probability measures). Fix k € N.
For each i € {1,...,k} let Q; = (¢in)neng denote a probability distribution on
N4 with probability-generating function ¢g,. Furthermore, let p = (p1,...,px) €
[0,1]% with p; + --- + pr = 1 be a probability vector. Then the probability
distribution @ = (gn)neng, defined as convex combination of Q1,...,Qy with
weights p1,...,pg, is given by

k
=Y Pitin, nENG (4.21)
i=1
We use the notation Convex((p;, Qi)ieq1,....x})- The probability-generating func-

tion of Q) is given by

k

k
(4.1) n (421 n (41)
vo(s) =" D ans :)sz- > Gins e > pivq.(s), (4.22)
1

neNg =1 neNg i=

20



for all s € C? for which the power series defining ¢, (), ..., pg,(s) converge,
hence at least for all s € C? with ||s|l.c < 1. For these s the equality in
the centre of (4.22) is justified. For a stochastic representation of @, consider
B = (By,...,Br) ~ Multinomial(1,p1,...,px) as in Example 4.5. For each
i € {1,...,k} let X; be an Nd-valued random vector with X; ~ Q; which is
independent of B;. Then Y = Zle B; X; satisfies

k k k
4.21
PY =n]=Y PB=c,V=n]=S PBi= UPX;=n] =% pigin = an
i~ (mtxi—my i—1

for each n € Ng, hence Y ~ ). Note that no independence assumption between
Xi1,..., X} is necessary.

Remark 4.10 (Calculation of multivariate factorial moments). Information about
the multivariate factorial moments of the Nd-valued X can also be obtained in a

simple manner. Let us first consider component i € {1,...,d}. At least for all
5= (s1,...,589) € C? with ||s]lcc <1 and |s;| < 1,

9 Xi— i—1 Xi X

g@x(s) =E[si" ... s XS 1(92»“+1 sy

(3

and

& X1 Xi—1 Xi—2 _Xit1 Xq4

asgsox(s) =E[s7! .. s Xo(Xs — 1)sp s sy

()

More generally, taking partial differentiation with respect all d variables into

account, at least for all s = (s1,...,54) € C? with ||s]|o0 < 1,
d n;—1
o (s) = E[H(Sf(n IT - li))} n=(ni,...,nq) € N{.

It follows from (4.1) that px and its derivatives are monotonically increasing on
[0,1)¢. By monotone convergence for the left-sided limit at the ith position, for
every i € {1,...,d},

0
£¢X<1,...,1,Si,1,...,1) o1 :E[XZ] (423)
and
82
@gox(l, o lysi 10001 = E[X;(X; — 1)], (4.24)
and generally for the multivariate factorial moments,
d n;—1
@%)(1_771_):E|:H H(Xl_ll):|) n:(nla“'vnd)ENdv (425)
i=1 1;=0

where the precaution with the left-sided limit is unnecessary for those i € {1,...,
d} which satisfy n;, = 0. The precaution is also unnecessary when there exists
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a radius 7 > 1 such that the power series in (4.1) converges for all s € C?
with ||s]|ec < 7. It follows from a proposition on doubly monotone arrays [59,
Section A5.1] or an iterated application of the monotone convergence theorem
that gog?)(l—, ...,1—) does not depend on the order in which the left-sided limits
are taken. As the next example shows, these left-sided limits can be infinite,
which is also the reason for calculating partial derivatives of ¢x only in the
interior of the domain of definition.

Example 4.11 (A distribution on N with infinite expectation). Consider an

N-valued random variable X with
1 1 1

PX=n=——=

LR N.
nn+1) n n+1 ne

Since P[X € {1,...,k}]=1— %—‘rl /1 as k — oo, this is indeed a probability
distribution. Its probability-generating function px satisfies

0 g™ / > gn—l
/
= — ) =32 <1
o (5) (;n(nﬂ)) S w

Comparison with the harmonic series and application of the monotone convergence
theorem (or Abel’s theorem for power series) shows that E[X] = ¢/, (1—) = oo.

Remark 4.12 (Variances and Covariances). Consider an Nd-valued random
vector X. For every component i € {1,...,d} with E[X;] < oo, we can use

Var(X;) = E[X7] — (E[X,])* = E[X;(X; — 1)] - E[X](E[X;] — 1) (4.26)

(2

as well as (4.23) and (4.24) to calculate the variance. For i,j € {1,...,d} with
i # j, a special case of (4.25) is

8280)(
882‘ st

where the left-sided limits are considered for the ith and jth argument. Therefore,
if E[X;] < oo and E[X;] < oo, then we can use

Cov(X, X;) = E[X,X;] - E[X,] E[X;] (4.28)

(1,...,1,1=,1,...,1,1—,1,...,1) = E[X; X}], (4.27)

together with (4.23) and (4.27) to calculate the covariance of X; and X, which
is allowed to be infinite here.

Exercise 4.13 (Factorial moments and variance of the univariate logarithmic
distribution). Suppose that N ~ Log(p) with p € [0, 1), see Example 4.4. Show
that

n—1
] (=Dt .
E{gw l)] = D €N, (4.29)
and
Var(N) = — P =1 (4.30)

(p) (1 —p)?
with ¢(p) given by (4.5). For the multivariate case, see Exercise 4.50.
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Exercise 4.14 (Calculating mixed moments from multivariate factorial moments).
Extending Exercise 2.10 to the multivariate case, show that in the polynomial

ring R[z1,...,x4] of d variables over a commutative ring R (with 1),
d n l;i—1
n __ 7 1. _ d
x _ZH{ZZ}H(% k;), n=(ni,...,ng) € Ng,
lENg i=1 k;=0
<n
where z = (z1,...,x4) and the inequality [ < n is understood componentwise.
Conclude that, for every Nd-valued random vector N = (Ny,. .., Ng), the mixed

moments can be calculated from the multivariate factorial moments given in
(4.25) by the formula

E[VY) = l%:(f[l &b E[f[l;r[j)uv k) =g €1,
I<n

and that the formula is also true for C%valued random vectors, provided the
absolute multivariate factorial moments for the right-hand side are finite.

Lemma 4.15 (Characterization of independence using probability-generating
functions). Let X: Q — N§ and Y: Q — N& be two random vectors. Then X
and Y are independent if and only if p(xy)(s,t) = ¢x(s)py(t) at least for all
5 € C¢ and t € C? satisfying ||s]lco <1 and [|t]|eo < 1.

Proof. Note that (s,t)*Y) = (TT¢_, SZXZ) H’;Zl t;/j = sXt¥ in multi-index nota-

tion. If X and Y are independent, then
@(X,y)(s,t) = E[thY] = E[SX] E[ty] = ox(s)py(t)

for all s and ¢ mentioned in the lemma. The reverse direction follows because
¢(x,y) uniquely determines the distribution of (X,Y), see (4.16). O

Now the multiplication theorem of probability-generating functions mentioned
above. Its proof is so simple that we include it in the statement of the theorem.

Theorem 4.16. Suppose that X,Y: Q — Ng are independent. Then, using
multi-index notation,

x4ty (s) = E[SX+Y] = E[SX] E[SY] = px(s)py(s) (4.31)
at least for all s € C* with ||s]/oo < 1.

Note that Theorem 4.16 also follows from Lemma 4.15 with ¢ = d and an
application of Lemma 4.6 to the Ngd—valued random variable (X,Y) and the
matrix A = (14, 1), cf. Example 4.7(b) for Ny-valued X and Y.

An application of formula (4.31) provides a very short proof of the Poisson
summation theorem given in Lemma 3.2.
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Alternative proof of Lemma 3.2. Let X ~ Poisson(\) and Y ~ Poisson(u) be
independent. Then

4.31 4.3 _ s s
ex+v(s) o ex(s)py(s) (L) A1) als=1) — oA +m)( D seC. (4.32)

Hence X 4+ Y ~ Poisson(A + p), because ¢x 1y uniquely determines the distribu-
tion of X + Y, see (4.16). O

Example 4.17 (Binomial distribution). Let the random variable N ~ Bin(m, p)
describe the number of successes in m € N independent Bernoulli trials with
success probability p € [0, 1], meaning that N = B; + - - - + By, with independent
Bernoulli random variables By, ..., By,. By (4.2), for every i € {1,...,m},

eB,(s) =14+p(s—1), seC,

hence the multiplication theorem of probability-generating functions, see (4.31),
implies that

en(s) = HSOBi(S) =(14+p(s—1))™, seC. (4.33)
i=1

Remark 4.18 (Motivation of the Poisson approximation). The following obser-
vation uses generating functions to make the Poisson approximation of Theorem
3.23 plausible. Let ¢p, denote the probability-generating function of the Bernoulli
random variable B; of obligor i € {1, ..., m}, indicating a default with probability
pi. Asin (4.2),
ep,(s) =14+pi(s—1), seC.

We denote the number of defaults in the whole portfolio by W = By +--- + B,
and the corresponding generating function by ¢ . If we assume the defaults
of the obligors to be independent, then ¢w (s) = [[;~, ¢B,(s). Using the linear
approximation 1 + z ~ e” for |z| small, we get

m m

ow(s) = [[A+pi(s— 1) = [[P D =D, sec,

i=1 i=1
with A :== p; + -+ + p, which according to (4.3) is the probability-generating
function of N ~ Poisson(\).
4.2 Application to the General Multinomial Mixture Model
4.2.1 Multinomial Distribution
We start by introducing and discussing the multinomial distribution.

Example 4.19 (Multinomial distribution). Given a dimension d € N, let By, ...,
B, be m € N independent d-dimensional random vectors, each one having a
multivariate Bernoulli distribution with probability vector p = (p1,...,pq) €
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[0,1)% satisfying p; +- - - +pg = 1, see Example 4.5, i.e. B; ~ Multinomial(1, p) for
each i € {1,...,m}. We can interpret B; as describing the result of the ith trial,
which can have d different outcomes. Then the jth component N; of N := B +
-+ -+ B,,, describes the number of outcomes of type j in a sequence of m independent
trials, for every j € {1,...,d}. By definition, N has a multinomial distribution,3’
which we denote by Multinomial(m, p1,...,pq) or Multinomial(m, p) for short.
We can add the case m = 0 with the understanding that N =0 € Ng (empty
sum convention). By (4.8), the probability-generating function of B; is given by

d
QOBZ-(S):ZP]'SJ‘, S:(Sl,...,Sd) GCd,
j=1

for every i € {1,...,m}, hence by the multiplication theorem of probability-
generating functions, see (4.31),

m d m
on(s) = H(sz.(s) = <ijsj> , s=(s1,...,89) € CL (4.34)
i=1 j=1

Either by using (4.16) to derive the probability mass function from ¢y, or by
using the multinomial theorem to expand ¢y (s) = (p1s1+- -+ pasa)™, it follows
that

d n;
PIN =n] =m! J[ 22 = (m) P (4.35)
;! n
i=1
in multi-index notation for all n = (ny,...,ng) € Nd with ny + -+ ng = m.

Note that

n Ny, ..., Ng nyl...ng!

is the multinomial coefficient, which can be defined more generally for z € C by

ni+-+ng—1

(Z> - <n1znd> = nlllndl I G- (4.36)

1=0

Exercise 4.20 (Some properties of the multinomial distribution). Let N =
(N1,...,Ng) ~ Multinomial(m, p1,...,pqs) with m € N trials and probability
vector p = (p1,...,pq) € [0,1]¢ satisfying p; + - - - + pg = 1. Show the following;

(@) Ni+---+Ng=m.

(b) One-dimensional marginal distributions: N; ~ Bin(m, p;), hence E[N] = mp
and Var(N;) = mp;(1—p;) for every i € {1,...,d}. (See Remark 4.56 below
for higher-dimensional marginal distributions.)

30 For the generalization to the case p1 + -+ + pa € [0, 1], see the multivariate binomial
distribution in Subsection 4.7.3 below.
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(c) Aggregation property: For every i € {1,...,d — 1},

(Nl,. . -;Ni7Ni+1 + - +Nd) ~ Multinomial(m,pl,. ey DisPig1 + o —i—pd).

(d) Permutation property: For every permutation o of {1,...,d},

(Ng(l), e ,Ng(d)) ~ Multinomial(m,pa(l), el ,pg(d)).

(e) Covariances: Cov(N;, N;) = —mp;p; for all 4,5 € {1,...,d} with i # j.

Lemma 4.21 (Summation property of the multinomial distribution). Let d,k €
N, mi,...,mi € Ng and p1,...,pq € [0,1] with pr+---+pg=1. If Ni,...,Ni
are independent with N; ~ Multinomial(m;, p1,...,pq) for every i € {1,...,k},
then

k
N = ZNi ~ Multinomial(mj + - -+ + mg, p1,. .., Pd)-
i=1

Exercise 4.22. Prove Lemma 4.21 using (4.34).

Remark 4.23 (Summation property of the binomial distribution). Using Lemma
4.21 for d = 2 and looking at the one-dimensional marginal distribution (see
Exercise 4.20(b)), we obtain the summation property of the binomial distribution.
Of course, this also follows directly using (4.33).

4.2.2 General Multinomial Mixture Model

As usual for mixture models, we now want to replace the probability vector
p = (p1,...,pa) € [0,1]% satisfying p1 + --- + ps = 1 by a random probability
vector. Therefore, for the remaining part of this subsection, let P = (Py,..., Py)'
denote a random vector with values in [0, 1% satisfying P, +- - -+ Py = 1. Note that
Py, ..., P;jin general are stochastically dependent, because for each j € {1,...,d}
the component P; can be expressed using all the other components.

Example 4.24 (General multivariate Bernoulli mixture model). For d € N
consider a random vector B = (B, ..., By)T, taking values in the set {ej,...,eq}
of unit vectors of R%. We generalize (4.7) from Example 4.5 by requiring

P[B=¢|P|2 P, i€{l,...,d}, (4.37)
which is equivalent to the vector equation
E[B|P] 2 P. (4.38)

a.s.

Furthermore ||By||; = B1+ -+ By = 1 corresponding to (4.9). Since L(B|P)
Multinomial(1, P), the calculation (4.8) implies for the probability-generating
function of the conditional distribution £(B|P) that

d
E[s®|P] = opp(s) =) Pisi,  s=(s1,...,54) € C".
i=1
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Hence by taking expectations,

d
op(s) =E[E[s"|P]] =Y E[P]si,  s=(s1,...,54) € C".
=1

Since the probability-generating function determines the distribution uniquely,
we see by comparison with (4.8) that B ~ Multinomial(1, E[P]). It follows from
(4.38) that

E[B] = E[P] (4.39)

and from (4.13) combined with £(B|P) %2 Multinomial(1, P) that
Cov(B|P) & diag(P) — PPT, (4.40)
and combined with B ~ Multinomial(1, E[P]) that
Cov(B) = diag(E[P]) — E[P]E[P]" .

Combining (3.65) from Lemma 3.50 with (4.40) and (4.38) gives the same re-
sult. The aggregation property (4.10) and the permutation property (4.11) are
transferred accordingly.

Example 4.25 (General multinomial mixture model). By combining Examples
4.19 and 4.24, given m € N, we consider general multivariate Bernoulli random
vectors By, ..., By, with £(B;|P) 2 Multinomial(1, P) for each i € {1,...,m},

which are conditionally independent given P = (P}, ..., P;)T, meaning that for
all z1,..., 2 € {e1,...,e4},
m
P[By = 21,..., By = | P] = [[ P[B: = 2| P]. (4.41)
i=1
Writing n = (n1,...,nq) = o1 + -+ + Ty, which satisfies ny + - -+ + ng = m, the

equations (4.37) and (4.41) imply that
P[Bi1 = 1,..., By =2 |P] & P - P} = P™. (4.42)

Define N = By + --- + B,, and take expectations in (4.42). Since for each

n=(ni,...,nqg) € N& with ny +---+ng = m there are (TT'Z) possibilities to choose
X1y, xm € {e1,...,eq} with x1 + -+ 4+ z,, = n, it follows that
P[N =n] = <m> E[P"] (4.43)
n

in multi-index notation, hence (4.35) is generalized. By linearity and (4.38),

E[N|P] % zm: E[B;|P] 2 mP, hence E[N]=mE[P]. (4.44)
=1
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Using (3.65) from Lemma 3.50 and (4.44) afterwards,

Cov(N) = E[Cov(N|P)] + Cov(E[N|P]) = Z E[Cov(B;, B;j| P)] 4+ Cov(mP).
ij=1

Due to the conditional independence of By, ..., By, see (4.41), and Remark 3.51,

Cov(B;, Bj|P) 2 0 for all 4,5 € {1,...,m} with i # j. Using (4.40) for the

remaining terms,

Cov(N) = m(m Cov(P) + diag(E[P]) — E[PPT))

4.45
= m((m — 1) Cov(P) + diag(E[P]) — E[P]E[P]"), (4.45)

because Cov(P) = E[PPT] — E[P]E[P]". Since £(N|P) = Multinomial(m, P)
by Example 4.19, (4.34) implies that

d m
5. m
o p(s) = (Z Pjsj) = > (n)P s=(s1,...,50) € CY,
Jj=1 neNg

[nlli=m
where we used the multinomial theorem to expand the power and multi-index
notation as in (4.43). Taking expectations shows that

m
on(s) = 3 (H)E[P"]s", 5= (s1....50) € T
neNg
[Infli=m

which also follows directly from (4.1) and (4.43).

4.2.3 Dirichlet and Dirichlet-Multinomial Distribution

To proceed, we now introduce a popular distribution for the random probability
vector P = (Py,...,Py), which is the multi-dimensional analogue of the beta
distribution, see Remark 4.27 below. We can think of (P, ..., P;) as the random
lengths of intervals created by cutting the unit interval [0,1] at the points
P +---+Pforie{l,...,d—1}.

Definition 4.26 (Dirichlet distribution3!). Let d > 2 be an integer. A density of
the Dirichlet distribution with shape parameter vector o = (a1, ..., aq) € (0, 00)?
on the open standard orthogonal (d — 1)-dimensional simplex Ay_; defined in
(2.32) is given by
fol) = {B(la) [T, 28t for & = (21,...,24-1) € Ag_1, (4.46)
0 for z € R™1\ Ag_q,

where g :=1— (z; +--- + x4-1) > 0 for notational reasons, and B denotes the

multivariate beta function, see (2.33). We denote an R%valued random probability
vector P = (Py,..., P;) with a Dirichlet distribution by P ~ Dirichlet(«).

31 Named after the German mathematician Peter Gustav Lejeune Dirichlet (1805-1859).
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Remark 4.27 (Beta distribution). Suppose that d = 2 and P = (P, P) ~
Dirichlet(c, 8) with real shape parameters «, 5 > 0. Then (4.46) simplifies to
(2.35), hence P; has the beta distribution Beta(«, ), see Definition 2.6 (compared
to the Dirichlet distribution, the component P, = 1 — P is usually omitted).

Exercise 4.28 (Mixed moments and covariance matrix of the Dirichlet distri-
bution). Let P = (Py,..., P;)T ~ Dirichlet(a) with a = (a1, ...,aq)"T € (0,00)%
Show for all v = (71,...,7)" € R? with v > —a componentwise that
B(a+7)

Bla)
define the probability vector & = «//||a||1 and, using the relation (2.33) for the

multivariate beta function and the functional equation (2.30) of the gamma
function, conclude that

E[PY] =E[P*---P]'] = (4.47)

S
E[P)=a& and  Cov(P)= CW, (4.48)

where diag(a) denotes the diagonal matrix with the entries of & on the diagonal.

Remark: Note that & marks the intersection in R? of the one-dimensional span of
o with the (d — 1)-dimensional simplex {(z1,...,2q) € (0,1)% | z14---+ x4 =1},
in which P = (P,...,Py) takes its values, and which is also the graph of
Ag_1 3 (z1,...,xg-1) — 1 — (21 + -+ +x4-1) with Ay_; given by (2.32). The
structure of Cov(P) is determined by @, its scale by ||«||;. Higher values of |a|;
lead to a stronger concentration of £(P) around &. Also note that P; and P;
have negative covariance for ¢ # j in {1,...,d}, as expected by the interpretation
of random lengths of subintervals created by cutting the unit interval [0, 1] at
the points P, +---+ P; fori € {1,...,d — 1}.

Here is the generalization of Lemma 2.12:

Lemma 4.29 (Biased Dirichlet distribution). Consider d € N with d > 2.
Assume that P ~ Dirichlet(a) with shape parameter vector a € (0,00)? and take
v € R* with v > —a componentwise. Then PpyP~! = Dirichlet(a + ), that
means the distribution of P under the P7-biased probability measure Ppy given
by Definition 2.11 is the Dirichlet(a + ) distribution.

Proof. By (2.44) and (4.47), a density of the P?-biased probability measure Ppy
is given by
dPp~ B(a)

= P,
dP  Bl(a+7)
Let u denote the Lebesgue-Borel measure on R4, Using the density f, from
(4.46) shows that, for y-almost all p = (p1,...,pg—1) in the open simplex Ay
defined in (2.32), writing p = (p1,...,pa-1,1 — (p1 + -+ + Pi-1)),

d(Pps P d(Pps P d(PP~1)
Izm (p) = d(;P_l) (p) - i (p)
_ Bl (4.46) ptr1L
~ Bla+y)! falp) = B(a+7)
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with 1 = (1,...,1) € N9 which by (4.46) is a density of the Dirichlet(a + 7)
distribution. O

Definition 4.30 (Dirichlet-multinomial distribution®?). Consider d,m € N
with d > 2 and a € (0,00)¢. Let P = (Pi,...,P;) ~ Dirichlet(a) as in Def-
inition 4.26. Combining (4.43) and (4.47), the probability mass function of
N ~ DirichletMultinomial(a, m) is given by

m\ B(a+n)
PIN =n| = — 4.4
w=n= () 5 449
for all n = (n1,...,nq) € Nd with ny + --- + ng = m; it generalizes (2.36).

Exercise 4.31 (Expectation and covariance matrix of the Dirichlet-multinomial
distribution). Consider d,m € N with d > 2 and a € (0,00)%. Let N ~
DirichletMultinomial(«, m). Define the probability column vector & = a/||||1
and show that E[N] = ma and

m+llaly, o g
Cov(N) = m——7—F—— (diag(a&) — aa' ).

Hint: Use (4.44), (4.45) and (4.48).

4.3 Application to the General Multivariate Poisson Mixture
Model

We start by using the multiplication theorem (Theorem 4.16) to calculate the
probability-generating function of the multivariate Poisson distribution given by
Definition 3.42

Example 4.32 (Multivariate Poisson distribution). Assume that N has the
multivariate Poisson distribution MPoisson(G, (Ag)gec, m). By the representation
(3.53), using multi-index notation, the probability-generating function is given by

on(s) = E[sV] U2 E[ 11 <ng>N9], secm, (4.50)
geG

where 5% = [[,c, si by (3.54). Using the independence of (Ng)gec and the
multiplication theorem (4.31) of probability-generating functions,

on(s) = [[E[(s")Y], secC™

geG

Finally, using the probability-generating function of Poisson()g) for every g € G,
see Example 4.3,

en(s) = H exp(Ag(s% — 1)) = exp< Z Ag (8% — 1)>7 seC™. (4.51)

geG geq

32 Also called multivariate Pélya distribution, because it appears in Pélya’s urn model, see [49].
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Exercise 4.33 (Proof of the summation property of the multivariate Poisson
distribution). Use (4.51) and Theorem 4.16 to prove Lemma 3.43 without the
extra assumption in Exercise 3.44.

Let us reconsider the general multivariate Poisson mixture model introduced
in Subsection 3.6.

Example 4.34 (General multivariate Poisson mixture model from Section 3.6).
We start by considering the random vector (Ny,...,Ny,)T of defaults of the
individual m obligors and use the representation (3.62) and the calculation (4.50)
to see that the corresponding probability-generating function is given by

QO(vamme)(S) = ]E|: H (ch)Ng:| with ch = H S;
geG i€g

at least for all s = (s1,...,8m,) € C™ with ||s||cc < 1. By conditioning on the
random intensities (Ap)nee and using conditional independence, see (3.58), as
well as (3.57), it follows that

P(N1, N) (8) = E [E{ [T )™

(Ah)heG”

geG
= E[ ];[G E[(s%)N | A] } = E[exp(%Ag(scg - 1))].

2 exp(Ag(s°9—1)) by (4.3)

For the number of defaults NV := N7 + - -- + N, in the portfolio as considered
in (3.64), Example 4.7(b) yields

o (6) = P08t (:08) = B oxn( a5 - 1) |,

d entries 9eG

at least for all s € C with |s| < 1. In the case G = {{1},...,{m}}, writing
A; = Ay for each i € {1,...,m}, the last result simplifies to

pav(s) = Efelhr+Amo-)

and, provided Aq,...,A,, are independent, to

4.4 Properties of the Gamma Distribution

In Subsection 4.3, no assumption was made about the distribution of any A;. In
this subsection we will consider only one factor A. An arbitrary, but well-accepted
choice for mathematical convenience, is the gamma distribution. Therefore,
suppose A to be gamma-distributed (notation A ~ Gamma(«, 8)) with shape
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parameter o > 0 and rate (or inverse scale) parameter 3 > 0, i.e., A has a density

B Na=1e=BA for A >0
) = {F(") ‘ N ’ (4.52)

0 for A <0,

where I' denotes the gamma function given in (2.29). The integral substitution
x = P shows that f is indeed a probability density.

Note that Gamma(1, #) is the exponential distribution with rate parameter
B > 0, whereas Gamma(n, 3) with general n € N is called Erlang distribution.
Furthermore, Gamma(%,%) is called y2-distribution with n € N degrees of
freedom.

The next lemma shows that, for every rate parameter 5 > 0, the gamma
distributions {Gamma(«, 8)}a>0 form a semigroup under convolution. It also
implies that the gamma distribution is infinitely divisible.

Lemma 4.35 (Summation property of the gamma distribution). Let k € N
and ay,...,a, 8 > 0. If Ay,...,Ax are independent random wvariables with
A; ~ Gamma(ay, ) for every i € {1,...,k}, then

k
ZAZ- ~ Gamma(og + -+ + ag, f).
i=1

Proof. The lemma follows by induction as soon as it is proved for k = 2. Let
fi and f2 be densities according to (4.52) for Ay ~ Gamma(ai, ) and Ay ~
Gamma(aag, (), respectively. Due to the independence of A; and Asg, a density f
for A := Ay 4+ As is given by the convolution, i.e., for all A > 0,

A
f) = /0 £101) f2X — 1) dp

A
B 1 g B 1A=
= o A — 1)e2 m dy.
/0 F(al)ﬂ e F(0[2)( 1) e 1

Rearranging, defining o = oy + g, and using the substitution p = Az yields

= ﬁ a=1 =X & ' o1 — _ \a2—
F) = r(oa)A e INCERINED) /0 21— 2)® e, A >0,
—_——

Gamma(a,3)-density

where the remaining constant needs to equal 1, because both sides are probability
distributions. As a side effect, this calculation evaluates the beta function
B(aq, a9), see Exercise 2.5 and (2.34). O
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4.4.1 Moments of the Gamma Distribution

For v € (—a, 0) and z € (—o0, 3), we can generally compute

E[AY M%) = /0 Y e”ljia)v—le—/” d\ by (4.52)

Tlat+y) B¢ (B =2)"" a1 —(B—2)A
EONCE z>a+v/o oty "~ D)

Gamma(a+y,8—z)-density

_ F(a+’y)
BIT(a)

For z = 0, the calculation (4.53) gives all the moments

(1—2/B)" ).

T(a+7)
BfIT(a)’

in particular, using the functional equation (2.30) for the gamma function,

E[A] = v € (—a,00), (4.54)

E[A] = m = % (4.55)

Fla+2)  ala+1)

BN = o) =

and

Var(A) = E[A%] — (E[A])? = (4.56)

@.
For v = 0, the calculation (4.53) gives the exponential moments and the moment-
generating function

E[e®] =(1-2/8)"%  z€(-,B), (4.57)
and the Laplace transform
Ele™™] =(1+s/8)7"  s€(-B.00).

Given v € (—a,00), let A’ ~ Gamma(a + v, 8), where the shape parameter is
shifted by 7. Then (4.53), (4.54) and (4.57) imply the peculiar relation

E[A”e\) = E[AT)(1 — 2/8) ") —E[VIE[X],  ze(-o0,8), (459
which we will use to derive (7.77) below.

4.4.2 Biased Gamma Distribution

The following lemma makes clear that the peculiar relation (4.58) is the conse-
quence of a more general observation, which is very similar to Lemma 2.12 for
the beta distribution and Lemma 4.29 for the Dirichlet distribution.
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Lemma 4.36. Assume that A ~ Gamma(«, 8) with parameters o, 3 > 0 and
that v € (—a,0) and 6 € (—fB,00). Then Py, —saA~1 = Gamma(a + 7, 8 + 6),
that means the distribution of A under the AY e~ -biased probability measure
Pp~ o-sa given by Definition 2.11 is the Gamma(o + v, 8+ 0) distribution.

Proof. By (2.44) and (4.53), a density of the A7 e~%*-biased probability measure
Py~ o-sa is given by

dPpre-on _ A7T(e) < 5>a+7m odn _ B o sn

AP T(a+7) B BT (a+7)

Let u denote the Lebesgue—Borel measure on R. Using the density f from (4.52)
shows that, for p-almost all A > 0,

d(P «,e_aAAfl) - d(]P> A,e_aAA*l) d(PAfl)
D i (M) = g(PA_l) (A) - m (A)
_ (BT s
- BeT(a+7) N )
_ (B0 N1 (B0
Ia+7) ’

which by (4.52) gives a density of the Gamma(a + 7, f + J) distribution. O

4.5 Gamma-Mixed Poisson Distribution

To continue the investigation of Poisson mixture models, assume that A ~
Gamma(cq, 8) with «, 8 > 0 and that the conditional distribution of N given A
is Poisson(A), notation £(N|A) % Poisson(A), meaning that

as A" A

P[N = n|A] re n € Np. (4.59)
n!
Combining (4.59) and (4.53) with z = —1, the unconditional distribution of N is
I'(a+n) 1

PIN =n] = E[P[N =n|A]] = %EW = T AT

for all n € Ny. Using the abbreviations

p
= €(0,1) and g=1—-p=-—"—\, 4.60
P=173 (0,1) q P=113 (4.60)
and then the functional equation (2.31) of the gamma function, we get
Ia+n) a+n-—1
PN =n] = ———p"¢% = g N 4.61
[N = n] () 7 ( n )p q*,  mn €N, (4.61)

which is called the negative binomial distribution.?®> We will use the nota-
tion N ~ NegBin(a,p). We will interpret NegBin(0,p) with p € [0,1) and

—Q

%3 The term (**”~')p” in (4.61) shows up when considering the binomial series for (1 —p)~*,
see (5.29) and (5.30), which is a negative power. This might motivate the name.
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NegBin(«, 0) with o > 0 as the degenerate distribution concentrated in 0. Note
that the right-hand sides of (4.62), (4.63), (4.64) and (4.65) below, hence also
(4.66) and (4.67) are correct for these cases.

If a € N, then (4.61) gives the probability of exactly n € Ny successes
before the a-th failure in a sequence of independent Bernoulli trials with success
probability p. For av = 1, the negative binomial distribution (4.61) reduces to the
geometric distribution with parameter p € [0, 1).

Let us calculate the expectation, the variance and the probability-generating
function of N. Since L(N|A) %2 Poisson(A) by assumption, we have

_ P (4.62)

(4.55) o
—— B 1- b
by the substitution 5 = 1%1” arising from (4.60). Using the law of total variance,

i.e. (3.66) from Lemma 3.50, as well as (4.55) for the mean and (4.56) for the
variance of A, we obtain

Var(N) = E[Var(N |A)] + Var(E[N |A])
—— ~——
A by (3.4) A by (3.3) (4.63)
o B+1  ap

:E[A]+Var(A):%+@=a el =t

where we used (4.60) and § = 1].%” for the last equation. It remains to calculate
the corresponding probability-generating function. We present two different
approaches. Using (4.61) and extending the fraction by (1 — ps)®, it follows that

e}

on(s) (g)E[sN] = ZS"IP’[N =n]
n=0
q“ fa+n—1 " a q a
- (1ps)az< n >(ps) (1=ps)® = (171)3)

n=0

NegBin(a,ps)-distribution (4.64)

for all real s > 0 with ps < 1, hence for all s € C with p|s| < 1 by the identity
theorem from complex analysis. Alternatively, using £(N|A) % Poisson(A) and
the probability-generating function (4.3) of the Poisson distribution,

cpN|A(s) = E[sN }A] = eA(S_l), s € C,

as well as the exponential moments (4.57) of A ~ Gamma(c, ),

ox(s) = E[E[s"|A]] = B[] = (1-221)

B \*@60) /g e (4.69)
<m> = (1—ps>
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for all s € C with p|s| < 1. Since

n—1

PR A 4
oN (8) A= ps)oe g(oH— 0), n €N, (4.66)

it follows via (4.25) for the factorial moments of the negative binomial distribution
that

n—1 n n—1
E[H(N-l)]:pnﬂ(aw), n e N. (4.67)
=0 q =0

Here is the analogue of the Poisson and gamma summation properties given
in Lemma 3.2 and Lemma 4.35, respectively, transferred to independent random
variables with a negative binomial distribution (see Lemma 4.53 below for a
multi-dimensional generalization):

Lemma 4.37 (Summation property of the negative binomial distribution). Let
kEeNand ay,...,ar >0 as well as p € [0,1). If Ny,..., Ny are independent
with N; ~ NegBin(ay, p) for every i € {1,...,k}, then

k
N = N; ~ NegBin(o + -+ + o, p)
=1

Proof. By independence, see (4.31), and generating function from (4.65),

k k q o q a1+tag
exte) =ITen =TI 250) = (725) (468)

=1

for all s € C satisfying p|s| < 1. Therefore, N ~ NegBin(a,p) with a =
a1 + -+ + oy, because the probability-generating function uniquely determines
the distribution, see (4.16). O

Exercise 4.38. Give a more probabilistic derivation of Lemma 4.37 by considering
the negative binomial distribution as a gamma-mixed Poisson distribution and
using Lemma 3.2, Lemma 4.35, and the setup of the general multivariate Poisson
mixture model, see (3.57) and (3.58).

4.6 Generating Function of Compound Distributions

To study random sums, let N be an Np-valued random variable and (X, )nen
a sequence of Ng—valued, independent, identically distributed random vectors,
which is independent of N. In actuarial science, N describes the number of
insurance claims during a given period and (X, ),en denote the claim sizes (only
the first N are observed during the period) arising from a homogeneous portfolio
of insurance contracts. The total claim amount is given by the Ng—valued random
sum

S=> Xn. (4.69)



This is called collective risk model for the total claim amount and used in
ruin theory. Of course, this model can also be applied to credit risks. Using
Q = L(X1), we introduce the notation

Compound(L(N), Q) = L(S5). (4.70)

Given k € Ny with P[N = k| > 0, we use the independence of the sum
X1+ -+ X} from the event {N = k} as well as the i.1. d. assumption for (X, )nen
to get in the case E[|| X1||]] < oo using the elementary definition E[S|N = k] =
E[ST{n—k}]/ P[N = k] of the conditional expectation that

E[S|IN =k] =E[X1+ -+ Xi|N = k] = kE[X],
and in the case E[||X1]|?] < co that
Cov(S|N =k) = Cov(Xy + -+ X |N = k)
= COV(Xl —+ - +Xk)
= kZCOV(Xl)
by independence. These two results can be rewritten as

E[S|N] % NE[X/] (4.71)
and

Cov(S|N) = N Cov(X;), (4.72)

where the last equation gives the conditional variances on the diagonal. Therefore,
if N and X; are integrable, we get a special case of Wald’s equation

E[S] = E[E[S|N]] = E[N]E[X/] (4.73)
and, if they are square integrable, using Lemma 3.50,

Cov(S) = E[Cov(S|N)] + Cov(E[S|N])

= E[N] Cov(X,) + Var(N) E[X,] E[X,]", (4.74)

which is a special case of the Blackwell-Girshick equation.

We compute the probability-generating function ¢g. Using the multi-index
notation as in Definition 4.1, the dominated convergence theorem, the indepen-
dence of the sum X; + --- + X, from the event {N = n} as well as the i.i.d.
assumption for the sequence (X, )nen,

0s(s) (4:1) E[SX1+"~+XN] — ZE[SXI—FW—‘—XH]I{N:n}]
n=0
— ZE[SX1+"-+Xn] ]P[N — n] (475)
————

= (B[s*1])" = (px, ()"

= on(px,(9)),
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where is calculation is valid for all s € C? such that the power series defining
©vx,(s) is absolutely convergent and such that the power series defining ¢y
converges at |¢x,(s)|. This is the case at least for all s € C? with ||s|ls < 1; note
that |¢x,(s)] <1 for these s.

Example 4.39 (Pairwise independence is not enough for (4.75)). We emphasise
that the i.i.d. sequence (X,)nen should be independent of N; the independence
of X,, and N for every n € N, that means pairwise independence, is not enough?*
for (4.75). For a counterexample, consider an i.i.d. sequence (X, )nen with X7 ~
Bin(1, 1), hence ¢x,(s) = 3(1+s) for s € C by (4.2). Define N =2 — ((X; + X»)
mod 2). Then PN = 1] = P[N = 2] = 1 and, for all i € {1,2} and j € {0,1},

PIN=1,X;,=j]=P[X;=j, X3, =1—4] =1
as well as
PIN =2, X; = j] =P[X, = j, Xo = j] = {,

hence N and X; are independent for every i € {1,2}. Note that ¢y (s) = $s+ 15>
and

onv(pxi () =21 +s)+ 11 +s)?=2+1s+ 12  seC.  (476)

However, for the compound sum S given by (4.69), we have that {S = 0} =
{X1 = 0}, {S = 1} = {X1 = 1, Xg = 0} and {S = 2} = {Xl = 1, X2 = 1}, hence

ps(s)=2+1s+1s% seC,
which differs from (4.76), hence (4.75) does not hold in this case.

Let Q = (qv)veng With g, = P[X; = 1] denote the distribution of X;. If
N ~ Poisson(A) with A > 0, then the random sum S in (4.69) has a so-called
compound Poisson distribution and we use the notation S ~ CPoisson(A, Q).
Since pn(s) = e*5=D for all s € C by (4.3), the calculation in (4.75) implies that

ps(s) = exp(A(xy(s) — 1)) (4.77)
for all s € C? for which the power series defining ¢x,(s) converges, which is the
case at least when ||s]|o < 1.

Similarly, if N ~ NegBin(«,p) with a > 0 and p € [0,1), then S from (4.69)
has a so-called compound negative binomial distribution and we use the notation
S ~ CNegBin(a, p, Q). Since pn(s) = ¢*/(1 —ps)® with g:=1—p for all s € C
with p|s| < 1 by (4.65), the calculation in (4.75) implies that

)" 4.78
es(s) <1—P90X1(3)> (4.78)

for all s € C? for which the power series defining x,(s) is absolutely convergent
and for which p|ex,(s)| < 1, which is the case at least when ||s|/s < 1.
Let us look at a prominent example and its credit risk interpretation.

34 A careful study of (4.75) shows that the independence of X; + --- 4+ X,, from {N = n} for
each n € N is sufficient. Therefore, modifying Example 4.39 by defining N = (X1 + X2) mod 2
makes N dependent on X3 + X2 but has no influence on the distribution of the random sum S.
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Example 4.40 (Negative binomial distribution as compound Poisson distribu-
tion). Let (X, )nen denote ii.d. random variables, where X; ~ Log(p) has a
univariate logarithmic distribution with parameter p € (0, 1), see Example 4.4.
Recall (4.6) to see that

_ log(1 —ps)
log(1 —p)
According to (4.77), the compound Poisson sum S has the generating function
log(1 — ps) 1—p\@
(3 (B2 )Y (1opye p,
oste) = (A T T=ps) 0 Pl

_ A 1—ps
~ log(1—p) log -p

<PX1(S) ) |S’ < 1/p

with N
a=———2>0, 4.79
log(1 —p) (79
which according to (4.65) is the probability-generating function of a negative
binomial distribution, hence

CPoisson(A, Log(p)) = NegBin(a, p) . (4.80)

Remark 4.41 (Historical remark). Note that the result of Example 4.40 can
be traced back at least to H. Ammeter® [2]. At [2, top of page 183] he makes
the Ansatz to write the characteristic function of a compound negative binomial
distribution as a characteristic function of a compound Poisson distribution. He
uses hg and P/(ho+ P) for our parameters v and p to specify NegBin(«, p), hence
P is the expectation of the distribution, see (4.62). At the bottom of the page, he
obtains the logarithmic distribution with parameter ﬁ where x = P/hg, which

is our parameter p, and also the Poisson intensity %log(l + X), which simplifies
to —alog(1l — p) in our notation and agrees with (4.79).

Remark 4.42 (Interpretation of the negative binomial distribution as a model
for dependent defaults). Motivated by the Poisson approximation discussed in
Section 3.4, we can model the number of defaults in a credit portfolio during one
period by N ~ Poisson(A) with A > 0 and visualize NV as the number of events of
a homogeneous Poisson process of intensity A (see [40, Section 2.1]) during [0, 1].
To reflect the imprecise knowledge of the rate parameter \, we can model it by a
random factor A ~ Gamma(c, ) with a, 8 > 0 such that E[A] = 1 and express
the uncertainty by Var(A) = ¢ > 0. We assume that £(N|A) %= Poisson(AA),
which implies that E[N] = E[E[N|A]] = E[A\] = A. Since E[A] = «/f and
Var(A) = «a/B% by (4.55) and (4.56), this means a = 8 = 1/0%. Then A ~
Gamma(a, 8/A) = Gamma(1/0?,1/(Ac?)), hence N ~ NegBin(1/0?,p) with

(4.60) 1 _Ao?
1+1/(Ao?) 1+ o2

3 Prof. Dr.h.c. Hans A. Ammeter (1912-1986), president of the Schweizerische Lebensver-
sicherungs- und Rentenanstalt (now Swiss Life) from 1973 to 1978.

p (4.81)
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Figure 4.1: Illustration of the factor f(x) from (4.83) reducing the Poisson intensity in
(4.82) with increasing variance, and increasing the expectation of the number of defaults
happening together, see (4.84).

as shown in Section 4.5, and we can visualize N as the number of events of a
mixed Poisson process of random intensity AA during [0, 1] (see [40, Section 2.3],
it is also a special version of a Cox process).

Example 4.40 offers another interpretation of the distribution of N: We can
consider a compound Poisson process with reduced intensity

(4.79) (481) 1 1 9
where 1
f(z) = - log(1 + z), x>0, (4.83)

see Figure 4.1. At the ith event of the Poisson process, there are one or several
joint defaults given by X; ~ Log(p) with
D (4.81) \o? (4.83) 1 ,
E[X,] = — =)0 U2 €N, (4.84
B (e e B T v R TP v M
see (4.29) with n =1 and (4.5). By (4.80), this leads to the same distribution of
the number of defaults during [0, 1], namely N ~ CPoisson()\, Log(p)).

As a corollary to the summation property of the Poisson distribution (Lemma
3.2) and the negative binomial distribution (Lemma 4.37), we get the correspond-
ing property for the compound distributions.

Corollary 4.43 (Summation property for some compound distributions). Fix
keN. Let Q,Q1,...,Q denote probability distributions on Ng and let S1,...,Sk
be independent Ng—valued random vectors.
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(a) Let \i,..., A > 0. If S; ~ CPoisson(\;, Q;) for every i € {1,...,k}, then
S1+ -+ Sk ~ CPoisson(A\; + -+ - + A\g, Q)

if Q satisfies®® (A1 + -+ M)Q = M Q1 + -+ + MQr.

(b) Let ay,...,ar >0 and p € [0,1). If S; ~ CNegBin(a;,p, Q) for every
i€ {l,...,k}, then”

Sy + -+ Sk ~ CNegBin(ag + -+ - + ag, p, Q) .

Exercise 4.44. Prove Corollary 4.43. Hint: Use probability-generating functions,
(4.32), (4.68), (4.75), (4.77) and (4.78).

Remark 4.45. The definitions and Corollary 4.43 can be extended to probability
distributions Q,Q1,...,Qk on R% 1In this case the proof can be done using
characteristic functions.

Lemma 4.46 (Representation of the multivariate Poisson distribution as com-
pound Poisson distribution). Given MPoisson(G, (Ag)geq,m) as in Definition
3.42, define the total intensity by A = deG Ag and let p be a probability measure
on {0,1}™ satisfying A\p = deg Agbc,, where dc, denotes the Dirac measure
concentrated in cg € {0,1}™ given by (3.54). Then MPoisson(G, (A\g)gec, m) =
CPoisson(A\, p).

Proof. The probability-generating function of the Dirac measure d, is given
in multi-index notation by @5, (s) = s% for all s € C™. When A > 0, then
p = Convex((Ag/A, dc,)gec), hence by (4.22) in Example 4.9,

Apu(s) = Z Ags, seC™.

geG
Therefore, using (4.77), the probability-generating function ¢ of CPoisson(\, )
is given by
o(s) = exp(AMpu(s) — 1)) = exp< Z Ag(s% — 1)), seC™,
geG

which agrees with the probability-generating function (4.51) of the multivariate
Poisson distribution MPoisson(G, (Ag)gec, m). O

36Tf X == A1 +-- -+ Ax > 0, then the degenerate case in excluded and Q is uniquely determined
as the convex combination Convex((Ai/X, Qi)ie(1,....k}) of Q1,...,Qk, see Example 4.9.
37 For a generalization, see Corollary 4.61 below.
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4.7 Some Compound Distributions
Arising from the Multivariate Bernoulli Distribution

The purpose of this subsection is to introduce several multivariate discrete
distributions on N¢ and to discuss their characteristics. Throughout this sub-
section, let (By,)men denote i.i.d. multivariate Bernoulli random vectors with
B; ~ Multinomial(1, p1,...,pq), where p1,...,pq € [0,1] with p1 + -+ + pg = 1,
see Example 4.5. Then ¢p,(s) = 25:1 pis; for all s = (s1,...,54) € C? by (4.8).
Furthermore, let M be an Ny-valued random variable, independent of (B, )men,
and consider the random sum

M
N=(MN,...,Ng)=Y_ Bn. (4.85)
m=1

Remark 4.47 (Covariance of components). Suppose that Var(M) < co. Using
the representation from (4.85), the law of total covariance (Lemma 3.50) applied
with B = o(M), as well as (4.71), (4.72), (4.7) and (4.12),

Cov(N;, N;) = Cov(E[N;| M],E[N,|M]) + E[Cov(N;, N; | M)]
—_—— —— N’
=piM =p;M =—p;p; M if i#j
= pipj (Var(M) — E[M]), i,j €{1,...,d} with i # j.

Hence the sign of the covariance of two different components can vary depending
on the expectation and the variance of the distribution of M. It vanishes for
M ~ Poisson()) due to (3.3) and (3.4); Example 4.48 below shows that there is
even independence in this case. For M ~ Log(p) the sign depends on the value
of p € (0,1), see Exercise 4.50(b) below.

Example 4.48. (Compound Poisson) Let M ~ Poisson(A) with A > 0. Then
(4.8) substituted into (4.77) implies for the random sum (4.85) that

d d
¢n(s) = exp <A (Z Pisi — 1)) = [ exp(Aai(si — 1)) (4.86)

i=1 i=1

:Zgzl pi(si—1)

for all s = (s1,...,8q) € C%, hence the components of N are independent and
satisfy N; ~ Poisson(Ap;) for every i € {1,...,d}. This independence may
come as a surprise, because different components of the multivariate Bernoulli
distributed summands are dependent. However, this independence is a special
feature of the Poisson distribution, it is lost if, for example, the logarithmic

distribution (see Subsection 4.7.1) or the negative binomial distribution (see
Subsection 4.7.2) is considered for M.

If P]M = m| =1 for an m € N, then N ~ Multinomial(m, p1,...,pq) for the
random variable in (4.85), see Example 4.19. More generally, given (ny,...,ng) €
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N4, define m =nq +--- +ng € Ng. Then N = (ny,...,ng) is only possible when
M = m, hence by independence

PIN = (n1,...,nq)] =P[M =m|P[B; + -+ Bp, = (n1,...,nq)| M = m]
=PM =m|P[B;+---+ By = (n1,...,n4)] -

Since By + - - - + By, ~ Multinomial(m, p1, ..., pq), it follows from (4.35) that

~N;

d
PIN = (n1,...,nq)] = PIM =m]-m! ]| % (4.87)
=1

In the next subsections, we will look at three additional interesting examples
for the distribution of M, namely the logarithmic distribution, the negative
binomial distribution and the binomial distribution. Of course, additional choices
are possible, like the extended negative binomial distribution (see Example 5.26),
the extended logarithmic distribution (see Example 5.27) and truncations of these
distribution (see Definition 5.11).

4.7.1 Multivariate Logarithmic Distribution

Consider M ~ Log(p) with p € (0,1), see Example 4.4. Tt follows from (4.4) and
(4.87) that, for every (ni,...,nq) € Nd\ {(0,...,0)},

pmt S (m—l)'flpm
PIN = (nq,... _ o T2 = 'y 2
[ (n1,- 1)l c(p)m m Pl n;! c(p)p Pl n;!’

with m == ny + -+ + ng and p; := pp; for i € {1,...,d}. This motivates the
following definition:

Definition 4.49 (Multivariate logarithmic distribution). A random vector N =
(N1,...,Ng) of dimension d € N is said to have the multivariate logarithmic
distribution MLog(p1, ..., pq) with parameters pi,...,pq € [0, 1) satisfying 0 <
p=p1+---+pg <1, if

(nl—i--'-—{—nd—l)!ﬁp;”

PIN = (n1,...,nqg)] = c(p)p n;!
i=1 """

(4.88)

for all (ni,...,nq) € Nd\ {(0,...,0)} with normalising factor, see (4.5),

_ log(1—p)
c(p) = —

For d = 1, Definition 4.49 reduces to the univariate logarithmic distribution
given in Example 4.4, which is well defined also for p = 0.

With log(1 )

og(l —ps
PM\S) = 7> s|<1 b,
0=l </
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given by (4.6) and ¢pp,(s) = Z?:lﬁisi for s = (s1,...,5q4) € C? given by (4.8), it
follows from (4.75) for the probability-generating function of N that

_ lOg(l - Z;‘i:1 pisi)
log(1 —p)

N (s) (4.89)

for all s = (s1,...,54) € C? with ‘Z?ﬂ pisi‘ < 1, which is certainly the case if
I8]loc < 1/p.

Exercise 4.50 (Properties of the multivariate logarithmic distribution). Assume
that N = (Ny,...,Ng)" ~ MLog(pi,...,pq) with p1,...,pq € [0,1) satisfying
0<p:=p1+- -+ pqg <1, see Definition 4.49. Show:

(a) Factorial moments: For every (ny,...,ng) € N¢\ {0},

d n;—1 (n1+~-+nd—1)' Di n;
E[H H(Ni—li)]—— TIG=)

i=1 ;=0 log(1 —p) i TP

which generalizes (4.29), hence for the components,
e; = E[N;] = — Pi . de{l,....d.
(1 —p)log(1 —p)
(b) Covariance matrix: With expectation vector e := (e1,...,eq)T,

Cov(N) = diag(e) — (1 4 log(1 — p))ee’,

which generalizes (4.30). When pi,...,pg > 0, conclude for all 7,5 €
{1,...,d} with i # j that Cov(N;, N;) > 0 and Var(XN;) > E[N;] for all
p>1-— % ~ 0.6321 and reversed inequalities otherwise.

(c) Permutation property: For every permutation o of {1,...,d},
(No1ys - - s No(@y) ~ MLOg(po(1), - - - s Por(d))-
(d) Aggregation property: For every i € {1,...,d — 1},
(N1, Niy Nig1 + -+ + Ng) ~ MLog(p1, - - -, pi, Pi+1 + -+ + Pa).

(e) N1+ ---+4 Ng ~ Log(p).

Remark 4.51. Parts (a) and (b) of Exercise 4.50 can be solved using probability-
generating functions, see (4.23), (4.24), (4.26), (4.27), (4.28) and (4.89), or they
can be solved using the representation (4.85) together with the law of total
covariance (Lemma 3.50) and results for the multinomial distribution and the
univariate logarithmic distribution, see Exercises 4.20 and 4.13, respectively.
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4.7.2 Negative Multinomial Distribution

Let M ~ NegBin(a,p) with a > 0 and p € [0,1), see (4.61). It follows from
(4.61) and (4.87) that, for every (nq,...,ng) € Ng,

I'(a+m)
m!T(«)

m

a+m H

=1

PN = (n1,...,nq)] =

with m :=n;+---+ng and ¢ .= 1—p as well as p; :== pp; for i € {1,...,d}. This
motivates the following definition:

Definition 4.52 (Negative multinomial distribution). A random vector N = (Ny,

., Ng) of dimension d € N is said to have the negative multinomial distribution
NegMult(a, p1, . ..,pq) with shape parameter o > 0 and success probabilities
P1,---,pd € [0,1) satisfying ¢ :== 1 — (p1 + -+ - + pq) € (0,1], if

d n,
PN = (na,...,ng)] = 2OF ";Z;) ) o T f;! (4.90)

for all (n1,...,nq) € Nd. We interpret NegMult(0,p1, . .., pg) as the degenerate
distribution concentrated in (0,...,0) € N&.

For d = 1, Definition 4.52 reduces to the negative binomial distribution given
by (4.61).

For a € N the negative multinomial distribution has a combinatorial inter-
pretation: Consider the d components as mutually different types of successes,
which occur with probabilities p1,...,pq, and let ¢ denote the probability of
failure. Using the functional equation (2.31) of the gamma function, (4.90) can
be rewritten with a multinomial coefficient, see (4.36), as

d
a—14+ny+---+ng n
PN = ... = * o 4.91
¥ =l = (7T e [ o
for (n1,...,nq) € N&, and the product in (4.91) could be written using multi-
index notation. In a sequence of independent trials, (4.91) gives the probability
of ny,...,ng € Ny successes of types 1 ,d before the ath failure happens.

Wlth

[e%
onm(s) = ( a ) , s € C with p|s| < 1,
1—ps

given by (4.64) and ¢p,(s) = Z?:l pisi for s = (s1,...,84) € C? given by (4.8),
it follows from (4.75) for the probability-generating function of N that

on(s) = (1_2;,1,_1]35)& (4.92)

for all s = (s1,...,54) € C? with ‘E?:l pisi‘ < 1, which is certainly the case if
(p1+ -+ pa)lsllec < 1. Note that the calculation leading to (4.92) is correct for
p1 = -+ =pg =0, and the result (4.92) is also correct for oo = 0.
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Here is the multi-dimensional generalization of Lemma 4.37, which also implies
that the negative multinomial distribution is infinitely divisible:

Lemma 4.53 (Summation property of the negative multinomial distribution). Let
keN, ay,...,ap > 0and p1,...,pq € [0,1) with pr+---+pg < 1. If N1,..., Ni
are independent with N; ~ NegMult(cy, p1,...,pq) for every i € {1,...,k}, then

k
N = ZNZ NNegMult(al+"'+akap17"-7pd)' (493)
=1

Exercise 4.54. Prove Lemma 4.53.

Exercise 4.55 (Properties of the negative multinomial distribution). Assume that
N = (Ny,...,Ng) ~ NegMult(a, p1,...,pq) with a > 0 and py,...,pq € [0,1)
satisfying ¢ == 1 — (p1 + -+ - + pa) € (0, 1], see Definition 4.52. Show:

(a) Factorial moments and variances: For every (ni,...,ng) € N&,
d n;—1 ni+--4ng—1 d P\
AT w-n)=( T0 @) 11"
i=1 1;=0 1=0 i=1
and for every component i € {1,...,d},
Var(N;) = 704%(}%2—1_ Q).
q

In the case d = 1, these results coincide with (4.67) and (4.63), respectively.

(b) Covariances: For every i,j € {1,...,d} with i # 7,

Cov(N;, Nj) = ozp”;j.
q
(c) Permutation property: For every permutation o of {1,...,d},

(Ng(l), e ,Ng(d)) ~ NegMult(a,pU(l), e ,pg(d)).
(d) Aggregation property: For every i € {1,...,d — 1},
(N1, Niy Nijga + -+ - + Ng) ~ NegMult(cv, p1, - .., pi, Pit1 + - -+ + pa)-

() Ny +---+ Ny~ NegBin(a,p1 + -+ + pqg)-

(f) Marginal distributions: For every i € {1,...,d},

(Nl,...,Ni)NNegMult<a, P o Di )’
1—pit1——Dpa 1= pit1—— pa

in particular N; ~ NegBin(a

’pﬁq)'
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4.7.3 Multivariate Binomial Distribution

Let M ~ Bin(m,p) with m € Ny and p € [0, 1]. It follows from (2.9) and (4.87)

that, for every (ni,...,ng) € N& with [ :=ny +--- +ng < m,
m 4 pr
PN = (el = ()0 - om0 [T
o (4.94)
m! =
e 1 i m 1
m—m P 1150

with p; = pp; for ¢ € {1,...,d}. This can be called multivariate binomial
distribution MBin(m,p1,...,pq) with m € Ny independent trials and success
probabilities p1,...,pq € [0,1] satisfying p; + -+ + pg < 1. For d = 1, this
coincides with the binomial distribution, compare (2.9) with (4.94). If p = 1,
hence p; + -+ 4+ pg = 1, then MBin(m, p1,...,pq) = Multinomial(m, p1, ..., pq).

With par(s) = (14 p(s — 1)) for s € C as in (4.33) and pp,(s) = Zle DiSi
for s = (s1,...,54) € C? given by (4.8), it follows from (4.75) for the probability-
generating function of N that

d m
en(s) = <1+Zp¢(si—1)> , s=(s1,...,8q) € C%, (4.95)
i=1

which is a generalization of (4.34).

Remark 4.56 (Relation to multinomial distribution). While the multivariate
binomial distribution generalizes the multinomial distribution (see Example
4.19), it is not a new distribution but already contained in the multinomial
distribution of higher dimension by looking at marginals: More precisely, if
(N1, ...,Ng) ~ MBin(m, p1,...,pq) with m € Ng and p1,...,pgq € [0, 1] satisfying
p1+ -+ pag < 1, then it follows from (4.35) and (4.94) that

(va-“aNdam* (N1++Nd))
~ Multinomial (m,p1,...,pa, 1 — (p1 + -+ + pa)). (4.96)

The other way round, if (N1, ..., Ng) ~ Multinomial(m, p1, ..., pq) with m € Ny
and p1,...,pgq € [0, 1] satisfying p; + --- + pg = 1, then, using the aggregation
property of the multinomial distribution from Exercise 4.20(c) and (4.96),

(Nla"'aNi)NMBin(m,pla"'api) (497)

for every i € {1,...,d}. Of course, (4.96) and (4.97) can also be proved by
applying (4.18) to the probability generating functions (4.34) and (4.92).

Due to Remark 4.56, the multivariate binomial distribution inherits many
properties of the multinomial distribution given in Exercise 4.20.
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Exercise 4.57 (Properties of the multivariate binomial distribution). Let N =
(N1,...,Ng) ~ MBin(m,p1,...,pq) with parameters m € Ny and pi,...,pq €
[0, 1] satisfying p1 + - -+ + pg < 1. Show the following:

(a) N1+ 4+ Ng~ Bin(m,p1 + - + pg)-
(b) Aggregation property: For every i € {1,...,d — 1},

(N1,..., Niy Nig + -+ + Ng) ~ MBin(m, p1, ..., pi, piv1 + -+ + pa)-
(¢) Marginal distributions: For every i € {1,...,d},

(N1,...,N;) ~ MBin(m, p1,...,pi).
(d) Permutation property: For every permutation o of {1,...,d},
(Na(l), ooy Noay) ~ MBin(m,pJ(l), e Po(d))-
(e) Expectations and variances: E[N;] = mp; and Var(N;) = mp;(1 — p;) for
every i € {1,...,d}.

(f) Covariances: Cov(N;, Nj) = —mp;p; for all i,j € {1,...,d} with i # j.

Lemma 4.58 (Summation property of the multivariate binomial distribution).
Let k € N, my,...,my € Ng and p1,...,pq € [0,1] with p1 +---+pg < 1. If
Ni,..., Ny are independent with N; ~ MBin(m;, p1,...,pq) for every i € {1,...,
k}, then

k
N =" N; ~MBin(my + - +mg,p1,- .., pa)- (4.98)
i=1

Exercise 4.59. Prove Lemma 4.58 (using (4.92) or Lemma 4.21 and (4.96)).

4.8 Conditional Compound Distributions

In the next step we look at the case, where N is conditionally Poisson-distributed,
namely £(N|A) % Poisson(A) for a non-negative random variable A. To compute
the generating function of the random sum S given in (4.69), conditioned on A,
first note that

ON|A(S) = E[SN |A] 2 exp(A(s — 1)), s € C, (4.99)

by (4.3). Assume that the i.i.d. sequence (X, )nen is not only independent of
N, but even independent of (A, N). Then, for every n € Ny, using multi-index
notation and the multiplication theorem for probability-generating functions,

Ly E[sXH XN | AL N] 2 1y B[ X0 [ A, N]
U gy B[+ 0]

= Lyn=n} (x,(5))",
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hence by summation over n € Ny,
E[sX1+ X% [ A, NT 2 (px, ()Y (4.100)

for all s € C? for which the power series defining ¢x,(s) converges,® which is
the case at least for all s € C? with ||s]s < 1. Hence for these s € C¢, by using
the tower property of conditional expectation,

Psia(s [ Xut X | A
B[E[s ™0 4, ] ]
E[(px,(5))V|A] by (4.100)
= <PN|A(<PX1(8))
= exp(A(px,(s) — 1)) by (4.99),
and therefore
ps(s) = Elpgia(s)] = Elexp(A(px,(s) — 1))] (4.101)

at least for all s € C? with ||s]s < 1, which generalizes (4.77).

If A ~ Gamma(a, 8) with «, 8 > 0, then N ~ NegBin(«, p) with p = ﬁ by
(4.60) and (4.61), hence S ~ CNegBin(a, p, @), where () denotes the distribution
of Ng—valued X1, and the probability-generating function of S is given by (4.78).
Evaluating the right-hand side of (4.101) using the exponential moment of A
given by (4.57) and 8 = 1]'%” leads to

ps(s) = (1 - Wl(;)_l>_a = (%)a (4.102)

at least for all s € C? with ||s|s < 1, which agrees with (4.78).

Exercise 4.60 (Generalization of (4.80) to compound distributions). Let the
array (X n)mnen consist of Ng valued i.i.d. random vectors and define @) =
L(X11). Given a,B,A > 0, let A ~ Gamma(a, 3) and L(N|A) = Poisson(AA).
Assume that (X, n)mnen and (A, N) are independent. Define p =\/(8+ \) €
(0,1) and g = —alog(l — p) > 0. Let (Ny)men be an i.i.d. sequence with
N; ~ Log(p) and let M ~ Poisson(u). Assume that M, the sequence (Np,)men
and the double-indexed sequence (X, 1 )m.nen are independent.

(a) Show that N ~ NegBin(a, p).

(b) Show by calculating the probability-generating functions of

N M Npm
S = ZXLn and S = Z ZXme
n=1 m=1n=1

38 For these s the random variable sX1 T +X~N ig g-integrable, and the corresponding general-

ization of conditional expectations should be used.
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that they have the same distribution, which is then a compound negative
binomial as well as a compound Poisson distribution, cf. (4.80), i.e

CNegBin(a, p, Q) = CPoisson(u, CLog(p, Q)) - (4.103)

(c) Assume that E[A] =1 and Var(A) = 02 > 0. Show that a = 8 = 1/0? and

conclude that
o2

p= 1+ M2

and

) -
M:_ngIOg(l_l—l/\—a)\ﬂ) 1+/\2< +Z <1+)\a2> 1>’

where the right-hand side is numerically stable for small o?. Show that
p N\, 0 and p — X as 02 \, 0 and, using Definition 4.4, that the right-hand
side of (4.103) equals CPoisson(\, @) for the limiting values.

Corollary 4.61 (General summation property for compound negative binomial
distributions, generalization of Corollary 4.43(b)). With k € N, consider for
each i € {1,...,k} a parameter a; > 0, a probability p; € (0,1), a probability
distribution Q; on Ng, and a random vector S; ~ CNegBin(w;, p;, Q;). Define
wi = —aylog(1—p;) for every i € {1,...,k} and p=py+- -+ pg. If Si,...,Sk
are independent, then

S1+ -+ Sk ~ CPoisson(u, Q) .

where
Q = Convex((s;/ 11, CLog(pi, Qi))icq1,...k})-

Exercise 4.62. Prove Corollary 4.61. Hint: Combine (4.103) and Corollary
4.43(a).

4.8.1 Expectation, Variance and Covariance

Assume that N is Ng-valued and that (X,),en is a sequence of Ng—valued,
independent, identically distributed random vectors X,, = (X, 1,..., X}, 4), which
is independent of N. We want to calculate the expectations, variances and
covariances of the components (51, ..., Sy) of the random sum S := X1+ -+ Xy
considered in (4.69).

We now specialize to the case where NN is conditionally Poisson-distributed,
namely £(N|A) %2 Poisson(A) for a non-negative random variable A. Then the
random sum S is conditionally compound Poisson given A, hence, if E[||X1]|] < oo,
then (4.71) is turned into

E[S|A, N] % NE[X;],
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and taking conditional expectations using the tower property replaces (4.73) by
E[S|A] 2 E[N|A]E[X;] & AE[X{] (4.104)
N——

A by (3.3)
and, if E[||X1]|?] < oo, then (4.72) is turned into
Cov(S|A,N) = N Cov(X1),
and (4.74) turns into

Cov(S|A) 2 E[N|A] Cov(X,) + Var(N |A) E[X ] E[X,]"
N—_——r N———
LA by (3.3) L3N By (3.4) (4.105)
EAE[X 1 X]].

If N is unconditionally Poisson distributed, i.e., £L(NN) = Poisson(\), then
(4.73) and (4.74) simplify to

E[S] = AE[X}] (4.106)
and
Cov(S) = AE[X, X{]. (4.107)

5 Recursive Algorithms and Weighted Convolutions

For j,n € Ng we write j < n if this is true for all d components, and we write
j <nif j <nand j # n, meaning that there is strict inequality for at least one
component. Note that < is then a partial order on N¢. We write (-,-) for the
standard inner product in R%.

5.1 Convolutions

Remark 5.1 (Convolution). Let X and Y be two independent N@-valued random
vectors, let P = (pn)neng and Q = (gn)neng denote their distributions, and ¢x
as well as py their probability-generating functions given via (4.1), respectively.
Then P x @ = L(X 4+ Y) denotes the distribution of their sum and can be
computed in a numerically stable way by

PIX+Y =n]=) PX=n-jY=j=> pijg, neNj, (51

JENG = P[X=n—j]P[Y=4] jENG
by independence Jjsn

where j < n is understood componentwise. Comparison with (4.1) shows that
(5.1) is a way to calculate the coefficients of the power series pxyy.
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Recall that ox 1y (s) = ¢x(s)@y(s) at least for all s € C? with ||s]|ec < 1 by
Theorem 4.16, hence an application of the general Leibniz rule for every one of
the d dimensions gives in multi-index notation

d
A ()= AP OTT () 1= (onveema) 1,
jend i=1 N
i<n
which via (4.16) also leads to (5.1).
If X and Y have the same distribution @, then by commutativity of multipli-
cation, the number of terms on the right-hand side of (5.1) can be cut in half
(only approximately if the scaled vector 3n is in N&) and we can replace (5.1) by

PX +Y =n]=1y(n/2)gs s +2 D ¢ujg, n€EN, (5.2)
JENE, j<n
J<en—j
where j < n is understood componentwise and <; denotes a total order of Ng,
for example the lexicographic order.

The binary operation * for distributions is called convolution. Since addition
of Ng—valued random vectors is commutative and associative, the same is true
for the convolution operation. Note that the Dirac measure dg concentrated in
the origin of Ng is the neutral element w.r.t. convolution. Given Ng—valued ii.d.
random vectors Xi,..., X with distribution @, the distribution of their sum
Sy = X1+ --- + X}, is denoted by the convolution power Q** for each k € Np.
Note that Q*! = @ and Q*° = § (by the convention for the empty sum).

Algorithm 5.2 (Calculation of convolution powers). Fix k € N with £ > 2 and
Ng—valued i.i.d. random vectors X7, ..., X with distribution ). The convolution
power Q** := L(Sy) for Sy == X1 + -+ + X} can be calculated in two ways:

(a) The recursive and numerically stable calculation of
Q) =¥ xQ, ie{l,....k—1}, (5.3)
via (5.2) if i = 1 and (5.1) otherwise, requiring k — 1 convolutions.

(b) Starting with k& > 4, there is a method to calculate Q** with a fewer
number of convolutions, similar to the exponentiation by squaring or the
Russian peasant multiplication. Define [ = |log, k| and represent k in the
binary form k = Zizo b;2" with by = 1 and by, ...,b_1 € {0,1}. Calculate
iteratively via (5.2) the convolution powers

Q¥ =« Q?, ie{o0,...,1—-1}, (5.4)

which requires [ convolutions. If & = 2!, then we are done, otherwise Q** is
obtained by using (5.1) to calculate the convolution

Q*k — Qlel K oeee ok Q*22b2 * Q*21b1 * Q*2Ob0’ (55)
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where Q*2' = Q*0 = §; is the convolution-neutral element when b; = 0 for
i € {0,...,0 —1}. This requires by + - - - + b;—1 additional convolutions, so
there are [ + bg + - - - 4+ b;—1 < 2l altogether. This algorithm is numerically
slightly more precise than the k — 1 recursive convolutions for (5.3), because
a smaller number of operations for the calculation of Q** and, therefore,
a smaller number of rounding errors to machine precision are needed.
Furthermore, it can be substantially faster for large &k (see however Example
5.3 below), and work on (5.5) can start in parallel as soon as the first results
needed from (5.4) are available.

Example 5.3 (Comparison of the two algorithms for computing Q**). Due to
an effect discussed also in Remark 5.19 below, the speed-up by Algorithm 5.2(b)
compared to version (a) might not be as large as the logarithmically smaller
number of convolutions suggests. On the contrary, the seemingly faster algorithm
can be much slower when counting the total number of multiplications yielding a
non-zero product!

In general, it doesn’t seem to be easy to predict and count the total number
of non-zero terms appearing on the right-hand side of (5.1) or (5.2), respectively,
when calculating the convolutions in (5.3), (5.4) and (5.5). Therefore, we will
focus on a special case, for which some notation is helpful. Fix d € N. Define the
standard discrete d-dimensional simplex in N¢ of size v € Ny by

Agy = {neNj||n]: <v} (5.6)

Note that each n = (ni,...,nq) € Ay, isvian = (n1,...,ng,v—(n1+---+nq))

in a one-to-one correspondence to an element of {7 € Nd*! | ||7il; = v}, hence®
d+v

|Ad,1/| = < d >, v € Np. (57)

To illustrate the above claim concerning Algorithms 5.2(a) and (b), fix k,v € N
with k > 2 and suppose that X takes only values in Ay, each one with strictly
positive probability. Then P[S; =n] > 0 if and only if n € Ag;, for each
i € {1,...,k}. Hence when calculating the distribution Q*(*1) given by (5.3)
for i € {1,...,k — 1}, i.e. P[Sjy1 =n] for all n € Ay iy1),, then there are in
total exactly [Ag |- |Ag,| pairs appearing on the right-hand side of (5.1) giving
a non-zero product. In the case i = 1, (5.2) reduces the number of non-zero
products to 3|Ag,|(|Agu| +1). Hence when calculating @** using Algorithm
5.2(a), there are in total exactly

k—1
Ago|+1
Na(d, k) = rAd,,,r(’dvz' Y \Ad,w\) (5.8)
1=2

non-zero summands (and products).

39 Line up d + v equal objects and choose d of them to mark the boundaries between d + 1
boxes containing the other v objects. The number of choices is given by the binomial coefficient.
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Ag | [ k=31 k= k=15 | k=3l k=63
N.(1,k,2) | 3 21 141 669 2877 11901
No(1,k,2) | 3 21 99 399 1575 6231
N:(1,k,2) | 3 12 28 60 124 252
Na(2,k,1) | 3 24 246 2034 16 362 131034
No(2,k,1) | 3 24 195 1935 23778 331767
Ni(2,k,1) | 3 13 57 241 993 4033
Na(3,k,1) | 4 50 830 12230 | 185494 2882870
No(3,k,1) | 4 50 805 21235 | 825634 | 40460879
N:(3,k,1) | 4 31 253 2041 16 369 131041
upper est <58 | <358 | <2446 | <17950 | < 137278
Na(3,k,2) | 10 | 405 | 10305 | 191545 | 3278505 | 54183305
No(3,k,2) | 10 | 405 | 14895 | 687510 | 36866995 | 2150779180
Ni(3,k,2) | 10 | <748 | <6112 | <49096 | <393112 | < 3145528

Table 5.1: Comparison of the total number of non-zero terms to be calculated for the
right-hand side of (5.1) or (5.2), respectively, when calculating the convolution power
Q**, provided the support of @Q agrees with the discrete d-dimensional simplex Agy
of size v in N& given by (5.6). We concentrate on k = 2!*t — 1 for [ € {1,...,5}
such that by = --- = b = 1 in the binary representation of k, and compare N,(d, k,v)
given by (5.8) with Ny(d,k,v) given by (5.9) corresponding to Algorithm 5.2(a) and
(b), respectively. For comparison, also the number N;(d,k,v) of terms (or the upper
estimate from (5.16), or both) required by the recursive algorithm from Theorem 5.6 are
given, see Remark 5.7(c). The size |Aq,| of the support of Q is determined via (5.7).

In Algorithm 5.2(b), by the same reasoning and referring to (5.2), there are
%Zi;é |Ag 2| (|Ag2iy| + 1) non-zero summands (and products) in total to cal-
culate the [ convolution powers in (5.4). Let ipin == min{i € {0,...,l} | b; =1}
indicate the first non-trivial convolution factor in (5.5). Then there are in
total |Agaiy| + [Ag 20p+...42i-1p,_,)»| NON-zZero terms (and products) for each
i€ {l,...,1} satisfying i > imin and b; = 1 when calculating the convolution of
Q*?" with sz_lbi—l UERRE Q*20b0 in (5.5). In total we get

-1 l
1
No(d, k,v) =5 > 18gel (1B + 1)+ D 1Auai ] [Ag @1, 42000l
i=0 i=imin+1

=

(5.9)
terms. Depending on the choice of the dimension d € N, the size parameter
v € N for the support of @, and the power k € N for Q**, the resulting num-
ber Ny(d,k,v) in (5.9) can be smaller or, particularly in higher dimensions,
substantially larger than N,(d, k,v) in (5.8), see Table 5.1.

Exercise 5.4 (Revisit of the basic Bernoulli model). Consider independent
Bernoulli random variables Ny, ..., N,,, allowing for pairwise different success
probabilities p1, ..., pm € [0,1]. Show that the distribution of N := Nj+- -+ N,,,
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see (2.2), can be calculated using convolutions by (m + 1)m — 2 multiplications
of probabilities and compare this result with the approach via (2.8).

Hint: Study Algorithm 5.2(a) and Example 5.3.

Instead of using iterated convolutions as explained in Algorithm 5.2, it is
possible to use a direct recursion based on the following observation (which is
well known for powers of formal power series, cf. [57], and goes back at least to
Euler [18, Chapter 4, Section 76|, see also Remark 5.28 below).

Lemma 5.5 (Relation for convolution powers). Let (X;);en be a sequence of
Ng-valued, independent, identically distributed random vectors. For k € Ny define
S = Zle X;, where the empty sum is the zero vector in Ng. Then, for every
k € Ny and n € N¢,

> ((k+1)j = n) P[Sk =n — j]P[X1 = j] = 0. (5.10)
JENG
Jj<n
Proof. For k = 0 we have that Sy = 0 € N¢, hence P[Sy, = n — j] = 0 unless
n = j. In this case (k + 1)j —n = 0, hence (5.10) holds for all n € N.
Now fix k € Nand n € Ng. First note that Si+1 = Sk + X1, where Si and
Xk+1 are independent. We can rewrite the convolution formula (5.1) in the form

nP[Spy1 =n] =n Y P[Sk=n—j]PXe11 = j]. (5.11)

. Nd S——

JENg =P[X1=j]

sn

Furthermore,
k+1
n]P’[S;H_l = n] = E[Sk+1]l{5k+1:n}] = ZE[Xi]l{Sk+1:n}] .

i=1

Note that all terms in this sum are equal. Hence, by writing down the expectation,

nPSp1=n] = (k+ 1) E[Xy1l(s, =n))

= (k+1) Y jPSk =n—j, Xpy1 = j]. (5.12)
jgNg =P[S :nrj] P[X7=j]
Jj<n
Subtracting (5.11) from (5.12) yields (5.10). -

Theorem 5.6 (Recursion for convolution powers).

(a) There ezists a vector c € [0,00)\ {0} such that there is a unique m € N
with P[X1 = m] > 0 satisfying (c,m) < {(c,j) for all j € N\ {m} with
P[X; =j] > 0.
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(b) For ¢ and m satisfying (a), and for every natural number k > 2, the
distribution of S = X1 +--- 4+ X}, can be calculated by

P[S; = n] = {0 if n € Nd\ {km} with (c,n) < k{c,m),

(P[Xxy = m])k if n=Fkm,
(5.13)
and, for every n € N& with (c,n) > k{c,m), via the recursion

P — _
[ =] (c,n — km)P[X] = m)|
x Y (e, (k+1)j—m—n)P[Sk = m+n— j]P[X; = j]
jENm,n
(5.14)
with summation over
Nm,n::{jGNg}P[Xlzj]>0andj§m-|—n (5.15)

and (¢c,m) < (c,j) < (¢,n— (k—1)m) }.

Proof. (a) A vector ¢ with integer components is useful to avoid rounding errors
in the computation of the inner product (c,(k 4+ 1)j — m — n) appearing in
the recursion formula (5.14). Naturally, small components of ¢ are preferred.
Note that || Xi||1 takes values in Np, hence there is a smallest m € Ny with
P[||X1|l1 = m] > 0. Consider the first of the following cases that applies:

If there is just a single m € N¢ with ||m|; = m and P[X; = m] > 0 (which is
certainly the case when d = 1 or 7 = 0), then m and ¢ := (1,...,1) € N have
the properties required in (a).

If there exists an i € {1,...,d} such that m = (0,...,0,m,0,...,0) with m
at position i satisfies P[X; = m| > 0 (which is necessarily the case when m = 1),
then take ¢ = (2,...,2,1,2,...,2) with the 1 at position i. Then (¢,m) = m
while (c,j) > m + 1 for all j € N4\ {m} satisfying ||j||; > 7.

For the general case, consider

M :={m e Ng | |m|l; = m and P[X; =m] >0}
and let

MO = {(md:damd—1:d7 ey ml:d) ’ (m17 ey md) S Ma
mig < mag < -+ < Mga )

be the set of tuples arising from M such that their components are ordered is a
decreasing way. To optimize componentwise, iteratively for each i € {1,...,d},
let

M; = {(ml,...,TTLd) € M; 4 | m; = Inax{ni | (nl,...,nd) € Mifl}}.

Then My contains a single element. Now fix an m = (m1,...,mg) € M such
that there exists a permutation 7 of {1,...,d} satisfying (m.(1), ..., Mxr@q)) € Mg
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Define ¢ = (c1,...,¢4) € N¢ by criiy = ¢+ for all i € {1,...,d}, where

~ . d /.
=2 (0 = )ma).

To verify that (a) holds for m and c, first consider j = (ji, ..., ja) € Nd such
that [|j]|1 > m + 1. Then

d
(e,4) =D @+ D)jny = E+ il = @+ 1)(m+1),
i=1
hence
d d
<C, m> = Z(C + Z)mﬂ'(l) = (C + 1)m + Z(Z - 1)m7r(z) < <Ca.]>
i=1 i=1
It remains to consider j = (ji1,...,jq¢) € M\{m}. Since cy(1) < cr2) <+ < Cr(a);

we may assume by the rearrangement inequality that jr(1) > jr(2) =+ 2 Jn(a);
because (c,m) < (c, j) otherwise. Hence (jr(1),---,Jr() € Mo. By the above
construction of m we must have (j(1), - - -, Jr(d)) = (Mx(1), - - s Mr(q)) unless there
exists an ig € {1,...,d} with jr(,) < Mz(,). In this case take the smallest ip.
Since ||7l1 = [[m][1, there exists a largest i1 € {io +1,...,d} with ;) > ma,)-
Define j" = (j,...,75) by

jw(io) +1 for ¢ =i,
./ . . .
jﬂ'(l) = jﬂ'(il) -1 fori= 11,
jﬂ(l) for i € {1,...,d}\{i0,i1}.

Then (¢, j) = (¢, ') +i1 —ip > (¢, j') and still j;(l) > j;(2) > > j;(d), because
if i9 > 2 then j;r(io—l) = Jr(io=1) = Ma(ip—1) = Mar(io) = j;(io) by the minimality
of io, and if il < d— 1, then j;(“) > mﬂ.(il) > mﬂ.(ilJrl) 2 jﬂ.(ilJrl) = j;r(il—‘,-l) by
the maximality of i;. ITterating this procedure, we arrive at (mg(1),- .., Mx(q)),
which proves that (c, j) > (¢, m), verifying the assumption in Theorem 5.6.

(b) Since we are only interested in the distribution of the partial sums, and due
to the choice of ¢ and m, we may redefine each X; on a set of probability zero such
that {(c, X;) < (¢,m)} = {X; = m}. Define X] = (¢, X; —m) for i € N. These
are i.i.d. and R, -valued random variables. Fix the natural number k& > 2. Define
S, =X{+---+X,. Then 0 < 5}, = (¢, Sy — km) and {S}, =0} = {X] =0,...,
X =0} ={X1 =m,..., X, =m}. Using the i.i.d. assumption, (5.13) follows.

To prove (5.14) for a given n € N& with (c,n) > k(c, m), rewrite (5.10) with
m + n in place of n. Then take the inner product with ¢ and solve for P[Sy = n/,
which is possible because (¢,n — km) # 0 and P[X; = m| > 0 by the choice of ¢
and m. Furthermore, all remaining terms with (c, j) < (¢, m) on the right-hand
side of (5.14) are zero and can be omitted. Since (¢, X1) > (¢, m), it follows that
(¢, Sk) > k(c,m) by the above part of the proof, hence we may skip all terms on
the right-hand side of (5.14) with (¢, m+n—j) < k(c, m). These are the ones with
(c,7) > {e,;m+n)—k(c,m) = (c,n—(k—1)m). Since j < m+n by the rewritten
version of (5.10), this justifies to sum only over j € N, ,, given by (5.15). O
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Remark 5.7 (Applicability of Theorem 5.6).

(a) Equation (5.14) is indeed a recursion, because for P[Sy = n| only values
P[Sk =[] with (c,1) < (¢,n) are used, since for [ := m + n — j this follows
from the last strict inequality in definition (5.15) of Ny, .

(b) Contrary to the approach given in Algorithm 5.2, the recursion (5.14) can
be numerically unstable, because already in one dimension (hence ¢ := 1
works), for a distribution with m =0, and n > k + 1 the term (k+1)j —n
changes sign as j runs from 1 to n. For an example, see Exercise 5.8 below.

(c) As in Example 5.3, assume that X; attains every vector in the d-dimen-
sional simplex Ay, given by (5.6) with strictly positive probability. Then
P[Sk =n] > 0 if and only if n € Agy,, and for every n € Agy, \ {0} there
are at most |Ag,| — 1 non-zero terms in the sum in (5.14), hence with the
term for n = 0 given by (5.13) the total number N;(d, k, ) of terms in the
recursive method satisfies

Ni(d,k,v) <1+ (|Agr| — D[(|Agp] — 1), (5.16)

see (5.7) for further evaluation and Table 5.1 for comparison. For d =1 or
v =1 the value of N,(d, k,v) can be determined explicitly.

Exercise 5.8 (Complete cancellation in recursion (5.14)). Fix [ € N with [ > 3
and a probability distribution on Ny such that P[X; = j] > 0 for j € {0, 1,1} and
P[X; = j] = 0 for all other j € Ny. Show that the right-hand side of (5.14) for
k=1—1and n =2l — 1 contains exactly two non-zero terms of opposite sign,
hence complete cancellation occurs and P[S;—1 = 2] — 1] = 0.

5.2 Panjer Distributions and Extended Panjer Recursion

As in Subsection 4.6, assume that N is Nyp-valued and that (X, ),ecn is a sequence
of Ng—valued, independent, identically distributed random vectors, which is
independent of N. We want to calculate the distribution

pn=P[S=n], neNg
of the random sum S = X; + --- + X defined in (4.69). If the distribution
gn =P[N =n], n €Ny,

of N satisfies the recursion formula given in Definition 5.9 below, then Theorem
5.16 shows that there is an efficient way to do this.

Definition 5.9 (Panjer distribution). A probability distribution (g )nen, is called
Panjer(a, b, k) distribution with a,b € Rand k e Ngif go=q1 = =qx—1 =0
and

qn = <a+%)qn,1 for all n € N withn > k 4+ 1. (5.17)
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Remark 5.10 (Uniqueness). Given a,b € R and k € Ny, the linearity of (5.17)
implies that there exists at most one probability distribution (g¢n)nen, satisfying
Definition 5.9, because there can be at most one g € (0, 1] such that Y >, g, = 1.

Definition 5.11 (Truncation). Let (¢n)nen, be a probability distribution and
| € Ny such that there is mass at | or above, meaning that > >, ¢, > 0.
Then the [-truncated probability distribution (¢n)nen, of (gn)nen, is defined by
do=-=@1=0and

i = n
n = -1
1 - ijo 4qj

For N ~ (gn)nen the l-truncated probability distribution (G, )nen, is the
conditional distribution satisfying ¢, = P[N = n|N > ] for all n € Ny.

. on> L (5.18)

Lemma 5.12 (Truncations of Panjer distributions). Suppose (qn)nen, is the
Panjer(a, b, k) distribution and | > k is an integer such that there is mass at | or
above. Then the l-truncation of (qn)nen, is the Panjer(a,b,l) distribution.

Exercise 5.13. Prove Lemma 5.12 using the linearity of the recursion equation
(5.17)

Remark 5.14 (List of Panjer distributions). All probability distributions satis-
fying Definition 5.9 were identified by Sundt and Jewell [52] for the case k = 0,
Willmot [60] for the case k = 1, and finally Hess, Liewald and Schmidt [29] for
general k € Ng. The Panjer distributions are the following:

(a

) Poisson distribution (see Example 5.21),

(b) Negative binomial distribution (see Example 5.22),
)

(

(c
d

Binomial distribution (see Example 5.24),

) Logarithmic distribution (see Example 5.25),
(e)
(f

(g

Extended negative binomial distribution (see Example 5.26),

) Extended logarithmic distribution (see Example 5.27),
) All truncations of these distributions (see Definition 5.11 and Lemma 5.12).

Exercise 5.15 (Sundt and Jewell [52]). Prove that the only non-degenerate
probability distributions in the class { Panjer(a,b,0) | a,b € R} are the Poisson,
the binomial, and the negative binomial distributions.

Hint: Discuss the cases a < 0, a = 0 and a > 0 separately.
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The following theorem combines results of Panjer [42] and Hess, Liewald and
Schmidt [29] with the multivariate extension of Sundt [51].

Theorem 5.16 (Multivariate extended Panjer recursion). Assume that the
probability distribution (qn)nen, of N is the Panjer(a,b, k) distribution. The
distribution (pp)nend of the random sum S defined in (4.69) is denoted by
CPanjer(a, b, k, Q) with Q = L(X1). If aP[X;=0] # 1, then L(S) can be
calculated by

(5.19)

R {IQEO (LX) = 0))™] e

where @y is the probability-generating function of N, and the recursion formula

Pn = 1 (ZP[Xl — 0} (P[Sk = n] qk +jesz (a—i— <cn,n> ) P[Xl = J]pn—g) (520)

0#j<n

for all n € N4\ {0}, where Sy :== X1+ -+ X}, and ¢, € R? is chosen such that
(en,n) # 0; the vector ¢, = (1,...,1) works in every case.

Proof. Theorem 5.16 is a corollary of Theorem 5.30(a) below, hence its proof is
given just after the statement of Theorem 5.30. 0

Remark 5.17 (Recursional character and parallel computing). Observe that
(5.20) is indeed a recursion: For the computation of p, only values p,_; with
J # 0 are used, these satisfy ||n — j||; < |[n]/1. In dimension d > 2, for the same
reason, the values p,, for vectors n sharing the same || - ||;-norm can be computed
in parallel.

Remark 5.18 (Technical assumption). Of the Panjer distributions given in Re-
mark 5.14, only the uninteresting case P[X; = 0] = 1 with N ~ ExtLog(k, 1), see
Example 5.27 below, or one of its truncations, see Lemma 5.12, violates the techni-
cal assumption a P[X; = 0] # 1. Obviously, pp = 1 and p,, = 0 for all n € Nd \ {0}
in these cases, and we define CPanjer(1, —k, k, dg) = dp for each k € N with k£ > 2.

Remark 5.19 (Computational speed-up for small support of £(X;)). For n =
(n1,...,nq) € Ng\ {0}, the number of terms in (5.20) is (ny +1)---(ng+1) — 1,
which may limit the practical applicability of the recursion to small dimension d.
A remarkable speed-up is possible if the support of the distribution of X; is
concentrated on just a few points of N¢, let’s write Sy = {n € Ng\ {0} |
P[X; = n] > 0} for this support without the origin of Ng. Then the sum in (5.20)
runs over all j € Sx satisfying j < n, i.e.

d
]GSn(X) =8x N X{O,...,ni},

=1

and their cardinalities satisfy |S,(X)| < min{|Sx|,(n1 +1)---(ng+1) —1}. If
|Sx| < 00, then |Sx| is an upper bound for the number of terms which doesn’t
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grow with n. Remark 5.20 below simplifies the computation of the individual
terms.

Remark 5.20 (Choice of ¢,). While ¢, = (1,...,1) works in (5.20) for every
n € Ng \ {0}, there is a computational advantage in choosing ¢, dependent
on n. To illustrate this, let us take the notation of Remark 5.19 and define
Sin(X) = {7i | (U1,...,7da) € Sn(X)} for every i € {1,...,d}. Since every
n = (ny,...,nqg) € Sx has at least one non-zero component, let’s say the ith
one n;, we can then choose the unit vector ¢, = (0,...,0,1,0,...,0) with the 1
at the ith position, which simplifies (¢, j) and (c¢,,n) to j; and n;, respectively,
and allows us to pull out the factor from the other summations in (5.20), i.e.,

j€§X)<a ! iij’rf;) PIXy = j]pn-
= > <a+ bl) | > P[X1 = j] pn—j-

n
1E€8;i n(X) Y =01 ja) €Sn(X)

Ji=l

Before we derive Theorem 5.16 from Theorem 5.30(a) below, let us look at
several examples and keep the question of numerical stability for the recursion
formula (5.20) in mind.

Example 5.21 (Poisson distribution). If (gy)nen, is Poisson(A) with A > 0, then
Y
go = e " and

(3:1) )\76_/\ = %anla n €N,

In ,
n:

hence by comparison®’ with (5.17), Poisson()) is the Panjer(0, A, 0) distribution.
Using (4.3), the initial value (5.19) turns into

po = MPLXI=01-1) (5.21)

The recursion formula (5.20) can be simplified to

A ‘ .
Po= oo > GiPX1 = j]pay, (5.22)
jENE
0#j<n
for every n = (n1,...,ng) € N\ {0}, where i € {1,...,d} is chosen such that
n; # 0. See Remark 5.19 to omit terms in (5.22) with value zero. The recursion
(5.22) is numerically stable because only non-negative numbers are multiplied
and added.

49 Here and in the following examples we use that in the vector space of all functions N — R
the constant function f =1 and the function g(n) := 1/n for all n € N are linearly independent,
hence the coefficients for functions in the linear span of them are uniquely determined.
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Example 5.22 (Negative binomial distribution). If (gy)nen, is NegBin(a, p)
with parameters a > 0 and p € [0,1) as specified in (4.61), then gy = ¢ and

a+n—1 a+n-—1
qn=< . >p”q°‘=npqn-1, n €N,

with ¢ := 1 — p, hence NegBin(«, p) is the Panjer(p, (a« — 1)p, 0) distribution by
comparison with (5.17). Using (4.65), the initial value (5.19) turns into

po = (5 _ppﬁxl — 0})0{ (5.23)

The recursion formula (5.20) can be simplified to

p . . .
= > (i +ni — ) PIX1 = 1] pay 5.24
P = (1= pP[X; = 0)) - d(aﬂﬁm Ji) PLX1 = j] pa-y (5.24)
JENG
0#j<n

for every n = (ny,...,n4) € N¢\ {0}, where i € {1,...,d} is chosen such that
n; # 0. See Remark 5.19 for the possibility to omit terms in (5.24) with value
zero. The recursion (5.24) is numerically stable because n; — j; € Ny (this
requires proper programming, «j; has to be added afterwards) and otherwise
only non-negative numbers are multiplied and added to calculate the sum.

Remark 5.23 (Algorithm for a very small initial value). To apply the d-
dimensional extended Panjer recursion (5.20), the probability py of a loss of
zero is needed as starting value, see (5.19). If N ~ Poisson(A) with A > 0, then
po is given by (5.21). If N ~ NegBin(«a, p) with a > 0 and p € [0, 1), then py is
given by (5.23). When modeling large portfolios with the collective risk model
(4.69) using one of these two claim number distributions, it can happen for large A
or «, respectively, that pg is so small that it can only be represented as zero on a
computer (arithmetic underflow). The recursion (5.20) then produces p,, = 0 for
all n € Ng\ {0}, which is clearly wrong. The standard solution, cf. [34, Section
6.6.2], is to perform Panjer’s recursion with the reduced parameter \ = \/2!
(resp. o = «a/2!) instead, where | € N is chosen such that the new starting
value pg is properly representable on the computer. Afterwards, [ iterative and
numerically stable convolutions are needed to calculate the original probability
distribution, see (5.4) in Subsection 5.1. This approach works because for indepen-
dent Ny, ..., Ny ~ Poisson(\/2'), we have that N = Ny + - -+ Ny ~ Poisson(\)
by the summation property, see Lemma 3.2, similarly for the negative binomial
distribution, see Lemma 4.37. For the corresponding property of the compound
distributions, see Corollary 4.43. In general, this approach works for claim number
distributions closed under convolutions.

Example 5.24 (Binomial distribution). Let (g )nen, denote the binomial distri-
bution Bin(m,p) with success probability p € [0, 1) and number of trials m € N.
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Let ¢ .= 1 — p denote the failure probability. Then, for every n € N,

qn = (m>pnqm—n _ m_n"‘llj . < m >pn—lqm—(n—l)
n n qg \n—1

_ <_p +(m+1)pi>q"-1

q q
—~—
=a =b
by comparison with (5.17), hence Bin(m, p) is the Panjer(—p/q, (m + 1)p/q,0)
distribution. The recursion factor a + b/n is zero for n = m + 1, giving g, = 0
for n > m + 1 as expected. Using (4.33), the initial value (5.19) turns into

po= (1+pP[X;=0]-1))". (5.25)
Consider Panjer’s recursion formula (5.20) for n = (n1,...,ng) € Ng\ {0} with
ny > m+ 2 and ng = --- = ng = 0. Without loss of generality we can take

¢n = (1,0,...,0). Then the term

b ' 1
a+ blen,J) _ —B(l m= 31)
<Cn7 n> q n
changes sign as j = (j1,0,...,0) varies between (1,0,...,0) and (n1,0,...,0).
Therefore, the recursion can be numerically unstable because cancellations can
occur. The problem with numerical underflow during the calculation of the initial
value pg given in (5.25) can also occur for large m, see Remark 5.23. Since
l
ps(s) = on (ex,(5)) = (a4 pex, ()™ = ] (¢ + pex.(s))
=9

at least for all s € C? with ||s]|cc < 1, where m = 22:0 bi2F with by, ..., b1 €
{0,1}, by = 1 and [ = |logy m| denotes the binary representation of m, we see
that the distribution (pn)neNg of S can be computed in a numerically stable way
with bg + - - - 4+ b;_1 + | < 2l convolutions, see Algorithm 5.2.

2k

Example 5.25 (Logarithmic distribution). If (gy)nen, is Log(p) with p € [0,1),
see Example 4.4, then ¢y = 0, g1 = 1/c(p) with ¢(p) defined by (4.5), and

n—1
n—1
qn:p =p Gn—1 forneN n>2
c(p)n n

hence by comparison with (5.17), Log(p) is the Panjer(p, —p, 1) distribution.
Using (4.6), the initial value (5.19) turns into

C(pP[Xl = O])
po =P X =0] ———=. 5.26
0 =P[X; =0] ) (5.26)
The recursion formula (5.20) simplifies to
1 IP’[Xl =n] .

n — - 1, X - n—1 5.27

]GNd

07&]<n

Ji<mg
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for every n = (n1,...,nq) € Ng\ {0}, where i € {1,...,d} is chosen such that
n; # 0. See Remark 5.19 about the possibility to omit further terms in (5.27)
with value zero. The recursion (5.27) is numerically stable because n; — j; € Ny
and otherwise only non-negative numbers are multiplied and added inside the
parenthesis to calculate the sum. For p = 0, hence ¢(p) = 1 by (4.5), the recursion
(5.27) simplifies dramatically to p, = P[X; = n] for all n € N¢ \ {0}.

Example 5.26 (Extended negative binomial distribution). For parameters k € N,
a€ (=k0)\{-1,-2,...,—(k—1)} and p € (0,1], define gp = - = qx—1 =0
and, using the abbreviation ¢ :==1 — p,

(Y

Gn = O LA
tge = (T

We will verify below that (5.28) is a well-defined probability distribution (gn)nen,,
called extended negative binomial distribution, notation ExtNegBin(a, k, p).

First note that the k-truncation, see (5.18) in Definition 5.11, of the negative
binomial distribution defined in (4.61) gives the same formula, however with
a > 0 and valid for p € [0,1). A short calculation shows that the k-truncation
of an ExtNegBin(«,[,p) distribution with [ € {1,...,k -1}, a € (=, -1 + 1)
and p € (0,1] is also given by (5.28). Hence, for every k € N, the formula
(5.28) defines a probability distribution for all o € (—k,00) \ {0,—1,—2,...} and
p € (0,1). If —a € Ny, then (**"7!) =0 for all n € N with n > 1 — o and the
binomial coefficient is of different sign for the even and the odd n € {1,..., —a},
hence (5.28) cannot define an interesting probability distribution is this case.

To verify that (5.28) defines a probability distribution, note that, for every
n € Ny,

for n > k. (5.28)

<a+Z—1> :;ﬁ(aﬂlj)

. (5.29)
_(_1)71” _ nf ¢
= e =0 (%),
=0
and, for all integers n > k,
>—k—1
tn—1 Fati—1\ & a1
a+n— — ( -
(Y I (e )
()= () I
J= Jj=k+1
>0

has the same sign. Using log(1 + x) < z for z > —1 and noting that o« — 1 < 0,

n n

-1 -1 ntl g 1\a-1

log [] (1+a—.>§ > S S(a—l)/ fx:log(z+1)a
k1 J joky1 J k1 T +
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for all integers n > k. Therefore,
n <

n=~k
by the integral test for convergence, because 1 — « > 1 and

a—i—j—l k‘—l—l
Z n+1

[e.e]

—_— =— 0.
vt (n4+ 1)t = J, zl-o ak—«
Using (5.29), we see that the binomial series

(L+a) =Y <_no‘> " (5.30)

n€eNp
converges absolutely for all x € C with |z| < 1; for x = —p we see that
a+n—1\ ., —a n o~
S (=S (W)enr=aentman a
neNy n€Np

We conclude that the nominators in (5.28) are all of the same sign and, by (5.31),
the denominator is the sum of these. Hence ¢, > 0 for all integers n > k and
2onekn = 1.

Using the first equality in (5.29) and an index shift, we see that, for every
n>k+1,

a+n—1 a+n—1 n-1 % ,
p" = p- P (a+n—-1-1j)
n n (n—l)!.1

_ (1+ a—l)p. (O‘+”_2>pn17
n n—1
hence by comparison with (5.17), ExtNegBin(«, k, p) is the Panjer(p, (o« — 1)p, k)
distribution. Consider Panjer’s recursion formula (5.20) for n = (ny,...,nq) €

Nd\ {0} with n; > 1 —a and ny = --- = ng = 0. Without loss of generality we
can take ¢, = (1,0,...,0). Then the term
1.
J1)p

a -+ b<cn7j> — (1_|_ o —
(cn,m)
changes sign as j = (j1,0,...,0) varies between (1,0,...,0) and (n1,0,...,0).
Therefore, the recursion can be numerically unstable due to cancellations, see
Remark 5.34 below.
To calculate the probability-generating function of a random variable N ~
ExtNegBin(a, k, p), note that by (5.31) applied to ps in place of p,

-1 1
) ((”” )p” S =(1-ps) sl <7,
n b

n€Np
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therefore

o k=1 fatj—1 j
(5.28) (1—-ps)=@ ijo( j )(ps) 1
on(s) =) gns" = RN , ls| < =. (5.32)
neNg qia o Zj:O <a+JJ )pj p
For k =1, hence a € (—1,0), this simplifies to
1—(1—ps)~@ 1
= - -7 < - 5.33
onls) = TS sl (5.33)

Example 5.27 (Extended logarithmic distribution). Assume that (gy)nen, is an
extended logarithmic distribution, notation ExtLog(k, p), with parameters k € N,
k> 2, and p € (0,1], which means that g = --- = gx—1 = 0 and

n -1 n
= (’“)lpl, n>k. (5.34)
oo
Sk () P
Since, for every m € N with m > k,

G UL 1 11 1 1 k!
Zk(l)Sgl(l—l):k!z(l—l_l):k!<k—l_m>sk—l’

=k \k =k

an

the extended logarithmic distribution is well defined for every p € (0,1]. For
n >k + 1 we have

ny n (n-—1

k) n—k\ k )
which via (5.34) yields

n—=k kp
qn = P Gn-1= ( - >Qn—1a
n n

hence by comparison with (5.17), ExtLog(k, p) is the Panjer(p, —kp, k) distribu-
tion. Consider Panjer’s recursion formula (5.20) for n = (n1,...,ng) € Nd\ {0}
with ny > k+ 1 and ng = --- = ng = 0. Without loss of generality we can take
¢n = (1,0,...,0). Then the term

(Cn,n) ny

changes sign as j = (j1,0,...,0) varies between (1,0,...,0) and (n1,0,...,0).
Therefore, the recursion can be numerically unstable because cancellations might
occur; see Subsection 5.5 and [22, Section 5.2] for a solution of this problem. We
remark that a closed-form expression for the denominator in (5.34) is given by
[22, Lemma 2.1], which makes it possible to express the probability-generating
function also in closed form, cf. [22, (2.7)]
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Remark 5.28 (Historical remark). We mention that the one-dimensional Panjer
recursion for claim number distributions given by the binomial, the negative
binomial, and the extended negative binomial distribution with k = 1 is contained
in a much older result: For a € R and a power series f(s) = Z?io a;s’ with
ap # 0, the coefficients (by,)nen, of the power series f~%(s) satisfy the recursion

1 n
bp=—> ((1- — bp_i, N, 5.35
- ; a)j = n)ajbj,  n€ (5.35)

starting with by = 1/af. Gould [26] has traced this remarkable, often rediscovered
recurrence back to Euler [18, Chapter 4, Section 76]. Using the probability-
generating functions of the above distributions and ¢g = N o px,, the formula
(5.35) applied to f(s) =g+ ppx,(s) or f(s) =1— ppx,(s), respectively, yields
recursions which indeed agree with the respective Panjer recursions.

Exercise 5.29. Use (4.33), (4.65) and (5.33) to verify the last statement in
Remark 5.28.

5.3 A Generalisation of the Multivariate Panjer Recursion

The multivariate extended Panjer recursion in Theorem 5.16 is a special case of
part (a) of the following theorem, which combines [22, Theorem 4.5] with the
multivariate idea in [51, Theorem 1] and is of independent interest for questions
of numerical stability, see Subsections 5.4 and 5.5 below.

Theorem 5.30. Fiz | € N. Let (gn)nen, and (Gin)neNn, denote the probability
distributions of the No-valued random variables N and Nj for i € {1,...,1},
where (N, Ny, ... ,Nl) is independent of the Ng—valued i.i. d. sequence (Xy)nen.
Let (pn)neng and (Pin)nend denote the probability distributions of the random
sums S = X144+ Xy and SO = X, +-- 4+ Xy, forie{l,...,1l}, respectively.

(a) Assume*' that there exist k € Ny and ay,...,a;,b1,...,0 € R such that

l
biY - :
0 = Z(ai + E)qi,n,i, neN with n>k+1, (5.36)
=1

and all probabilities not used on the right-hand side of (5.36) are zero, i.e.
(ji,g == Cji,k-i—l—i—l =0, € {1, e min{l, k+1— 1}} (5.37)
Then, for every n € N3\ {0} and ¢, € R? with (c,,n) # 0,

k+1-1
P 2 HS —nqﬁZZ( >)P[Si=jm,n-j (5.38)

i=1 jend i{cn,n)
]<n

with S; .= X1+ -+ Xj, and pg is given by (5.19).

41 Tn these lecture notes, we only apply this case with [ = 1.
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(b) Assume that there exist vy,...,v € [0,1] with vy + -+ 4+ 1v; < 1 such that
Gn = 22:1 ViQin for all n € N. Then p, = Zi’:l ViPin for all n € Ng\ {0}.
Remark 5.31 (Reformulation and proof of Theorem 5.30(b)). Let @ = £(X1)
denote the claim size distribution, define No=0and vy =1— (11 +--- 4+ ) €

[0,1]. Using the notation for finite convex combinations from Example 4.9, the
assumption of Theorem 5.30(b) can be reformulated as

L(N) = CODV@X((Via E(Ni))ie{o,...,l})
hence pny = Zi':o vipn, by (4.22). Using (4.70), the result in (b) is

Compound (£(N), Q) = Convex((v;, Compound (E(Ni), Q))ie{o,“.,l}) ,

which follows via (4.75) in Example 4.9, because

l ! !
Ps = pN O Q= (Z Vi‘PNi) 0pg =Y vilpy 09Q) =vo+ Y vivga.-
i=0 i=0 i=1
Proof of Theorem 5.16. If (¢n)nen, is the Panjer(a, b, k) distribution, then Theo-
rem 5.30(a) is applicable by choosing I =1 and §i , = gy, for all n € Ny, which
implies p, = p1,n for all n € Nd. Using go = - -+ = qx_1 = 0, which implies (5.37),
and solving (5.38) for p, yields (5.20). O

Proof of Theorem 5.30. (a) We extend a standard proof (cf. [40, Theorem 3.3.9]
for the case k = 0 and [ = 1) with the idea from [51] for the d-dimensional setting.
To prove the representation for the initial value given in (5.19), note that

po "= 65(0) "I on(ex, (0)) "2 on(PX1 = 0)).
We now prove (5.38) for fixed n € N\ {0} and ¢ € R? satisfying (c,n) # 0. For
this we need a preparation. Fix i € {1,...,l}. For every m € N with m > 1,
we use the representation S, = X1 + -+ + X, = Sp—i + Sim with 5, =
Xm—i+1 + -+ X and independent and identically distributed Xi,..., X, If
P[S,, = n]| > 0, then

m

(c,n) =E[(c,S5m) | Sm =n] = ZE[(C,Xj>|Sm =n)|

j=1
= mE[(e, Xn) | S = 1] = = E[(e, Sign) | S = n],

hence by solving for % and calculating the conditional expectation,

bi bi C Sim
a;+—=E ai—i—<,’7’> Sm=n
m i(c,mn)
= o+ 29I prg. 18 = n]. (5-39)
i(c,n) ’
JENG
Jj<n
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For every m > i the sums S,,—; and 5; ,, are independent, hence

P[Si’m = j, Sm = n] = P[Si,m = j, Sm_i =n — j]
= P[Sim = j]P[Sm_i =n — j]. (5.40)
———

=P[S;=j]

We now rewrite p,, = P[S = n] using (5.36) as follows

Pn = Z P[Sm:n’N:m]P[N:m]

,;;iilo =P[Sm=n] by indep. =qm
R T S 3 (T LU

m=k+l i=1

Inserting (5.39) and (5.40) yields for the series

D= 33X (o

m=k+l i=1 GNd

> P[S; = jIP[Sm—i = n — J] Giym—i

Jén
l . [e'S)
bi ¢ J . o
p P> <ai * i<<c n>>> PIS;i=j] D PlSm—i=n—ildimi:
i=1 jeNg ’ m=k+l
Jj<n

=: (%)

where the rearrangement from the first to the second line is admissible, because
the series in the second line converge for every i € {1,...,l} and j € Ng satisfying
j < n, as we show next. Using (5.37), the index shift m — i ~» m, and similar
arguments as for (5.41), we get for these series

(k) = Z'P[Smfi =n—j] Gim—i

3
I

]P’[Sm =n—j, N; = m] = ]P’[S'(i) =n —j] = Din—j-

M

0

3
|

Substituting (**) into (*) and this result into (5.41) gives (5.38).
(b) Modifying the calculation in (5.41) using independence of {5, =n} and
{N = m} and the formula P[N = m] = 2221 v; P[N; = m] for m € N, we obtain

00 l 00
Pn = Z]P’[Sm:n,N:m]:ZViZP[Sm:n]IP[Ni:m]

M=l _ p[§,,=n] F[N=m]

for every n € Ng\ {0}. O
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The next corollary of Theorem 5.30(b) is useful, when only a k-truncation of
a probability distribution is a Panjer(a, b, k) distribution but the first terms don’t
satisfy the recursion (5.17). It is the multivariate extension of [22, Corollary 4.7].

Corollary 5.32. Assume that (¢n)nen, has mass at or above k € N and that
(Gn)nen, denotes its k-truncated probability distribution according to Definition
5.11. Assume that N respectively N have these distributions, and that S =
X1+ -+ Xy and S = X1+ -4+ X§ are the corresponding random sums with
distributions (pn)nend and (Pn)nend. Then po is given by (5.19) and

k—1 k—1
pn =Y P[Si=n]g+ (1 ~ Z%‘)ﬁm n € Nj\ {0}.

i=1 §=0

Proof. Use Theorem 5.30(b) with { =k, v; = ¢; and ¢;; =1 for i € {1,..., k—1},
vp=1—(qo+ -+ qk-1), Gkn = Gn for all n > k, and all other ¢g; ,, = 0. O

Exercise 5.33 (Combining Panjer’s algorithm with convolutions and convex
combinations). Let @ denote a probability distribution of Ng, and N an Ny-valued
random variable. Fix k < [ in Ng such that P[N > 1] > 0 and P[k < N <] > 0.
Assume that L(N|N > 1) = Panjer(a,b,l) and that L(N|k < N <) is a k-
truncated binomial distribution with [ — 1 trials and success probability p € [0, 1].
Devise at least one algorithm to calculate Compound(L(N), Q) given by (4.70)
and discuss numerical stability.

Hints: See Subsections 5.1 and 5.2, Theorem 5.30(b) and Remark 5.31 as well as
Corollary 5.32.

5.4 Numerically Stable Algorithm for ExtNegBin

Remark 5.34. As noticed in Example 5.26, the Panjer algorithm for the extended
negative binomial distribution can be numerically unstable due to cancellations.
To show that this is a real danger, let us consider the following example. Take
ke Nande,pe (0,1), define a = —k+¢ and let (¢, )nen, denote the distribution
of N ~ ExtNegBin(o,k,p) given by (5.28). Choose | € N with [ > 3 and
P[X;, = 1] = P[X; =] = 1/2 as one-dimensional loss distribution. Note that

qk

pk:P[NZk,Xlz“'Zszl]:Qj,

because P[N < k] = 0, and correspondingly
k
Prai1 = PIN=k X; =1, X;=1forallic {1,...,k}\ {j}]
j=1

+P[N:/€+l*1,X1:--':Xk+l_1:1]
:k% qr+1-1

2k 9k+1-1"

Recall from Example 5.26 that the frequency distribution ExtNegBin(a, k,p)
is the Panjer(p, (o — 1)p, k) distribution. Note that Sj takes values in the set
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{k+jl—-1)|j=0,...,k}, which does not contain k + [, hence the Panjer
recursion formula (5.20) for pgi; with ¢xq; == 1 reduces to

et
a—1. .
Phtl = ZP(l + J) PIX1 = ] Prti—j-
i=1

k+1

Since P[X; = j] # 0 only for j € {1,(}, this simplifies to two summands, i.e.,

a— 1\ prii-1 a—1\pg
—»(1 ) 1 7l>—
Ph+l p( tYhrl) 2 +p( terit) e

_ k-1 +€k( q Qk+l—1>  k(l-1)—el g
k+1 2k+1 2kt k+1 2k

hence severe cancellation occurs for pg; when ¢ is small and gx4;1 < 2l_1qu.
For example, the values e = 1074, k =1, 1 = 5 and p = 9/10 give

ps ~ 0.14999262 — 0.14997009 = 0.00002253,

hence we lose four significant digits in this case.

Following [22, Section 5.1], we now develop a numerically stable algorithm
to compute the distribution of (p,)neng of S = X1 + -+ + Xy, when N has an
extended negative binomial distribution. The main ingredient is the following
corollary of Theorem 5.30(a) for the case [ = 1 (we will omit the index 1 for
simplicity).

Corollary 5.35. For the parameters k € Ny, a € (—=k,—k+ 1) and p € (0,1],
with p # 1 for k=0, let (gn)nen, = ExtNegBin(a — 1,k + 1,p) and

ExtNegBin(a, k,p) if k€N,
NegBin(a, p) if k=0.

((jn)neNO = {

Then (5.36) holds with | =1 and ¢, = Gn for n > k+ 1. The constants are
giwen by a =0 and

g =2y (I pd

b=(a—1)p e e (5.42)
gl — Zj:o ( +§ )pj
hence (5.38) simplifies to the numerically stable weighted convolution
b . q =
= > 5P = )P (5.43)
jENE
Jj<n,ji>0

for every n = (n1,...,nq) € N4\ {0}, where i € {1,...,d} is chosen such that
n; # 0. The initial value py is given by (5.19) with probability-generationg
function from (5.32) with parameters o and k replaced by o — 1 and k + 1,
respectively.
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Proof. Using (5.28), we see that, for every n > k + 1,

((a— 1) +n— 1)pn _ (a—l)p(a—i—(n— 1) — 1>pn_17

n n n—1
hence ¢, = bg,—1/n and Theorem 5.30(a) is applicable. O

The case k = 0, p = 1 is excluded in the preceding corollary. We cannot
reduce the calculation for a claim number N ~ ExtNegBin(a — 1,k + 1,p) to
the one for N ~ ExtNegBin(a, k,p) in this case, because the negative binomial
distribution is not defined for p = 1. However, a suitable limit p 1 gives the
following numerically stable procedure.

Lemma 5.36 (Stable recursion for ExtNegBin(a — 1,1,1)). For o € (0,1)
consider a claim number N ~ ExtNegBin(a — 1,1,1). Then the distribution

(Pn)nengd of the random sum S = Xy + -+ + Xy can be calculated by py =
1— (P[X1 #0)'% and

Dy = e > jend, ozj<n Ji P[X1 = jlrn—j if P[X1# 0] >0,
"o if P[X;=0]=1,

for every n = (ny,...,nq) € Nd\ {0}, where i € {1,...,d} is chosen such that
n; # 0. In the case P[X; # 0] > 0 the non-negative sequence (1y)nend is defined
by ro = (P[X1 # 0])~% and recursively in a numerically stable way by

1
= > i +ni — Ji) PLX1 = jlrn—j
jENd
O#j<n

for every n = (n1,...,nq) € Nd\ {0}, where i € {1,...,d} is chosen such that
n; # 0.

Proof. Tt suffices to consider the non-trivial case P[X; # 0] > 0. We start with

p € (0,1) and let (Pn(p))nend denote the distribution of S = X3 +--- + Xy,
where N ~ NegBin(, p), and (Pn(p))neng the distribution of S = X7 +---+ Xy,
where N ~ ExtNegBin(a—1,1,p). Since NegBin(a, p) is the Panjer(p, (ae—1)p, 0)
distribution, a recursion for the auxiliary sequence

ra(p) = (1 —p) *Pu(p),  neNE, (5.44)

follows from Panjer’s recursion (5.24) for (Pn(p))nend, namely

p . ) .
(e = PICAUIECRR TS
0#j<n

for every n = (ni,...,n4) € N&\ {0} and i € {1,...,d} satisfying n; # 0 and
with starting value
ro(p) = (1 —pP[X1 =0])7* (5.46)
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given by (5.19) with probability-generating function from (5.23). The weighted
convolution (5.43) becomes

Pu(p) = ! —Z):‘b(p) E , JiP[X1 = j]rn—j(p) (5.47)
jend
j<n, >0

for every n = (n1,...,nq) € Ng\ {0} and i € {1,...,d} satisfying n; # 0 and
with b(p) = (1 — a)p(1 — p)~*/(1 — (1 — p)}~®) from (5.42) and starting value

1—(1—-pP[X; =0t
pO(p) = <1 _Izl L;)l_ab

given by (5.19) with probability-generating function from (5.33). The normaliza-
tion in (5.44) is chosen so that we can take the limit p 1 in (5.45)—(5.48), in par-
ticular (1—p)*b(p) tends to 1—a.. With r,, = lim,, = r,(p) and p,, := lim,, ~ pn(p),
the lemma follows. ]

(5.48)

Algorithm 5.37. Corollary 5.35 and Lemma 5.36 lead to the following numeri-
cally stable algorithm for the calculation of the distribution of the aggregate loss
in the collective risk model S = X; + -+ + Xy, where N ~ ExtNegBin(a, k, p)
with k € N, a € (—k,—k+ 1) and p € (0, 1]:

o If p < 1, perform a stable Panjer recursion according to Theorem 5.16 for
N ~ NegBin(«a + k, p), followed by a stable weighted convolution according
to Corollary 5.35 to pass to N ~ ExtNegBin(a +k —1,1,p).

o If p =1, use Lemma 5.36 to calculate the distribution of the compound
sum S for N ~ ExtNegBin(a + k — 1,1, p).

Calculate k — 1 weighted convolutions according to (5.43) to pass iteratively to
N ~ ExtNegBin(a + k — 2,2, p), ..., and finally to N ~ ExtNegBin(a, k, p).

Remark 5.38. Of course, compared to the ordinary (but possibly unstable)
Panjer recursion of Theorem 5.16, Algorithm 5.37 increases the numerical effort
by a factor of £ + 1. Note that the weighted convolution in (5.43) is not a
recurrence, hence unavoidable rounding errors do not propagate as in a recursive
calculation.

5.5 Numerically Stable Algorithm for ExtLog

Similar results as in the previous subsection can be obtained for the extended
logarithmic distribution.*?

Corollary 5.39 ([22, Corollary 5.4]). For the parameters k € N and p € (0, 1]
with p < 1 in case k =1, let (¢n)nen, = ExtLog(k + 1,p) and

(@) ) ExtLog(k,p) if k>2,

nJn€No Log(p) if k=1.

42 The results of this subsection will not be used in the remaining part of the lecture notes.
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Then (5.36) holds with | =1 (we drop this index for convenience) and G1n = ¢n
for n > k+ 1. The constants are given by a =0 and

>k (li)ilpl
—1
Z?ik—&-l (k-lu) P

hence (5.38) simplifies to the numerically stable weighted convolution (5.43) and
po is given by (5.19).

b=(k+1)p

Exercise 5.40. Use Theorem 5.30(a) to prove Corollary 5.39.

In the excluded case (k,p) = (1, 1), we cannot reduce the calculation for N ~
ExtLog(2,p) to that for N ~ Log(p), because the logarithmic distribution from
Example 4.4 is not defined for p = 1. Fortunately, a similar limit consideration
as for the extended negative binomial distribution works.

Lemma 5.41 (Multi-dimensional version of [22, Lemma 5.5], stable recursion for
ExtLog(2,1)). Assume that N ~ ExtLog(2,1). Then the distribution (pn)neng
of the random sum S = X1+ --- 4+ Xn can be calculated by

po = P[X1 = 0] + P[X; # 0]log P[X; # 0]
with the convention 0log0 =0, and

oy = o > jend, 0<j<n JiP[X1 = jlrnj if P[X1 # 0] >0,
"o if P[X;=0]=1,

for every n = (n,...,ng) € NG\ {0} and i € {1,...,d} satisfying n; # 0, where

for the case P[X1 # 0] > 0 the non-negative sequence (rn)neng is defined by
ro = — log P[X # 0] and recursively in a numerically stable way by

1 1 . .
B 7 (P 3 B =)
JEN\{0}

for every n = (n1,...,nq) € NG\ {0} and i € {1,...,d} satisfying n; # 0.

Exercise 5.42. Prove Lemma 5.41. Hints: For p € (0,1) consider N ~ Log(p),
let (Pn(p))neng denote the distribution of S =X+ -+ Xg, and let (p, (P))nend
denote the distribution of S = X; + -+ + Xy, where N ~ ExtLog(2,p). Define
the auxiliary sequence

rn(p) = —pn(p) log(1 — p), n e Ng.

and proceed in a similar way as in the proof of Lemma 5.36. Consider the limit
p /1 at the end.
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6 Stochastic Rounding
and Copula-Based Aggregation

6.1 Stochastic Rounding

While losses are certainly multiples of one cent, the computation time required
for this precision normally forces us to use basic loss units 1, ..., E4 of a larger
size like 100 000 Euro. Then, however, losses are in general not integer multiples
of this quantity and some rounding is required. Deterministic rounding with
the aforementioned basic loss unit would round, for example, every loss below
50000 Euro to zero, which is certainly not acceptable since it ignores the risk.
The idea of stochastic rounding is to keep at least the expected loss constant.
Hence, for example, a loss of 150 000 Euro happening with probability p should
be turned into two losses of sizes 100000 and 200000 Euros, respectively, each
one happening with probability p/2. This idea, generalized to higher dimensions
and mixed moments, is the content of the next lemma.

Lemma 6.1 (Stochastic rounding). Let X = (X1,...,X4) be an R¥-valued
random vector. Define

d
pn:E[H(1—|X¢—ni|)+}, n=(ni,...,ng) € Z4, (6.1)

i=1
where 7 = max{z,0} for all x € R. Then the following holds:
(a) (Pn)nezd is a probability mass function.

(b) If all components of X are almost surely non-negative, then (pn)nend s a
probability mass function.

Let Y = (Y1,...,Yy) be a Z%-valued random vector with distribution (p,)nezd
given by (6.1) and let I be a non-empty subset of {1,...,d}.

(¢) Stochastic rounding commutes with taking marginal distributions, i.e.,
stochastic rounding of the distribution of the random vector (X;);cr equals
the distribution of (Y;)icr-

(d) If (X;)ier are independent, then (Y;)ier are independent.

(e) For every i € I let gi: R — R be a function which changes sign only at
integers and which is piecewise affine between adjacent integers, i.e.

Agi(k) + (1 =N gi(k +1) = g;(M + (1 = N)(k + 1)) (6.2)

for all k € Z and X\ € [0,1]. Then the product [[;.; 9i(X;) is integrable if
and only if [l;c; 9i(Yi) is integrable and in this case

| [Lacx)| = | [Tav]. (63

i€l i€l
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Remark 6.2. Part (e) applied to I = {i} with i € {1,...,d} and the identity
function g;(x) = x on R implies that expectations are unchanged by stochastic
rounding, i.e. E[X;] = E[Y;], provided at least one (and therefore both) expecta-
tions exist. For I = {i,j} C {1,...,d} with i # j and g; also the identity function,
we see that E[X;X;] = E[Y;Y]], hence Cov(X;, X;) = Cov(Y;,Y;), provided X,
X and their product X;X; are integrable.

Proof of Lemma 6.1. For each integer k € Z define fx: R — [0,1] by fx(z) =
(1— |z —k|)™ for all x € R. Note that H;i:l fn; (X;) coincides with the product in
(6.1) for each (n1,...,nq) € Z%. Let g: R — R be a function which is piecewise

affine between adjacent integers, see (6.2). For x € R define k, = || and observe
that fy(z) =0 for all k € Z\ {ky, ky + 1}. Using (6.2) for the third equality,

D (@) g(k) = fro (2) g(ka) + frp1(x) g(ke + 1)

kEeZ
= (1_ (x_kx))g(kz)+(1 - (ka:“‘l —x))g(kx+1) (64)
—_——
=:A€[0,1] =1-A=x—ky

=g((1 = (@ — ko) ko + (2 — ko) (ko + 1)) = g(@).

Note that no convergence problems arise on the left-hand side of (6.4), since
at most two terms are different from zero. Using (6.4) for g = 1, we see that
{fr}rez is a partition of unity, meaning in particular that

d ful@)=1, =zeR (6.5)
kEZ

(a) Using (6.5) for every dimension and expanding (keeping in mind that at
most 2¢ terms can be different from zero) leads to

d d
Z Hf”z(xl):Hme($l):1’ ($1,...,$d)€]Rd.

(nl,...,nd)EZd i=1 i=1n,€Z

Hence by monotone convergence,

> pa =E[ ) [d[fm,(Xi)] 1

nez? nezZ? =1
(b) For every n = (ny,...,n4) € Z*\ N& there exists i € {1,...,d} with
n; < —1, hence fy, (X;) “ 0 and p, = 0.
(c) Let (ni)ie;r € Z' and J := {1,...,d} \ I. Using o-additivity, monotone
convergence and factoring,
PYi=niforallicI]= Y P[(}1,...,Yy) = (n,...,ng)]

(nj)jes€L7

=E[[T{; fn;(Xs)] by (6.1)

= E[(anm)) 1D fnj<Xj>]

iel jeJ njeZ

=1 by (6.5)
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(d) Let (n;)ier € Z'. Using part (c), the independence of (X;);c7, and again
part (c),

B[Y; = n; for all i € 1] = [Hfm Z } = TTEL fu (0] = [ BLY: =

icl el iel

(e) Note that, if the functions g; change sign only at integers, then the functions
R > 2 — |gi(x)| are also piecewise affine between adjacent integers, see (6.2),
and (6.4) applies to them. Since all terms are non-negative, using the monotone
convergence theorem,

B[ TTn00l| = 5 (Tl ) Bl =i foralt i€ 1

el A I I
i€ (ni)ier€Z! “i€ :]E[Hiel fni(Xi):I by part (c)

- ¥ =[[metaen] =5[] X fmxoam]

(ni)ierezt  ~icl icl n;€Z

= 1g:(X:)]| by (6.4)

hence [[;c; 9i(Y3) is integrable if and only if J],.; g:(X;) is integrable. The same
calculation without the absolute value, which uses the dominated convergence
theorem, proves (6.3). O

Example 6.3 (Stochastic rounding can change the variance). Consider a degen-
erate random variable X with IP’[X = %] = 1, which has zero variance. Stochastic
rounding produces the Bernolli distribution Bin(1, 1), which has variance 1.
Example 6.4 (Stochastic rounding can change the correlation). While Lemma
6.1(e) guarantees that stochastic rounding preserves covariances, rounding can
change the correlations. As an explicit example, consider a random vector
(X1,Xs) = 3(Z,Z) with Z ~ Bin(2, §). Then Var(Z) = 3, hence Cov(X1, X)) =
%Var(Z) = %. Since X; and Xy are comonotone, or by noting that Var(X;) =
Var(Xs) = 1 Var(Z) = 1, it follows that Corr(Xy, Xs) = 1. Stochastic rounding
produces the probability mass function p( ) = p1,1) = % and p(1,0) = P0,1) = 3
If (Y1,Y2) has this distribution, then Cov(Y1,Ys) = % by explicit calculation
or an application of Lemma 6.1(e). Since Y7,Y> ~ Bin(1,1), it follows that
Var(Y;) = Var(Y2) = 1, hence Corr(Y1,Ys) = § # 1.

Example 6.5 (Stochastic rounding can create independence). If (X7, X2) is
a random vector with dependent components, then stochastic rounding might
remove the dependence. If Cov(X7, X2) is well defined, then Lemma 6.1(e) shows
that Cov(X1, X2) = 0 is a necessary condition for this phenomenon to occur. As
an example, consider a random vector (Xl,Xg) taking with probability ; L the
four values (1,0), (1,1), (3,3) and (2, 1), respectively, which are located on a
square. The components X; and X are clearly dependent, because

PX1=1Xy=3] =04 =PX; =1]P[X, =]].
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Stochastic rounding moves one quarter of the probability of (%, %) equally to each

of its is four neighbouring lattice points in Z?, the same happens to the probability
of (3,3). Hence poo) = Po.1) = Po) = Py = 15 and po) = Py = 5. This
is the product measure of %(50 + 601 + 02) with (6o + 61).

6.2 Introduction to Copulas

6.3 Aggregation of Integer-Valued Risks
with Copula-Induced Dependency Structure

This subsection is based on joint work with Martin Schmidt contained in [48],
see this reference for further details and illustrations.

Let d € N with d > 2 and let X1,..., X4 denote Ny-valued random variables
such that X; ~ F; for each ¢ € {1,...,d} with given univariate distribution
functions Fi,..., F;. The random variables X7, ..., Xy can represent claim sizes
in an insurer’s portfolio or credit losses in banking. The main objective of this
subsection is to examine the distribution of the aggregated components, i.e., the
sum S = X7 +--- + Xy

Recall that Ay, = {n € N¢ | ||n|1 < v} denotes the standard discrete
d-dimensional simplex in N¢ of size v € Ny as given in (5.6). Let 0N, ={ne€
N& | |n]l1 = v} denote the discrete inner boundary of Ay, in N, i.e., the set of
all n € Ag, such that there exists = € Ng \ Ag, with |n —z| = 1.

Let us first consider the case where the random vector X = (X7,..., Xy) has
independent components. Let Q; = (gin)nen, denote the distribution of Xj, i.e.
¢in = P[X; = n] for each n € Ng and i € {1,...,d}. Then the probability mass
function of the sum S can be written down explicitly as

P[S=v]= Y PXi=m,...,X¢q=ng, veN. (6.6)
nGBAd’V 7Hd 4
- i=1 41%,Nn4

Starting with d > 3, it can be computationally more efficient to calculate the
probability mass function of S using iterative convolutions Q1 * --- x QQq, see
Subsection 5.1 and Exercise 5.4. If @1 = -+ = @4, then Algorithm 5.2 and the
recursion from Theorem 5.6 are available.

Suppose from now on that the dependence structure of the components of

the random vector X = (X7,...,Xy) is given by a d-dimensional copula C, see
Subsection 6.2. Let Z; := {0,1}¢ denote the set of vertices of the d-dimensional
unit hypercube and define sign(i) = (—1)+ % for every i = (i1, ...,iq4) € Zy.

By the defining property of the copula C,
P[4,] = C(Fi(m), ..., Fa(ng)), n=(ni,...,ng) € Ng,

with A, = {X1 < ni,..., Xq < ng}. Defining A;,, = {X; <n; —1} N A, for
each j € {1,...,d}, it follows that

{XZTL}Z{X1 :nlw--;Xd:nd}:An\(Al,nU“’UAd,n) (67)
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and by the inclusion—exclusion principle

PlA1, U - UAgy,] = > (-1)“*“*”“1@{ N AM}, (6.8)

(31,..-,8q)EZ4\{0} jE{l,..i,d}
1=

hence by (6.7) and (6.8), for every n = (n1,...,nq) € N&,
P[X =n] =P[A,] —P[A1, U---UAg,]

= Z sign(z’) P[Xl <n;-— il, ‘e ,Xd <ng— id] (6-9)
€Ly

— C(Fi(ni—i1),, Fa(na—ia))
Since X takes values in Ng, the defining property of the copula C' implies that
C(Fi(n1),...,Fy(na)) =P[X <n]=0, n=(ni,...,nq) € Z*\ NG,

hence we can restrict the summation in (6.9) to all i € Z; with ¢ < n. As a
generalization of (6.6), the probability mass function of S is given by

P[S=v]= ) PX=n

neaAd,l/

= Y > sign(i) C(Fi(ny —i1), ..., Fa(ng —iq)), v €No.

neaAd,,, €Ly
i<n

(6.10)

Using that the discrete simplex satisfies Ay, = |J;j_y 0Aq4;, where the union is
disjoint, it follows from (6.10) that the distribution function of S is given by

P[S < ] = EV:P[S =1
=0

E L _ , (6.11)
= E g 51gn(z)C’(F1(n1 —11),...,Fd(nd—zd)), v € Np.
TLGAd’V iEZd
i<n

Using (5.7), it follows that the right-hand side of (6.11) without the restriction
i < n has 2¢ (dZ”) terms to be summed up. Due to the inner summation over the
elements of 7, most terms can appear up to 2¢ times with positive or negative
sign. This calls for a more efficient way to add the terms, which is given in the
next lemma.

Lemma 6.6 (Distribution function of S = X + --- + Xy4). Define

=Y. C(F(m),...,Fang), jeNo (6.12)
neé)Ad’j
Then
(d—=1)Av d—1
PlS <v] = ZZ; (_1)1( z >cyl, v e No. (6.13)
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Remark 6.7. Compared to (6.10) and (6.11), each evaluation of the copula is
only needed once for the calculation of the corresponding ¢; via (6.12). For the
calculation of the distribution function of S on {0,...,r}, the upper bound of
24 (d+”) terms to be summed up via (6.11) is substantlally reduced to dv + (d+”)
by the method from Lemma 6.6 (only the case d > 2 is of interest here). Note
that due to the alternating sign in (6.13), cancellations can occur, but they don’t
propagate via a recursion.

The terms C(Fi(n1),. .., F4(nq)) in (6.12) are computed without much effort
when the distribution function C' is given explicitly, examples are the Clayton
copula, the Gumbel copula, and the Frank copula.

Proof of Lemma 6.6. Fix v € Ny. Note that 7y = Ui:ozd,k with Iy = {i €
Zy: |li]h =k} and Ag, = Uy A4, where the unions are disjoint. Rewriting
(6.11),

P[S S I/] = Z Slgn Z C F1 n1 — Z1> Fd(nd - ’Ld))
1€Ly neAd v
i<n

dAv v
_ Z(_l)kz Z Z C(Fi(n1 —i1), ..., Fa(na — ia))
k=0

=k ieIdyk nEaAd,l
i<n

(6.14)

Given k € {0,...,d Av} and | € {k,...,v}, note that for every pair (i,n) €
Id,k X 8Ad7l with ¢ < n there exists n := n — ¢ such that (i, ’fl) S Id,k X 8Ad,l—k‘
For the reverse direction, given (i,7) € Zy) x 0Ag—k, there exists n = n +1
such that (i,n) € Zy, x 0A4; and i < n. Due to this bijection, the last sum in
(6.14) equals ¢;_j given by (6.12). Since |Zg x| = (Z), (6.14) can be rewritten as

P[SSV]ZMZV <>qu dﬁ” ()Zcul—zcu 1Jay

k=0
(6.15)
with

dNl d
Jd,l = Z(_l)k<k>’ l e N()7

k=0
where we used the index substitution [ ~ v — [ + k for the second equality and
interchanged the sums for the last one. We claim that

JdJ:{(—l)l(d;l) for 1 € {0,...,d — 1}, (6.16)

0 otherwise,

which follows inductively: By direct evaluation, Jgo = 1. For [ € {1,...,d},

taom (ot (9 (1) =51 00) - ()

Hence Jg4 = 0 and the second case in (6.16) follows. Substitution of (6.16) into
(6.15) proves (6.13). O
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The probability mass function of the sum S can be calculated via P[S = v] =
PS <v]—-P[S <v—1] for v € Nand (6.13) from Lemma 6.6. Using this idea,
there is also a direct formula available, which looks very similar to (6.13):

Lemma 6.8 (Probability mass function of S = X +--- 4+ Xg). With (¢j);en,
given by (6.12),

PS=v]=>) (-1) <§l) cy_1, vENg. (6.17)

Proof. For v =0, (6.17) reduces to P[S = 0] = ¢p, which is correct. Fix v € N.
We use (6.13) from Lemma 6.6 to see that

(d—1)Av d—1
PS<v|=c,+ (—1)l< l )c,,_l
1=1

and, performing an index shift,

(d-1)A(v—1) i1 drv i1
PS<v—-1= ) (—1)l< I )Cu—1—z == (-1)f <l _ 1>Cu—l-
=0 =1

Using these two results and the recursive formula for binomial coefficients, which
is the basis of Pascal’s triangle,

=c, + ;:1 (—1)l{ <d ? 1) + G: 11> }cy_z + (=), _qlla<y,

-
where the last term is only present when d < v and can be included to the sum
by changing the upper bound of the summation index to d A v. Including also ¢,
by starting the summation with { = 0, the claim (6.17) follows. O

7 Extensions of CreditRisk™

Note that the extended multi-period CreditRisk™ framework presented here can
also be seen as a multi-period multi-business-line extension of the collective risk
model from actuarial science.

7.1 Introduction

With the tools developed in the previous chapters we can now introduce the
CreditRiskt framework and its extensions. First some general notes:

e The original CreditRisk™ framework was developed by Credit Suisse First
Boston (CSFB) [11].
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It is a one-period actuarial model for the aggregation of credit risks.

It is based on the Poisson approximation of individual defaults, utilizing a
trade-off effect occurring in sums, see Remark 3.32.

One of the big advantages of the model is that the probability-generating
function of the loss distribution is available in closed form.

Extending the Poisson mixture model, several independent and gamma-
distributed default causes as well as deterministic exposures are taken into
account.

The model does not call for Monte Carlo methods, hence the output is
completely determined by the input data without any variations due to
different simulation runs.

The extensions presented here include:

The individual exposures of obligors are allowed to be d-dimensional random
vectors making a multi-period model possible.

Risk groups of obligors and corresponding, possibly stochastically dependent
exposures can be handled.

Default causes don’t need to be independent, they are allowed to have a spe-
cial but flexible dependence structure, given by scenarios and independent
risk factors.

The distributions of the risk factors are not restricted to gamma distribu-
tions, instead also more flexible distributions like tempered stable distribu-
tions can be used.

At least for gamma-distributed risk factors, the risk contributions of indi-
vidual obligors can be calculated.

The probability distribution of the portfolio loss can be derived with a
numerically stable algorithm, even with all the mentioned extensions.

Note that, due to stochastic exposures, the risk of a downgraded credit rating
can easily be incorporated in the extended version of CreditRisk™. Using risk
groups, even joint downgrades can be modelled.

Remark 7.1 (Multi-period extension). The extension to several periods can be
used in various ways and is also applicable in actuarial mathematics.

(a)

Several periods: If there are d periods, it is of importance to know in
which period an obligor defaults. For example, an early default might
cause liquidity problems for the lender, because write off is required early.
Furthermore, the size of the loss given default can depend on the time of
the default, in particular when a loan or a mortgage is amortized during its
life span and not at maturity.
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(b) Immediate payments and actuarial reserves: A two-period model is of
interest for a portfolio of credit guarantees. Here the default probability
(or intensity) only refers to defaults happening during the first period, and
the first component for the losses refers to the payout during this period.
The second component of the losses models the payment obligations after
the first period, it would correspond to the actuarial reserves to be built up
at the end of the first period.

(¢) Profits and losses: To aggregate profits as well as losses, that means Z-
valued random variables, we consider Ng—valued random vectors whose
components are the positive and negative parts, i.e. for each Z-valued X we
consider (X, X ™) and aim to determine the two-dimensional distribution
of all profits and losses. Of course, netting can be done afterwards. In
general, Z%-valued random vectors are converted into Ngd-valued ones.

(d) Different types of claim payments: In an insurance context, the d compo-
nents can represent different types of claim payments. For a portfolio of
health insurance contracts, this can be costs of medical treatments and
allowances for missing income of the insured. For a portfolio of personal
liability or automobile collision insurances, these can be claims for bodily
injuries and property damages.

(e) Stochastic claims reserving: In the context of stochastic claims reserving
(see e.g. [61] for a textbook presentation), the d periods can represent the
development years. Here the default probability (or intensity) refers to
the claims originating from the initial insured period; the claims may be
reported at a later period and payments may be spread out during the
remaining periods of the model.

7.2 Description of the Model

We now assemble the necessary input parameters and the notation of the extended
CreditRiskt methodology.

7.2.1 Input Parameters

Our extended version of CreditRisk™ needs the following input parameters:
e The number m € N of obligors,

e the number d € N of periods,

the basic loss units F1,..., Ey > 0 for the d periods,

the number C € N of non-idiosyncratic default causes,

the number K € N of independent risk factors,
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the parameters specifying the gamma distributions or the tempered stable
distributions of the independent risk factors Ry, ..., Rk,

e a non-empty finite set J of dependence scenarios,

a probability distribution on the set J of dependence scenarios,

for each dependence scenario j € J a matrix A; = (ai,k)06{07---,0},196{0,---,[(}
of size (C'+ 1) x (K + 1) with non-negative entries, where

a), =0 forallje€Jandke{l,... K}, (7.1)

the collection G' of nonempty subsets of all obligors {1,...,m}, called the
risk groups, which are subject to joint defaults.

For every group g € G we need
e the d-period default probability p, € [0, 1],
and then, for every dependence scenario j € 7,
e the susceptibility wo 4 ; € [0, 1] to idiosyncratic default,
e the susceptibilities we 4 ; € [0,1] to default causes ¢ € {1,...,C},

e the multivariate probability distributions Q¢ g; = (ge,g.j.u) pevd)s on (Ndys
describing the stochastic losses in d periods of all the obligors ¢ € g in
multiples of the basic loss units Ff1, ..., Ey in case the risk group g defaults
due to cause c € {0,...,C}.

Assumption 7.2. Every obligor i € {1,...,m} belongs to at least one group
g€ G. Let G;:={g € G|ié€g} denote the set of all groups to which obligor
i€ {l,...,m} belongs, by assumption G; # &.

Remark 7.3. While Assumption 7.2 is not necessary for the algorithm, it is
useful to check the proper set-up of the model. If an obligor is not contained
in any risk group, then a default is impossible and the obligor could be left out
from the credit risk model.

Assumption 7.4. For each group g € G and each scenario j € J, the suscepti-
bilities (also called weights) exhaustively describe the default causes:

C
Y wegj=1, geGjeT. (7.2)
c=0

Remark 7.5. Assumption 7.4 is useful for the interpretation of the default
probability py and the default intensity A, for every risk group g € G in every
scenario j € J, but the assumption is not necessary for the algorithm itself. See
also the normalization in Assumption 7.30 below.
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The idea of risk groups modelling joint defaults is motivated by the common
Poisson shock models discussed by Lindskog and McNeil [37]. The idea to have
different scenarios comes from [47], it originates from the desire to make negatively
correlated default causes possible, see Example 7.33 below.

Remark 7.6 (Classical CreditRisk™ model). The classical CreditRisk™ model
is contained in the above set-up by choosing G = {{1},{2},...,{m}}, that
means the only risk groups are the individual obligors. In this case Q. (4},
denotes the univariate distribution of the stochastic loss given default of obligor
i€{l,...,m} due to cause c € {0,...,C} in scenario j € J. Note also that in
the classical CreditRisk™ model there is just one scenario, i.e. |J| = 1, one period,
i.e. d =1, and default causes and risk factors are identified, which corresponds
to A7 being the identity matrix. Furthermore, all loss distributions Qe iy,j are
one-dimensional and degenerate, which corresponds to deterministic one-period
losses given default. Therefore, the classical CreditRisk™ model doesn’t even
contain the collective model from actuarial mathematics.

Remark 7.7 (Directly dependent defaults). Suppose obligor i € {1,...,m} is a
large factory and the different obligors i1,...,4; € {1,...,m} are suppliers of i,
being economically heavily dependent on the factory. If the factory ¢ defaults and
is subsequently closed, the suppliers i1, ...,7; have a high probability to default,
too. Therefore, {i,i1,...,4;} is certainly a meaningful risk group. Of course, G
should also contain {i}, because i could default and subsequently be taken over by
a competitor running its production in the factory. Also {i1},...,{i;} € G makes
sense, because every supplier can individually default due to poor management
and subsequently be replaced by a competing supplier. Note that different
loss distributions Q.4 ; of the (N&)9-valued loss vectors given default due to
cause ¢ € {0,...,C} in scenario j € J can be specified for the big risk group
g = {i,i1,...,7} and for the individual obligors represented by g = {i} and

g =i}, {a}.

Remark 7.8 (Hindering defaults, competition groups). Suppose that the different
obligors i1,...,4 € {1,...,m} are direct competitors in the market (e.g. airline
companies), and a default of one of them may hinder a default of the others during
the d periods, because they can take over the market share of the defaulting obligor
and are then economically better off, they may even raise prices. To include this
effect in the model, define a risk group g = {i1,...,4;} with a default probability
pg and choose the multivariate loss distribution Qc.g,j = (¢e,g,j,u) ue(nd)s in such a
way that gc 4., = 0 for every integer vector p = (Mg ,uil) where two or more
of the components f;,, ..., @i, € Ng representing the losses during the d periods
are different from 0 € Ng. This means in case of a default of risk group g due
to cause ¢ € {0,...,C} in scenario j € J, that only one of the obligors in the
group ¢ causes a loss, and the distribution of this loss can of course depend on
the obligor, on the cause ¢ and on the scenario j.

Remark 7.9 (Examples of default causes). Default causes make it possible to
build-in joint variations of default intensities for risk groups (and individual
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obligors); these variations jointly improve or degrade the credit quality of these
groups/obligors. Default causes can be industry sectors, individual countries,
currency regions (e.g. Euro zone), geographic regions (e.g. North Africa, Latin
America), religious regions (e.g. Islamic countries), economic regions (e.g. south-
ern Europe, petroleum exporting countries (OPEC)), or represent exposure to
macroeconomic indices like exchange rates, interest rates, business cycles, unem-
ployment rates, real estate prices, interest rate changes and divorce rates (for
modelling the risk of mortages, cf. [12, 13]), and so on. Note that these default
causes don’t need to be stochastically independent, this is handled separately by
the dependence scenarios and the matrices A7 with j € J.

Remark 7.10 (Hierarchically ordered default causes). For a worldwide diversified
credit risk portfolio, it is a good idea to start with default cause intensities ordered
in a hierarchical way:

(a) Worldwide, continental or multi-national causes, like a pandemic, the state
of the economy in developed countries, international political or military
conflicts, energy prices, crises due to excessive national debt in the European
Union, turmoil in arabic countries, ...

(b) Default causes for every country, modeling an economic crises, the burst
of a real-estate bubble, political turmoil, civil war, transfer risk, convert-
ibility of the local currency, international sanctions, natural or man-made
disasters, ...

(¢) Local, industry sector specific causes within every country, like agriculture,
mining, manufacturing, transport, financial and insurance industry, etc.,
where the granularity depends on the individual needs.

7.2.2 Derived Parameters

The following quantities are derived from the input parameters:

e The Poisson intensity A, for defaults of group g € G during the d periods.
As explained in Subsection 3.2, the choices A\; = py and Ay = py(1 — py)
as well as \; = —log(1 — pgy) in case p; < 1 can be used to calibrate the
model. We will use the first choice in the following.

e From the multivariate probability distribution Q.4 ; on (N¢)9 of the loss
during the d periods due to a default of group g € G caused by ¢ € {O ,C'}
in scenario j € 7, the d-dimensional distribution @ , ; = (¢ G )yend of

the group loss during the d periods as sum of the individual losses of all

the obligors ¢ in the group g is given by

qz797j7” - Z qcﬂQ:ju“" ve N%’ (73)

p=(pi)icg€(NG)9
icg Hi=V
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see Remark 7.12 below. In the case d = 1, when Q. 4 ; is specified by the
loss distribution of every obligor ¢ € g and a copula, see Subsection 6.3 for

the computation of Q7 0"

The cumulative Poisson intensity

C
Ajky = Z Ag Z We,g,j ai,k Qg g = 0 (7.4)
geG c=0

in scenario j € J for losses of size v € Nd\ {0} in the portfolio due to
idiosyncratic risk k = 0 or risk factor k € {1,..., K}. In the last case, due
to (7.1), the term for ¢ = 0 can be omitted in (7.4).

The set
Sjk ={v e N§\ {0} | \jrp > 0} (7.5)

of all non-zero d-period exposure vectors with strictly positive intensity in
scenario j € J due to risk factor k € {1,..., K} in terms of the basic loss
units Ey, ..., Eq. This set is used in (7.74) and (7.83) below.

The cumulative Poisson intensity for non-zero d-period loss vectors in the
portfolio in scenario j € J due to risk k£ € {0,1,..., K}, given by

C
N . d s
Ajk = Z Ag Z We,g,j G (1 = 42.g,5.0)

geG c=0
o (7.6)
_ I8 _ )
= Z Z Ag ch,g,y A ke,gg0 = Z Ajky = 0,
veNd\{0} 9€G =0 veS; i

where we used (7.4) and (7.5) for the last equality. Due to (7.5), A = 0 if
and only if §;; = @.

If /_\j,k > 0 for scenario j € J and risk k € {0,..., K}, then we can define
the d-dimensional distribution Qjx = (gj k. )vend by

{Aj,k,y/Aj,k for all v € N¢\ {0},
q5,k,v =

7.7
0 forl/:0€Ng. (7.7)

It is a probability distribution due to (7.6). By (7.4) and (7.6), the distri-

bution @) is a mixture distribution of the family {sz,g,j | ced0,...,C},
g € G}, conditioned to be non-zero. If \;; = 0 for a scenario j € J and a
risk k € {0,..., K}, then no non-zero d-period loss vector in this scenario
due to this risk factor is possible and we define
d
Gy = {0 for all v € Nod\ {0}, (7.8)
1 forv=0¢€Nj,

to avoid notational complications.
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Note that the algorithm in Section 7.7 uses the intensities from (7.4) and (7.6), but
not the default intensities of individual groups, not the individual susceptibilities,
not the matrices A; with j € 7, and not the individual d-period loss distributions.
Without loss of precision, the data can be aggregated accordingly. However, for
the calculation of risk contributions (see Lemma 8.33 below), the individual
quantities are important.

7.2.3 Notation for the Number of Default Events
For every risk group g € G and every scenario j € J we write
e Ny, ; for the number of idiosyncratic defaults (during the d periods),

e N4 ; for the number of defaults due to cause c € {1,...,C},

o Ny = ZCC:O Nc,q4.; for the total number of defaults.
For every obligor i € {1,...,m} and every scenario j € J we write analogously

e Noji=y. e Ny,g,; for the number of idiosyncratic defaults,

® Neij =2 ycq, Neg, for the number of defaults caused by c € {1,...,C},

o N, = ZCC:O Neij = degi N, ; for the total number of defaults.

It may happen that a default results in a d-period loss vector of size zero.
Let J be a random variable selecting the scenario, i.e., J takes values in the
set J. Then

® Neg = Negy = Zjej Negjlij=j is the number of defaults of group
g € G due to cause ¢ € {0,...,C},

o Ny == Ny = chzo N, 4 describes the total number of defaults of risk
group g € G, and

o N, =N, ;= Zjej Ni j1(j=jy describes the total number of defaults of the
individual obligor i € {1,...,m}.

7.2.4 Notation for Stochastic Losses

Losses are Ng—multiples of the basic loss units E1,..., E4. As in Subsection 7.2.3,
let J be a random variable selecting the scenario from J.

o Let L. g ;n denote the Ng—valued loss vector attributed to obligor ¢ € g at
default number n € N of risk group g € G in scenario j € J due to cause
ce{l,...,C} or due to idiosyncratic cause ¢ = 0.

e The Ng—valued loss vector due to default number n € N of group g € G in
scenario j € J caused by ¢ € {1,...,C} or due to idiosyncratic cause ¢ = 0
is defined by

LC:!],J'JL = Z Lcmgyi)j)n' (7'9)
1€g
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e The Ng—valued loss vector in scenario j € J due to risk group g € G and

cause ¢ € {1,...,C} or idiosyncratic cause ¢ = 0 is defined by
Ne,g,j
Lc)g’j = Z chg:jzn' (710)
n=1

e The Ng-valued loss vector due to risk group g € G and cause ¢ € {0,...,C}
is defined by
chg = chng = Z chg)]]]‘{J:]} (711)
JjET

e The total Ng—valued loss vector in scenario j € J due to group g € G is
given by

Lgm] = Zchgvj' (7'12)

e The total Ng—valued loss vector in the portfolio in scenario j € J is given
by
Lj=>) Ly (7.13)

geG

e The total Ng—valued loss vector in the portfolio is given by
L= LJ: ZLj]l{J:j}. (714)
JjeJ

For the interpretation of the model and the calculation of risk contributions in
Subsection 8.3 below, we will also need the following definitions of Nd-valued loss
vectors attributed to obligor ¢ € {1,...,m}:

e The attributed Ng—valued loss vector in scenario j € J due to defaults of
group g € G; and cause ¢ € {0,...,C} is given by

Nc,g,j
Legij =Y Legijn: (7.15)
n=1

e The attributed Ng—valued loss vector in scenario j € J due to cause
c € {0,...,C} is given by the sum over all risk groups to which obligor ¢
belongs, i.e.,

Leij =Y Legij (7.16)
9eG;

e The total attributed Ng—valued loss vector in scenario j € J is calculated
by summing over all default causes, i.e.,

C
Li,j = Z Lc,i,j- (717)
c=0
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e The total attributed Ng—valued loss vector is given by the loss in the
randomly selected scenario, i.e.,

Li=Liy=)Y Lijl_j. (7.18)
jeT
7.3 Probabilistic Assumptions
The following assumptions are made:

Assumption 7.11 (Independence and distribution of group losses). For every
group g € G, every default cause ¢ € {0,...,C} and every dependence scenario
j € J, the sequence of (N&)9-valued random group loss vectors (Le.gi jn)icg With
n € N is i.i.d. and independent of all other random variables,*> with distribution

P[Legigi = pi for all i € 9] = degju, 1= (1i)ieg € (NG)- (7.19)

Remark 7.12. From Assumption 7.11 it follows that the sequence (Lc g jn)nen
of Nd-valued loss vectors of group g € G in scenario j € J due to cause
c €{0,...,C} defined in (7.9) is also i.i.d. with distribution @3 , ; given in (7.3).
More explicitly, for all n € N and v € N¢,

7.9
PlLe,gjn =] @ P[Z Legijn = V]

1€9
= Z IP)[Lc,g,i,j,n = M for all 7 € g] (720)
p=(1i)icg €(NG)? =4e,9,5.n
ieg Hi=V
(73) 5
N NE

In some cases the distribution of the sum of the components is available in closed
form. Examples are the multivariate Bernoulli distribution, the multinomial dis-
tribution, the multivariate logarithmic distribution, and the negative multinomial
distribution, see (4.9), Exercise 4.20(a), Exercise 4.50(e), and Exercise 4.55(e),
respectively.

Example 7.13 (Deterministic subdivision of a loss within a risk group). Given a
risk group g € G with at least two obligors, a scenario j € J and a default cause
c€{0,...,C}, we may want to attribute a deterministic share of the group loss
to the individual obligors ¢ € g of the group. For this purpose, consider for every
obligor i € g a deterministic function h. g ; ;: Ng — Ng such that

Z he,gii(V) =, for all v € N¢. (7.21)
1€g

43 This means all other sequences of loss vectors, the scenario J, the idiosyncratic default num-
bers (No,g)gec in Assumption 7.20, the non-idiosyncratic default numbers (Ne,g)ceqa,....c},9eG
in Assumption 7.25 and the risk factors Ry, ..., Rk in Assumption 7.26 below.
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We can then divide up the n'"' group loss Lc g jn ~ Q% 4,; In a deterministic
way and attribute the loss Lc g jn = he,g,ij(Le,g,jn) to obligor i € g. Due to
(7.21), we have Zieg Legijm = Legjn for every n € N. For all n € N and

p=(11i)icg € (N3 with v == Y _icg i We have that

qtsr,g,j,w if p= (hc,g,i,j(’/))iem

Gegjn = Plleg,ijn = pi for all i € g = )
0, otherwise,

in particular the right-hand side of (7.3) only consists of a single term. If we
restrict to the one-period case d = 1 and the functions {hcg; ;}icys are non-
decreasing, then the attributed losses (L g jn)icq are comonotonic. If we want
to distribute the one-period loss of a group g = {i1,...,4;} as uniform as possible
over its members in a comonotone way, then

hegivi(V) = (v +k—1)/1], forall k € {1,...,l} and v € Ny,  (7.22)
is a possible choice.

Remark 7.14. Suppose that a risk group g has at least two members and that,
for a specific default cause ¢ € {0,...,C} and scenario j € J, the individual
Ng—valued loss vectors of the obligors in g are given. If all but at most one of these
losses are deterministic, then the losses are independent and the distribution of
the (Ng)g-valued group loss vector and, therefore, the distribution Qi’g,j from
(7.3) and (7.20) are uniquely determined. If at least two individual loss vectors
are non-deterministic, then their joint distribution on (Ng)g is not uniquely
determined and can only be computed under additional assumptions. We treat
the case of independent loss vectors in Example 7.15. For d = 1, we treat the
case of comonotonic losses in Example 7.16, and the mixture of independent
and comonotonic losses in Example 7.17. For copula-induced dependence, see
Subsection 6.3. In applications, it remains to decide whether the marginal
distributions of the group loss vector should equal the distributions of the loss
vectors of the individual obligors and whether the additional assumption is a
good approximation of economic reality.

Example 7.15 (Independent losses within a risk group). Given a risk group g € G
with at least two obligors, a scenario j € J and a default cause ¢ € {0,...,C},
we can consider independent Ng—valued loss vectors (Le,g,ijn)icg Of the obligors
in g given default of the group, with L¢ g jn ~ Qcg,ij = (qc,g,i7j,,,),,eNg for every
i € gand n € N. In this case Qcg,j = (¢e,g,ju)ue(nd)s 1s given by

Ge.g.gun = PlLeg,ijn = i for alli € g = [[PlLegign =p] — (7.23)
e S~
€9 =dc,g,i,5,114

for every p = (11;)icy € (NG)9. The distribution Qg = (qz,g,j,u)ueNg from (7.20)
for the group loss is then the convolution of the Q. 4;; with i € g, explicitly

d
qz7g7jvy = Z Hqcvg7i7jvui7 Ve N ’ (7'24)
p=(pi)ieg€(NG)9 €9
icg Hi=V
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see also Subsection 5.1.

Example 7.16 (Comonotonic one-period losses within a risk group). Given a
risk group g € G with at least two obligors, a scenario j € J and a default cause
c€{0,...,C}, we can consider comonotonic No-valued losses (Lc,g i jn)icg Of the
obligors in g given default of the group, with Le g jn ~ Qc,g,ij = (de,g,ijv)veNs
for every i € g and n € N. Let

Cg77j /"LZ chgvﬂy’ MzENO,

denote the discrete distribution function of Q4 ; for ¢ € g. In this case the dis-
tribution Q¢ , ; = (¢¢ 4 ;. u) pENS where the superscript reminds of comonotonicity,
with discrete distribution function

,QJ Z qqg,] v 2 € Zg?

veNyg
VS#

of the group loss vector is given recursively by
qg,g,j,u = Iineign Fegij(pi) — I?%X Fegi(n—ei), t=(ti)ieg € Ng, (7.25)

where e; = (0; )i reg With Kronecker’s delta. Due to comonotonicity there is,
for every v € Ny, at most one p, = (uw)leg € N} with >icg Wiy = v and

qc’g%“y > 0. Hence the distribution Q°° (qcygj L veN,, determined via (7.3),

.9,
is in the comonotonic case given by
c . .
se ) egim if p, exists, 5
= € No. 7.26
Qe.ggv { 0 otherwise, ( )
The discrete distribution function F.¢ . corresponding to Q7¢ . can be cal-

9] 9]
culated recursively as follows: For each i € g let v; 90 € Ny denote the smallest

number with ge g i, o > 0. With v = Zieg ;0 define the initial terms by

5 (v :{0 for v e {0,...,v0— 1},

Cvgvj 3 J—
mingeg Fe g4(vio) for v =wy.

For the recursion, assume that (v; )i, € N§ and v, = Zleg Vin as well as FS ©

on {0,...,v,} are given. If F cg]( n) = 1, then we can set ch]( v)=1 for all

veN w1th v > v, and we are done. Otherwise, proceed as follows: Define for
every 1 € g

) 1= . .
v min{v € No | v > v n, qeg,ij >0} otherwise,

Vn41 = D icq Vin+1, and correspondingly

F* (1) = ch;j( n) forve{v,+1,...,vp41 — 1},
©9:d mingeg Fegij(Vins1) for v=vp41.

122


http://en.wikipedia.org/wiki/Comonotonicity
http://en.wikipedia.org/wiki/Kronecker_delta

Example 7.17 (Mixture of independent and comonotonic one-period losses
within a risk group). Given a risk group g € G with at least two obligors, a
scenario j € J and a default cause ¢ € {0,...,C}, we can consider a mixture
distribution of independent and comonotonic No-valued losses (L. g.i.jn)icq Of the
obligors in g given default of the group. Specifically, choose an a4 ; € [0,1] and
define the mixed group loss distribution Q¢ ; = (g¢, ;) peng by

m — . . _ N\ A€ g
Qegjp = Ce,gjlegip T (1= Qegi)de g w € Ny,

with gc g, given by (7.23) and de. g5, B1ven by (7.25). The distribution of the
sum of all the losses in the group is then

s,m s N S,C
qc,g,j,l/ = Cc,g,54¢,g,5,v + (1 - aC,gaJ>qc,g,j,w v € No,

with ¢3 , ;, given by (7.24) with d = 1 and ¢ ; , given by (7.26).

Remark 7.18 (Obligors with a credit guarantee**). Suppose a bank, a regional
authority or a country, let’s call it obligor a € {1,...,m}, gives a credit guarantee
to all obligors of a group g C {1,...,m} \ {a} and possibly also issues a bond on
its own. A default of institution a can cause a substantial loss, because all its
credit guarantees become worthless and defaults of obligors in g cause greater
losses. To model this concentration of risk, there are several options:

(a) A rough solution is to take, for every obligor i € g, every risk group h € G;
to which i belongs, every default cause ¢ € {0,...,C} and every scenario
J € J, as loss distribution Q). ; a mixture of two distributions, the first
corresponding to the loss given the guarantee for ¢ is in place, and the second
corresponding to the loss given the guarantor a defaulted before or together
with ¢. The weights for these mixtures have to be chosen appropriately.
Note that this modelling approach can be set up such that the expected
loss is the right one and the computational effort is minor. However, it
can be a (rough) approximation of the loss distribution, because it can
ignore a substantial part of the concentration risk arising from a default of
guarantor a while taking the larger losses of the obligors in ¢ into account
without guarantor a actually defaulting.

(b) We can consider a risk group g(a) = {a} U g consisting of the guarantor a
and all guarantees, because they may all default together. In the simplest
case, the default intensity Ay,) and the susceptibilities of the risk group
g(a) are those of obligor a, who does not appear as a risk group of its own.
Of course, a multivariate distribution Q. ¢, ; on (Ng)g(“) describing the
stochastic loss of all the obligors in g(a) for scenario j € J and default
cause ¢ € {0,...,C} is needed. The following practical problems come to
mind:

44 This remark needs an update based on the Master’s thesis [19] of Lukas Fabrykowski.
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e If g is large, think of |g| > 100, then Q. ¢, and the corresponding
sum Q7 5 from (7.3) are computationally hard to calculate. A
solution might be to make additional assumptions and apply the
extended CreditRisk™ methodology to calculate an approximation of
Qg

e [t’s not apparent how to choose the susceptibilities for the risk group
g(a). The default causes for the guarantor a might be disjoint from
the default causes of the obligors in g, for example.

Assumption 7.19 (Distribution of idiosyncratic default numbers). For each
group g € G, the number Ny g4 of idiosyncratic defaults is, conditioned on J,
Poisson distributed according to the Poisson intensity Ay, the susceptibility wo g 7

and the matrix entry a%,m i.e.,
L(NogylJ) = Poisson()\gw()’g,{]aaio) for every g € G. (7.27)

Assumption 7.20 (Conditional independence of idiosyncratic default numbers).
Conditioned on J, the group default numbers (Nog)gec due to idiosyncratic
defaults are independent from one another and everything else,*® in particular

P[Nog = nog for all g € G|J] = ] P[Nog = nogJ]
geG

J \no,
- H o~ Aa0,9.707 o (Agwo,g,7 ap,0)"

|
no.q!
geq 0,9

for all ng 4 € No, where we used (7.27) for the second equality.

Assumption 7.21 (Structure of default cause intensities). The default cause
intensities A1,...,Ac are expressed in terms of the random matriz Ay =
>jer Ailg=j of size (C + 1) x (K + 1) and the non-negative risk factors
Rl, v ,RK by

K
Ac:a‘cl,o—l—Zac‘]’kRk, ce{l,...,C}. (7.28)
k=1

Remark 7.22 (Lower bound for default cause intensity). The scenario-dependent
but otherwise constant term a‘C]’ 0 > 01in (7.28) is added so that a strictly positive
lower bound for the default cause intensity A. can be put into the model in
addition to mathematically convenient distributions (like gamma distributions)
for the risk factors Ry, ..., Rk.

Remark 7.23 (Constant risk factor Rp). For notational convenience, we will
sometimes use a constant ‘risk factor’ Ry = 1 and a scenario-dependent default

45 This means the random loss vectors in Assumption 7.11, the non-idiosyncratic default
numbers (Ne g)eeq1,...,c},gec in Assumption 7.25 and the risk factors Ry, ..., Rk in Assumption
7.26 below.

.....
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cause intensity Ag = a(‘io for idiosyncratic risk, see (7.1), to write (7.28) in a more
compact form or in matrix notation as

A=A R (7.29)
with column random vectors A = (Ag,...,A¢)T and R = (Ro,...,Rk)".

Assumption 7.24 (Conditional distribution of non-idiosyncratic default num-
bers). For every default cause ¢ € {1,...,C} and every group g € G, the
non-idiosyncratic default number N, 4 is, conditioned on J, R1,..., Rx, Poisson
distributed with parameter given as product of the group default intensity Ay, the
susceptibility we g 7, and the default cause intensity A., this means

P{Nc,g = n‘J’R:[)?RK:I a.:s' ]P)[Nc’g == n’J,AC:I

a.:s. e_Agwcyg,JAc (Agwchg’JAc)n (730)
n!
for all n € Ng, i.e.,
L(NeglJ, R, ...,Ri) = L(N4|J, Ac) = Poisson(Agwe g sAc) . (7.31)

Assumption 7.25 (Conditional independence of non-idiosyncratic default num-
bers). Conditionally on J, Ry, ..., Ry, the family

{Nc,g‘ce {1,...,C},g € G}
of default numbers is independent, hence

P[Neg =ncg for ce{1,...,C} and g € G|J, Ry, ..., RK]

C
&8 H H P[Neg = negl|J, R, ..., Rk]
c=1geG

C

5. . ghe Age g gAc)" e

&8 H H e N9We,g,J g C;Z 'c by (7.30)
c=1geG &9

for all n.4 € No.

Assumption 7.26 (Independence of risk factors and scenario). The non-negative
risk factors Ry, ..., Rk and the scenario variable J are stochastically independent
random variables.

The independence of J and the risk factors Ry,..., Rg is used for the al-
gorithm in (7.76) below. It is also useful for calculating the moments and the
covariances of the default cause intensities, as the following remark shows.

Remark 7.27 (Expectation, variance and covariance of default cause intensities).
If Ry,..., Rk € L'(P) and Assumptions 7.21 and 7.26 hold, then

K
ElA|T] "2 oo+ 3 al L EIRy) (7.32)

k=1
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hence
K

E[Ac] =E[aly] +> E[al,] E[Rx] (7.33)
k=1
for every ¢ € {1,...,C}. If, in addition, Ry,...,Rx € L?*(P), then, for all
c,de{l,...,C},

K K
Cov(Ae, Ag|J) 729 Z a;{kail Cov(Ry, R;) = Zaikaik Var(Ry), (7.34)
—_———

k=1 T ong Var(Ry)  F=l

hence, by (3.65) from Lemma 3.50, it follows from (7.34) and (7.32) that
Cov(Ac, Ag) = E[Cov(Ac, Ag|J)] + Cov(E[A.|J], E[Ag]J])
(7.35)

K
E[a‘g’kaik] Var(Ry) + Z Cov(aik, ail) er ey
1 k,1=0

I
M=

i

with expectations e := 1 and ey, := E[Ry] for k € {1,...,K}.

Remark 7.28 (Pseudo risk factors). Due to the independence of the risk factors
Ry, ..., Ri, see Assumption 7.26, it is not always possible to give them an
economic interpretation. On the other hand, the distribution of the group
losses, see Assumption 7.11, may vary with the default causes and might be
determined by the legal contract. Therefore, it can be difficult to set up a
dependence structure between the default cause intensities A1, ..., Ac asin (7.28)
by economic considerations. A solution is the introduction of a random vector
P = (Py,...,Pg)7 of pseudo risk factors with an economic interpretation. Then
arandom matrix Ay =37 - A1 ;_j of size (C+1) x (K'+1) with non-negative
entries can be set up by economic considerations such that A = A, P, where as
before A = (Ag,...,Ac)". The dependence of P, ..., Py can be specified by a
random matrix A; = dieT Aj]l{J:j} of size (K’ +1) x (K 4 1) with non-negative
entries such that P = AR, where R = (Ro,...,Rx)T is the column vector of
the independent risk factors. Then (7.29) is satisfied for the matrix product

Ay =AGA; =" AA . (7.36)
JjeJ

Of course one has to make sure that the entries of the matrices A; = A}flj for
j € J satisfy (7.1); this is certainly the case if the corresponding entries of A;

and A; satisfy (7.1).

Assumption 7.29 (Gamma-distributed risk factors). The risk factors Ry, ...,
Ry are gamma distributed random variables with expectation ey = E[Rg] > 0
and variance a,% = Var(Ry) > 0, i.e., with shape parameter «p = ei/ag and
inverse scale parameter By, = ey/or for all k € {1,..., K} by (4.55) and (4.56).
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Assumption 7.30 (Normalization of default causes). We assume that

C
E |:w0797a7ag,0 + Z wc,g,JAc] =1 (737)

c=1
for every group g € G.

Remark 7.31. Similar to Assumption 7.4, the preceding Assumption 7.30 is
useful for the interpretation of the default probability p, and the default intensity
Ag for every risk group g € G, but the assumption is not necessary for the
algorithm itself.

Remark 7.32 (Sufficient conditions for Assumption 7.30). If E[Ry] = 1 for every
risk k € {1,..., K} and E[A] is a stochastic matrix, then E[A.] = 1 by (7.33) for
every default cause ¢ € {1,...,C}. If the weights are deterministic, meaning that
they do not depend on the scenario, then due to (7.1), which implies ]E[%J,o] =1
for the stochastic matrix E[A ], and due to Assumption 7.4, the condition (7.37)
is satisfied for every group g € G.

7.4 Covariance Structure of Default Cause Intensities

The following example, which is based on [45, Ex. 3.14], shows that due to the
scenarios we can have negatively correlated default cause intensities and the
correlation can be any value in [—1,0).

Example 7.33 (Negative correlation of default cause intensities). Let J attain
the values in J = {0, 1} with strictly positive probability. Let R; and Ry be two
independent and gamma distributed random variables, independent of J, with
E[R1] = E[R2] = 1. Then Assumptions 7.26 and 7.29 are satisfied. Define

1 0 0
J
A;=1|0 B 10J
0 0 =g

Then Ay = JRy/E[J] and Ay = (1 — J)Ry/E[1 — J] by (7.28). Since E[A,] = I3
is a stochastic matrix, E[A;] = E[As] = 1. If the weights do not depend on the
scenario j € {0,1} and satisfy Assumption 7.4, then Assumption 7.30 is satisfied,
see Remark 7.32. Since the product AjAy contains the factor J(1 —J) =0, we
get A{As =0 and

COV(Al,AQ) = —E[Al]E[AQ] =—1.

By direct computation using E[R7] = Var(Ry) + 1 for k € {1,2} or by (7.35),

Var(Ay) = W -1  and Var(Ag) = % —1.

The correlation is therefore given by

Corr(Ay, Ay) — Cov(Ai,Ag) E[J]E[1 — J]
b /Var(Aq) Var(A;) V/Var(Ry) + 1 — E[J]y/Var(Ry) + E[J]’
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which attains every value in [—1, 0) if suitable values for Var(R;) and Var(Rs) in
[0,00) are chosen. For the symmetric case E[J] = 1/2 and Var(R;) = Var(R3),

this simplifies to
1

Corr(Aq, A2) = "1+ 2Var(Ry)

Example 7.33 raises the question, whether every covariance structure of the
default cause intensities is possible. We first characterize covariance matrices and
collect some of their properties.

Definition 7.34. A quadratic matrix X of size d with real entries is called positive
semidefinite, if ¥ is symmetric and v"Xv > 0 for all v € R%.

Remark 7.35. If a symmetric matrix ¥ with real entries is not positive semidef-
inite, the R-command nearPD can be used to calculate a corresponding approxi-
mation.

Lemma 7.36. (a) Let X be a square-integrable R¥*-valued random wvector.
Then its covariance matriz Cov(X, X) is positive semidefinite.

(b) Let ¥ be a positive semidefinite d x d matriz with real entries. Then there
exists a square-integrable R*-valued random vector with Cov(X,X) = X.

(c) Let X = (X1,...,Xq)" be a square-integrable [0, 00)%-valued random vector.
Then Cov(X;, X;) > —E[X;] E[X;] for all 1,5 € {1,...,d} with i # j.

Let ¥ = (Ei,j)i,je{l,...,d} be a positive semidefinite matrix with real entries.

(d) For all i,j€{1,...,d},
%ii >0 and D] < V/Eiiy-

(e) Let A be a matriz of size d x k with real entries. Then ¥/ = ATXA is
positive semidefinite.

(f) Assume that ¥ satisfies ¥ = AY AT with a matriz A of size d x k and a
quadratic matriz X' of size k, both with real entries. If ATA is invertible,
then Y is positive semidefinite.

Remark 7.37. To see that the invertibility of ATA in Lemma 7.36(f) is necessary,
let all entries of A be zero. Then ¥ = AX'AT is the zero matrix and gives no
information about the entries of ¥/, in particular ¥’ = —1I, is possible.

Proof of Lemma 7.36. (a) Note that Cov(X, X) is symmetric and of size d with
real entries. Consider X and v € R? as column vectors. Then

vT Cov(X, X)v =" E[(X —E[X])(X — E[X])"]v
=E[v"(X - E[X]) (X —E[X])Tv] > 0.

— uT(X—E[X])
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(b) Let ¥ = LLT be the Cholesky decomposition of ¥, where L is a lower
triangular matrix of size d with real entries. Let Y = (Y7,...,Yy)T be any square-
integrable random vector with independent components satisfying Var(Y;) = 1 for
all i € {1,...,d} (like Y having a d-dimensional standard normal distribution).
Then Cov(Y,Y') = I, is the identity matrix of size d and X = LY satisfies

Cov(X,X)=E[(LY — E[LY])(LY —E[LY])"]
=LE[(Y —E[Y])(Y —E[Y])T]LT = LCov(Y,Y)LT = %.

(C) COV(Xi,Xj) = E[XZX]] - E[Xl] E[X]] Z —E[Xz] E[X]] because XZXJ Z 0.
(d) Let X = (Xy,...,X4) be a random vector according to (b). Then
Y = Var(X;) > 0 and, by the Cauchy-Schwarz inequality,
i 5] = [Cov(Xi, X;)| = [E[(X; — E[Xi])(X; — E[X;])]]
< VE[(X; - EIX])?VE[(X; - E[X;))?] = /555,

(e) Since YT = ¥, the matrix ¥’ is symmetric, too. Furthermore, v'%/v =
(Av)TX(Av) > 0 for every v € RF. Hence X' is positive semidefinite.

(f) Note that AX'AT = ¥ implies ATAYATA = ATYA. Since ATA is invertible
with symmetric inverse, this implies ¥/ = BTYB with B := A(ATA)~!. Hence (f)
follows from part (e). O

Remark 7.38. While the Cholesky decomposition used in the proof of Lemma
7.36(b) always gives a lower triangular matrix L with non-negative diagonal

entries, the example
1 -1\ (1 0\/1 -1
-1 2) \-1 1/J\0 1

shows that L can have negative off-diagonal entries. Hence, if Y has independent
gamma distributed components, the X = LY as is the proof of Lemma 7.36(b)
cannot always be used to model default cause intensities, because the components
of X might attain negative values. Therefore, we need a more sophisticated
approach.

Theorem 7.39. 40 Let ¥ = (Xij)ijequ,...ay be a positive semidefinite matriz.
Then there exist an integer k € {1,...,d} and independent random variables
Joy ooy Jay Xaa, ..., X1k, where Jo, ..., Jq take values in {0,1} and Xi1,...,
X1k are non-negative and square-integrable, and random matrices Ay,,..., Ay,
with non-negative entries, where Ay, is o(J;)-measurable for every i € {2,...,d},
such that their sizes are mon-decreasing and compatible such that the product
Xg=A5,...A,X1 with X; = (Xl’l,...,XLk)T 18 well defined and satisfies
Cov(Xg, Xq) = 2. In addition, E[Ay,],...,E[A;,] are sub-stochastic matrices
(meaning that the entries in every row sum to at most 1).

46 This theorem is true, but the proof given here is probably incomplete. Time-permitting,
the full proof will be copied into these lecture notes.
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Remark 7.40 (Non-uniqueness of the representation). Without further condi-
tions, the representation in Theorem 7.39 is not unique. Already for X = I,
where I; denotes the identity matrix of size d > 2, there exist several solutions:
Take k = d and deterministic A;, = P;, j, with 4,5, € {1,...,d} for l € {2,...,d},
where P; ; denotes the matrix permuting rows ¢ and j, with P; ; = I; if i = j.

Proof of Theorem 7.39. We give a constructive, inductive proof of Theorem 7.39,
where in each induction step several cases have to be considered.

Case 1: If d = 1, then take k = 1 and any non-negative random variable X 1
with Var(X; ) = X.

Case 2: If d > 2 and X is a diagonal matrix with all diagonal elements

different from zero, take k = d and independent and non-negative Xy 1,..., Xgq4
with Var(X; ;) = %;, for all i € {1,...,d}. Furthermore, take degenerate random
variables Jo = --- = J; = 0 and deterministic Ay, =--- = Ay, = I;.

Case 3: Suppose there exist different i, € {1,...,d} with 3;; > ¥, ; and
|Xi;| = VX%, (according the Lemma 7.36(d) this certainly happens if ¥ has
a diagonal entry which is zero). Define the permutation matrix

b {Pd_upd,j ifi£dand j#£d—1,
Py 1,4Pg;Pi—1; ifi=dorj=d-1,

which moves row i to row d — 1 and row j to row d, taking care of special cases.
Then P~! = PT and ¥/ := PYXPT satisfies ¥ = PTY/ P as well as 2&—1@—1 > E/d,d
and E&de = fEildefl with factor

0 i X, =0,

= VEa/E a0 X5 ,,,>0and X ;>0
— Eil,d/ziifl,dfl if Ezlfl,dfl > 0 and E&de < 0.

Note that f € [-1,1] and X}, , = f?%/ |, ;. We can partition X’ as

o
I _
¥ = (“T E&,d)

with column vector v = (vy,...,v4-2, %) 4 d)T. Let u = (u1,...,u4—2,%) d—l)T
denote the last column vector of ¥". If d = 2, then v = fu. To prove by
contradiction that v = fu also for d > 3, assume that there exists an i €
{1,...,d — 2} with v; # fu;. Define z = —(X{; + 1)/(2fu; — 2v;) and 2 =
(0,...,0,1,0,...,0, fr,—2)" € R? with the 1 in position i. Then

i+ (fuj —vj)z forje{l,...,d—-2},

(X'2); =S u for j=d—1,
v; for j =d,
and 2Tz = Ef” + 2(fu; — v;)r = —1, which is impossible for the positive

semidefinite matrix ¥'. Due to v = fu and X}, , = f?%} |, ,, it follows that
E/ _ Idfl E// (I w)
- U)T d—1 ’
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where w = (0,...,0, f)T € R,
Case 3(a): Suppose that f > 0. Define J; = 0 and note that

Iy

T . — pT (Ld-1

E:AJdE//AJd Wlth AJd :P (’U)T> .

Furthermore, note that Aj, is a deterministic sub-stochastic matrix of size
d x (d — 1), which is stochastic if and only if f = 1. To verify that X" is positive
semidefinite, note that X" is symmetric and that

Ig- Iq- 0

T T d—1 d—2

AJdAJd:(Idfl w)Plj (wT> :( 0 1-|—f2>7
=1d

hence A}dA J, is an invertible diagonal matrix. Hence, X" is positive semidefinite
by Lemma 7.36(f) and the problem is reduced by one dimension and one risk
factor.

Case 3(b): Suppose that f < 0.

Case 4: Take an i € {1,...,d} in the following order of priorities:

(a) All off-diagonal entries of ¥ in row ¢ are zero.

(b) All entries of ¥ in row i are non-negative and the diagonal entry of every
column j € {1,...,d} \ {i} with ¥;; > 0 satisfies X, ; < 3; ;.

(c) For every j € {1,...,d} \ {i} the diagonal entry satisfies ¥;; < ¥;;.

By symmetry of X, the same is true for column ¢. We use the permutation
matrix P = P;; to exchange rows d and i (hence pl1=pT = P) and represent
Y = PY'P with ¥/ .= PYP. Note that P is a stochastic matrix and that X' is
positive semidefinite by Lemma 7.36(f). Now the last row and the last column of
¥ have the property (a), (b) or (c), respectively. We write

s _ B w) B cu — cv
T \w' o) T\ =T c

with real square matrix B of size d — 1, constant ¢ € (0, 00), and column vector
w = (wi,...,wg_1)" € R¥! decomposed componentwise into u = max{w/c, 0}
and v = max{0, —w/c} in [0,00)4" . The matrix B is positive semidefinite by
Lemma 7.36(e).

Case J(a) Here w = 0 and ¥’ has block-diagonal form, hence the problem
can be reduced by one dimension. Applying the theorem to the matrix B of size
d—1yields ¥ € {1,...,d — 1}, independent random variables Jo, ..., J;_1 and
X1, X1, and matrices A7 ,..., A . Define J; =0and k = k" +1 as
well as Ay, = P, and take any independent, non-negative random variable X j,
with Var(X; ;) = c¢. Furthermore, define

/
AJI—(AOJz (1)) le{2,...,d—1}. (7.38)

131



Cases 4(b) and 4(c): Define the diagonal matrix D= diag(DLl, . Dd_Ld_l)
with D; j = 1 —uj for every j € {1,...,d — 1}. Note that |w;| < VcX,; < ¢ by
Lemma 7.36(d) and the choice of i satisfying (b) or (c), respectively. Since the
case of equality without the absolute value was treated already, we have that
uj € [0,1) for every j € {1,...,d — 1}, hence D is invertible. Define

. D u -1 _ D' —D
A—(O 1) and note that A —< 0 1 )

and that A is a stochastic matrix. Hence we have the representation ¥/ = AX"AT
with

E// — A‘lE’(A_l)T

_ D1 —D 1y B cu — cv D1 0
a 0 1 cu’ — v’ c —u'D71 1
1

D YB —cuu’ + cuv’) —cD ' Di 0
—u"D"t 1)

CUT - C’UT C

Defining B:=D"'B - cuu" + cuv” + couT)D~! and using that Dv = v, hence
D~y = v, it follows that
B -
E// — .
<—ch c )

By Lemma 7.36(f), the matrix X" is positive semidefinite. By Lemma 7.36(e),
the matrix B is positive semidefinite, too.

Case 4(b): Here v = 0 and ¥” has block-diagonal form, hence the problem
can be reduced by one dimension. Applying the theorem to the matrix B of
size d — 1 yields k¥’ € {1,...,d — 1}, independent random variables Jo, ..., Jz_1
and Xi1,..., X1, and matrices A7 ,..., A} . Define Jg =0 and k = k" + 1
as well as the deterministic Aj, = PA, and take any independent, non-negative
random variable X , with Var(X; ;) = c¢. Furthermore, define by Ay,,..., Ay, |
by (7.38).

Case 4(c): It remains to treat case (c¢) by introducing scenarios. Let Y =
(Y1,...,Yy) be a square-integrable random vector and define ey = E[Yy]. Let J
be {0, 1}-valued with p :=P[J = 1] = ¢/(c + €2) € (0,1). Consider

Ar= <€ f<{JUJ>> ’

where C denotes any invertible matrix of size d — 1 with non-negative entries and
f=1/(1—p) = (c+e2)/e? so that E[f(1 — J)] = 1. For

S <01(B — cva)(C’T)*1 0)
o 0 0/’
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which is symmetric because (CT)~! = (C~1)T, it follows that

mar_ (C fJv CYB —cov")(CTH)™1 0
ara= () ( 0 0) 4

- <(B_mg o 8) (f% f(lO—J)> - (é o 8)
Then

Cov(A;E[Y], A E[Y]) = cov<< ”1> J, (_”1> J) eq f?

T _
()07 —yarva = (T 7).

because Var(J) = p(1 — p) and €2 f? Var(J) = €2 fp = c. Therefore,

E[A;S"AJ] + Cov(A, E[Y], A;E[Y]) = X"

C fpv C cv/e?
E[A;] = = d
=5 gd”p)= (6 %)
which can be turned into an invertible stochastic matrix by a proper choice of C

if all components of cv/e? are less than 1.
Since X" is positive semidefinite and

(Id_1 v) <—§)T _CCU> <IZ}1> = (B —cov’ 0) <Iz}1> =B —cwv',
—_—
—

Note that

it follows from Lemma 7.36(e) and (f), that the matrices B — cov™ and % ==
C~YB — cvvT)(CT)~! of size d — 1 are also positive semidefinite, hence we
can reduce the problem by one dimension. Applying the theorem to ¥ yields
k' e{1,...,d—1}, independent random variables Jo, ..., Jg—1 and X1 1,..., X},
and matrices A, ,..., A]; . Define Jg = .J and k = k" + 1 as well as the random
matrix Ay, = PAA;, and take any independent, non-negative random variable
X1 with E[X ;] = eq and Var(X; ) = c. Furthermore, define by Ay,,..., Ay, |
by (7.38). O

7.5 Expectations, Variances and Covariances for Defaults

To illustrate the above assumptions, we calculate the expectations, variances and
covariances of various default numbers and losses. The first three subsections
apply Subsection 3.6.1 to the current model. Note that the results of Subsections
7.5.1, 7.5.2 and 7.5.3 are actually special cases of the results of Subsection 7.5.4,
see Remark 7.46.
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7.5.1 Expectation of Default Numbers

Let us start with the number of defaults

C
Ni=>Y Ny=> > N (7.39)

geG; geG; c=0

of obligor i € {1,...,m}. First note that by the conditional independence
specified in Assumptions 7.20 and 7.25, as well as by the conditional Poisson
distribution, see (7.27) and (7.31) in Assumptions 7.19 and 7.24, respectively, it
follows with the Poisson summation property (3.5) that

C
L(Ni|J,Ry,..., Ric) *2 E< > <No,g +ZNC=9) ’J’ Rl""’RK> (7.40)

geG; c=1

%2 Poisson(A;) .

where

C
A=) <w0,g, 100+ wey, JAC> (7.41)
c=1

9eG;

is the conditional default intensity of obligor ¢, hence

E[N;|J,Ry,...,Rk] = A,

1

(7.42)

by (3.3). By inserting a conditional expectation given J, Ry, ..., Rk, using (7.42)
and the normalization (7.37) given in Assumption 7.30,

C
E[N;] =E[A] = ) AgE[wmg, 100+ Y wey, JAC] =) A (7.43)

geG; c=1 g€eG;

Therefore, the expected number of defaults of obligor ¢ is the sum of the default
intensities of the risk groups, to which 7 belongs.

Remark 7.41 (Defaults with zero loss). Note that (7.43) gives the expected
number of defaults of obligor i € {1,...,m}, but not every default has to lead to
a credit loss, due to a sufficiently high collateral or deductable (in case of credit
insurance). A corresponding remark applies to the results of Subsections 7.5.2
and 7.5.3 below.

Example 7.42. Consider a credit risk model with m = 2 obligors and the three
risk groups {1}, {2} and {1,2}. Assume that the one-year default intensities
Ai = E[N;] > 0 for obligors i € {1,2} are known. To calibrate the model, we
can take any Ay € [0, min{\;, A\2}] for g = {1,2} and define for the remaining
one-obligor risk groups Ay = A; — Ag, where i € {1,2}. Then (7.43) is satisfied,
which shows that default intensities of risk groups with several obligors can in
general not be derived from individual default intensities.
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Remark 7.43. Suppose that in a credit risk model with m > 2 obligors, the
individual default intensities A; = E[V;] of all obligors ¢ € {1,...,m} and the
default intensities A4 of all groups g € G with at least two obligors were derived
by statistical estimates and expert opinions. Assuming that all one-obligor risk
groups {i} with i € {1,...,m} belong to G, we can then define

Miy=Xi— Y A i€{l,....m},
g9€G;
g#{i}
provided that this results in Ay > 0 for every i € {1,...,m}. Otherwise the
statistical estimates and expert opinions are inconsistent.

7.5.2 Variance of Default Numbers

To calculate the variance of the number N; of defaults of obligor ¢ € {1,...,m},
first note that Var(N;|.J, Ry,..., Rg) = A, by (7.40), (3.3) and (3.4). Using
(3.66) from Lemma 3.50 and (7.42), we obtain

Var(N; E[\Var (N; | J, R17---7RK)1] + Var(E[N;|J,Ry,...,Rk]),  (7.44)

- L2 A,

23

which corresponds to (3.67). Using (7.43) and again (3.66) from Lemma 3.50,
equation (7.44) turns into

Var(N;) = E[N;] + E[Var(A;|J)] + Var(E[A; | J]). (7.45)

Note that Var(N;) > E[N;], because variances are non-negative. Using Assump-
tion 7.21 about the structure of the default cause intensities, it follows from (7.41)

that
A = Z A (cha”I%O—i—ZRkac,gJack)

g€eqG;

Using Assumption 7.26 about the independence of J, Ry, ..., Rk,

E[A 7] =) A (ch,g,Jaco+ZE Ry chgjack> (7.46)

geG;

and .
2
Var(A; |J) = ZVar Ry (Z Ag Y Wegsal k) , (7.47)
geG; c=1

where E[Ry] and Var(Ry) are specified by Assumption 7.29.

If there is just one scenario, then J and therefore E[A;|.J] are constant, hence
the last term Var(E[A;|J]) in (7.45) is zero and Var(A,;|J) from (7.47) coincides
with the term E[Var(A,|J)] in (7.45).
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For the general case, note that Var(E[A;|J]) = E[(E[A,; | J])Q] — (E[A;])? with
E[A;] given by (7.43) and

E[(E[A;11))°]
- Z(Z A <ch,gu c0+ZE Ry ch,g,Jack>> P[J = j].

JET “geG;

Taking the expectation of (7.47) shows that

C 2
E[Var(A; | J)] ZVar Ry,) Z(Z Agzwc,g,jag,k) P[J = j].

JET “g€eG; c=1

7.5.3 Covariances of Default Numbers

For obligors i,i" € {1,...,m} with i # ¢’ we can calculate the covariance of N;
and Ny. By (3.65) from Lemma 3.50,

Cov(N;, Ny) = Cov(E[N;|J],E[Ny | J]) + E[Cov(N;, Ny | J)] (7.48)

Using (7.39), the linearity of conditional covariance in both arguments, Assump-
tion 7.20 and (3.65) from Lemma 3.50, we obtain

Cov(Ni, Ny|J)= Y Var(Nog|J)
%,_/

€eG;NG
g = Agwo, g, JCLO o by Assumption 7.19 and (3.4)

SN

9€G; heGyr c,d=1

..., Rk)|J]

¢,9s

2 Var(Ne,g|J,Ac) = Agwe, g, 7Ac for (c,g)=(d,h)

+ Cov(E[Neg|J, Ry, ..., R, E[Ngn|J, Ry, ..., Ri]| J)),

a.s. a.s.
=" AgWe,g,7 e = Anwa,n, Mg

where we used Assumption 7.24, (3.3) and (3.4) to calculate the conditional
expectations and the conditional variance. The conditional covariance of N, , and
Nap given J, Ry, ..., Rk vanishes if (g, k) # (h,() due to conditional independence
formulated in Assumption 7.25. Therefore,

C
Cov(N;, Nyl )= > Ag<w0,g,Jag,o+ch,g,JE[AC|J]>

geG;NG c=1

E[-]=1 by (7.37) (7.49)

c
+ Z Ag Z Ah Z We,g, g Wa,h,g Cov(Ae, Agl|J)

geG; heGy c,d=1
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where the remaining covariance is given by (7.34). Substituting (7.34) into (7.49),
and the result into (7.48) yields

Cov(Ni, Ny) = Cov(E[N;| J],E[Ny [T+ > X
geG; QG/
+ Z )\ Z )\hZVar Rk Z E ’u)c’g dehja‘c]kajk]
g€eG; heG, = c,d=1

(7.50)

and it follows from (7.42) and (7.46) that

E[N;|J] = E[A;|J] = ZA<chg,J%O+ZERk chg,Jack>

geqG;

and similarly for E[N; |J].

If there is just one scenario, then E[N;|.J] and E[Ny|J]| are deterministic
and the covariance in (7.50) vanishes. Furthermore, there is no need to take the
expectation on the right hand side of (7.50) and (omitting the J) we obtain

Cov(Ni,Ny) = > A
9eG;NG
K
+ZV&I‘(R;€ (Z A chgack> ( Z )\thdhadk>
k=1 g€G; c=1 heG, =

(7.51)

Remark 7.44. In the classical CreditRisk™ model (cf. Remark 7.6) with only
one-element risk groups, the expectation in (7.43), the variance from Subsection
7.5.2, and the covariance given in (7.51) simplify to E[N;] = A;,

K
Var(N;) = X + A7 Y wy; Var(Ry)
k=1
and
K
Cov(Ni, Ny) = Xidj Y wyjwy i Var(Ry)
k=1
for all 4,4 € {1,...,m} with i # i', where we used the abbreviations \; :== Ay,
and wg; = wy ;1 and corresponding ones for the index 7. Note that in the
extended version, as shown by (7.50), contributions to the covariance can also
come from the risk groups in G; N G and from the scenarios
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7.5.4 Default Losses

47 In this subsection, we assume that every N¢-valued stochastic loss vector Le g j.1
attributed to obligor ¢ € g of risk group g € GG in scenario j € J due to default
cause ¢ € {0,...,C}, asintroduced in Subsection 7.2.4, satisfies E[|| Lc¢g.,j,1]|] < 00
and, when calculating variances and covariances, E[|| Lc g.i j.1]/*] < oc.

Let us start with the calculation of the conditional expected loss vector
attributed to obligor i € {1,...,m} given the scenario J and the risk factors
Ri,...,Rk.

C
Li = Z Z Lc,g,i,J

c=0 geqG;
By (7.16) and (7.18),

C
E[L;|J, Ry,...,Rk] = ) (E[LO,W,JU] + E[Leg,is 7, Rl,...,RK]>,

g€eG; c=1

(7.52)
where we used Assumptions 7.11, 7.20, and (7.30) to simplify the conditional
expectations. By Assumptions 7.11 and 7.19, the loss Lg g s defined in (7.15)
has a compound Poisson distribution and (4.106) implies that

E[Logi.s1J] = E[Nog.s|J]E[Logis1l|J]. (7.53)

By Assumptions 7.11 and 7.24, the loss Lg; ;. due to risk factor k € {1,..., K}
has a conditional compound Poisson distribution given Ay, hence by (4.104)

E[Lgik|Ak] = Agwg Ak E[Lg k1] - (7.54)
Substitution of (7.53) and (7.54) into (7.52) yields
K
E[LZ |A1, ey AK] = Z )‘g (’wgp E[Lg;i,(),l] + Z wg,kAk E[Lg,i,k,1]> . (755)
g€G; k=1
Since E[Ag] = 1 by Assumption 7.29, we obtain
K
E[L] =Y A wyiE[Lgina]- (7.56)
geG; k=0
Using (7.9) and (7.20), we get for the expected credit loss in the entire portfolio

m K
E[L] =) E[L]=) A ) wek

E[Lgakzl] *
‘ —_——
i=1 geG k=0
:ZVGN Vq;,k:,u

(7.57)

47 This section has to be adapted to the new notation and the generalized setting.
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Due to (7.2), the sums over the risks k € {0,..., K} in (7.56) and (7.57) are
actually convex combinations.

The next step is to calculate the conditional covariance of the losses due to
obligors i,j € {1,...,m} given the risk factors Aj,..., Ax. Considering i = j,
this calculation will give the conditional variance. We first rewrite L; and L;
using (7.16) and (7.18). We then note that, conditioned on the risk factors
Ai,..., Ak, the family of random vectors {(Lg k)ieq | 9 € G, k€ {0,...,K}}
is independent by Assumptions 7.11, 7.20, and 7.25, hence

COV(LZ‘7 Lj‘Al, . ,AK)

K
= Z Z Z Cov(Lg,iks Lnjil A1, ..., Ak)

9€Gi heG; k=0 (7.58)

o
9]

K
> <COV(Lg,i,0» Lgjo0) + > Cov(Lgik, Ly IAk)) ;
9eG;NG; k=1

where we used Assumptions 7.11, 7.20 and (7.30) to simplify the conditional
covariances. By Assumptions 7.11 and 7.19, the loss vector (Lg 0, Lg j0) with
components defined in (7.15) has a compound Poisson distribution and (4.107)
implies that

COV(Lg7i,0, Lg’j,o) = )\gwg’(] E[Lg,i,O,ng,j,O,l] . (7.59)

By Assumptions 7.11 and 7.24, the loss vector (Lg;, Ly ;) due to risk factor
k € {1,..., K} has a conditional compound Poisson distribution given A, hence
by (4.105)

Cov(Ly,iks Lgjk |Ar) = Agwg i E[Lg,ikaLg.jna] - (7.60)
Substitution of (7.59) and (7.60) into (7.58) yields

COV(Li, Lj |A1, ey AK)

K
EED Y (wg,o E[Lgi01Lgj01] + Y we kA E[Lg,z’,k,ng,j,k,ﬂ) :
gEGiﬁGj k=1
(7.61)
To calculate the covariance of the credit losses due to obligors i,j € {1,...,m},

we use (3.65), substitute (7.61) and (7.55), and use Assumption 7.29 to obtain
COV(Lz‘, Lj) = E[COV(LZ‘, Lj ’Al, ‘e ,AK)]
+ COV(E[LZ ’Al, .. ,AK],E[LZ ’Al, c. ,AK])

K
= Z >‘9Zwy,kE[Lg7i7k71Lg,J}k71]

9€G;NG; k=0
70.2

K —k
—
+ Z( Z Agwg,kE[Lg,i,k,l]) ( Z Agwg,kE[LgJ,k,lo Var(Ay) .
k=1 “geG; gEGj
(7.62)
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For ¢ = j this result simplifies to

Var(L;) = > Ag ZkaE 2 kL +Z<ZAMQkE gm]> o2 (7.63)

9€G; 9eqG;

Remark 7.45. In the classical CreditRisk™ model (cf. Remarks 7.6 and 7.44)
with only one-element risk groups, the results (7.56), (7.63) and (7.62) simplify
to

K
E[Li] = A; Zwi,k E[L; k1], (7.64)
Var(Li) = A; szkE ik, 1 +)‘220szk zkl]) (7.65)
and
K
COV(LZ'7 Lj) = Ai)\j Z Uzwi’kw]”k E[Li,k,l] E[Lj,k,l] . (7.66)
k=1

for all 4,5 € {1,...,m} with i # j, where we used the abbreviations \; = Ay,
and w; = wy;y p as well as L g1 = Ly ;51 and corresponding ones for the
index j.

Remark 7.46. To see that the results of Subsections 7.5.1, 7.5.2 and 7.5.3 are
actually special cases of the results of Subsection 7.5.4, define Ly ;, = 1 for
all risk groups g € G, risks k € {0,1,..., K}, obligors i € g, and defaults n € N.
Then (7.39) and (7.15)—(7.18) imply N; = L; for all obligors i € {1,...,m}.
Comparison shows that the expectation in (7.56) simplifies to (7.43), the variance
in (7.63) simplifies to (??), and the covariance in (7.62) simplifies to (7.50).

7.5.5 Default Numbers with Non-Zero Loss

48 The default numbers considered in Subsections 7.5.1, 7.5.2 and 7.5.3 include
defaults which lead to a loss of zero. This can actually happen in practice, for
example, when the collateral is sufficient to cover the outstanding amount. The
results of the previous subsection can be used to calculate the expectations,
variances and covariances of the default numbers with non-zero loss. This is

accomplished by using the Bernoulli random variables L’ gk = In(Lgikn)
instead Lg; g n-
Define for every obligor i € {1, ..., m} the number L of defaults with non-zero

loss via (7.15), (7.16), and (7. 18) using the just 1ntroduced L i y.n- The results
(7.56), (7.63) and (7.62) applied to L] and L’ can easily be rewritten using

E[(Ly;x1) 1 =E] ikl =PlLgik1 > 0]

and
E[L, zle/ jkl] - P[Lg,l,kl > 0 L9]7k1 > 0]

48 This section has to be adapted to the new notation and the generalized setting.
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for all obligors i,7 € {1,...,m}, risks k € {0,..., K} and groups g € G; and
g € G; NG}, respectively.

7.6 Probability-Generating Function of the Biased Loss Vector

Fix a v = (71,...,7x) € [0,00) such that 0 < E[R]"... R)¥] < oco. In this
section, using multi-index notation, we calculate the coefficients of the probability-
generating function of the portfolio loss vector L under the R}'... R} -biased
probability measure, given according to Definition 2.11, which we denote by P,
for short. The corresponding expectation operator is denoted by E,. Hence we
want to calculate, for all s € C? with ||s]|o0 < 1,

E[E[R]'... R}¥s"|J]]
E[R]'...R)¥]

Pry(s) = Z Py[L=v]s" = EW[SL] =

VGNS

(7.67)

of the Nd-valued total loss vector L given by (7.14). For v = (0,...,0), we will
obtain the usual probability-generating function ¢y, of L. Let

C
L'=)"Y L, (7.68)

c=1geG

denote the non-ideosycratic Ng—valued portfolio loss vector. By Assumptions 7.11
and 7.20, the random vectors (Lo,g)gec given by (7.11) and the random vector
(L', Ry,...,Rk) are conditionally independent given J. Since

L=IL'+> Log,
geG
it therefore follows that
E[R)'...RjEs"|J] =E[R]...R}EsY | J] [[ E[s*#| ). (7.69)
geG

By Assumptions 7.11, 7.19 and (4.77), it follows for the compound Poisson sum
Lo, g,;, defined in (7.10), of idiosyncratic loss vectors of group g € G in scenario
j € J, that

E[s"0s | J = j] = exp(Agwo,0,jaf0(010.,,(5) = 1). (7.70)

Conditioning on J, Ry, ..., Rk, the sector default numbers (Neg)ceq1,...0},9ec
are independent by Assumption 7.25, hence the random sums (Lc,g)ceq1,....0},9eG
in (7.68), given by (7.10) and (7.11), are also conditionally independent due to
Assumption 7.11. Therefore, we obtain

E[R}...R}Es | J,Ry,..., Ry
¢ 7.71
=R CRET]T]Els"?| . Ry, ..., Ri] 77)

c=1geqG
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Due to Assumption 7.11, (7.31) in Assumption 7.24, the result (??) and Assump-
tion 7.21, it follows that, for every default cause ¢ € {1,...,C} and every group
g <G,

E[sbs|J =4, Ri,..., Rk]
= E[shes|J =4, A
= exp(AgwegjAe($r,, ;. (s) = 1)) (7.72)

= eXp<)\9wcvgzj< O—I_ZackRk) ngl( ) 1))
Substitution of (7.70), (7.71) and (7.72) into (7.69) and rearrangement leads to

E[R) ... R}(KSL]J:j,Rl, ... Rg]

s exp<z)\ Z“’W %e0resn () - 1))

geG c=0

XHR%eXp<RkZ)‘ Z“’cgaa e (PLeg ;1 (8) = 1))-

geG c=1

(7.73)

For every scenario j € J and risk k € {0,..., K} let

A Ngps’ if Xip >0

_ _ k VES; i gk, v 7,k 9

Pik(s) = Y. Grws = { P g e (7.74)
ves, nul0} 1 if Ajr =0,

at least for all s € C? with ||s|s < 1, denote the probability-generating function
of the distribution Q; ;. = (¢j k. )vend defined in (7.7) and (7.8), respectively, with
the set S; 1, defined in (7.5). Recall that, for all default causes ¢ € {0,...,C},
groups g € G and scenarios j € J,

c 3957, 1 : : S ]P) 797_77 ]
%,_/
d
VR = by (120)

hence
QOLc,g,j,l(s) -1= Z SVQi,g,j,u - (1 - qz,g,j,o)
veN§\{0}

and rearrangement of the exponents on the right-hand side of (7.73) leads to

Z)‘ ch,g,yack cqyl() 1)

geqG c=0
C C
_ v I8 - o s
= Z S Z Ag Z We,g,j e 1, De,g,5,v Z Ag Z We,g,j ac,k(l Qr.9.7,0)
VES; k geG c=0 geG c=0

=Xjkw by (7.4) =Xj.x by (7.6)

= Njk(pik(s) —1) by (7.74)
(7.75)
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for every risk k € {0,..., K} with the set S, defined in (7.5). Substituting
(7.75) into of (7.73), using (7.1) in the case k € {1,..., K}, taking the conditional

expectation given J, and using the independence of J, Ry, ..., Rx, it follows that
E[R’ln‘ ’YK L|J_]] —eXP()\JO(%O( ) 1))
K
_ - (7.76)
x [T B[R exp(Aja(wjr(s) = DR) [ = 4],
k=1

at least for all s € C? with ||s|s < 1.
To proceed further, we need to make an assumption on the distribution of
the risk factors Ry,..., Rk.

7.6.1 Risk Factors with a Gamma Distribution

Since Ry ~ Gamma(ay, B) for every k € {1,..., K} by Assumption 7.29, and
since Ry, is independent of J, it follows from (4.58) that

E[R} exp(Asr(sk(s) — 1)Ry) | J = j]
~ ] (1- 2,22 w0
Substituting (7.77) into (7.76), we obtain
E[R}*... R}Es"|J = j] = exp(Njo(pj0(s) — 1))

ﬁ RV’“ ( _/—\4 Soj,k()_l

—(antw)  (7.78)
B ) '

Transferring everything into a common exponential, we finally get for the
probability-generating function under the R]'...R}X-biased probability mea-
sure, defined in (7.67),

PrLy(s) = MZE [R]"... R}Es™|J = j] P[] = j]
JjeTJ
= Zexp( jo(pjo(s) —1) (7.79)
JjeTJ
- kz -+ 90) o (1= 3, 2= Y bl — ),

at least for all s € C? with [|s|» < 1.

7.7 Algorithm for Risk Factors with a Gamma Distribution

Formula (7.79) is the probability-generating function of the accumulated Ng—
valued loss vector in the credit portfolio under the R]" ... R)¥-biased probability
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measure. From the definition (4.1) we know that the coefficients of the power
series of (7.79) provide the desired distribution on N&. We are aiming for an
algorithm that works well for small (and even zero) variances of the risk factors,
so we will rewrite our main formulas in terms of the expectations e, = E[Ry] and

variances o7 = Var(Ry) for all k € {1,..., K} using the formulas
2
(& €L
ap=—L and  Bp=—,
Tk Tk

derived from (4.55) and (4.56).

Remark 7.47 (Historical remark). The computation of these coefficients, how-
ever, can lead to numerical instabilities even in the one-period case with (v1,...,
vi) = 0, cf. [25]. Therefore, this section describes an algorithm, basically due
to G. Giese [25], for which Haaf, Reif}, Schoenmakers [28] proved the numerical
stability. Apparently these authors didn’t notice the relation to Panjer’s recursion,
see Theorem 5.16, which was pointed out in [22, Section 5.5]. The algebraic step
of putting everything into a common exponential to pass from (7.78) to (7.79)
reflects the fact that the negative binomial distribution is a compound Poisson
distribution, where the severity distribution is a logarithmic one, see Example
4.40. Since Panjer’s recursion is numerically stable for the Poisson as well as
the logarithmic distribution, see Examples 5.21 and 5.25, respectively, numerical
stability is guaranteed. The idea for the multi-period extension relies on the
multivariate extension of Panjer’s algorithm given by Sundt [51].

7.7.1 Expansion of the Logarithm by Panjer’s Recursion

To calculate the coefficients of the power series of (7.79), we first treat the
logarithmic term. For this purpose, fix a scenario j € J and a risk factor
ke {l,...,K}. Define

Aj Nj O}
= Dk o DRIk o)1) (7.80)
/Bk + )\j,k ek + )\j:kak

Pj.k

with rate parameter 8, > 0, expectation e; > 0 and variance a,% from Assumption
7.29 and A;; > 0 from (7.6). Note that the right-hand side of (7.80) works fine
for the degenerate case ai =0.

We consider a random variable M j, ~ Log(p; ). Let (Y n)nen be an ii.d.
sequence of Ng—valued random vectors, independent of M;j, with probability-
generating function ¢; defined in (7.74). Then by Example 4.4, in particular
(4.6), and (4.75), the probability-generating function

Bin(s) =D bikws’,  s€Ch sl <1,
veNd

of the Ng—valued random sum
M.,
Sik =Y Yikn
n=1
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is given by

c(pjreir(s))

, seC |Is|le < 1, 7.81
oy 0) Il (7.81)

Pjk(s) = ¢jk(s)
and its coefficients (bj7k7,,)l,€Ng can be computed in a numerically stable way
by Panjer’s recursion for the logarithmic distribution, see Example 5.25. More
explicitly, using (4.6) and (5.26), the initial value is

(Pjik 3j,k,0)
bjko = Qro——— (7.82)
’ T clpik)
and, using (5.27), the recursion formula is, for every v € Nd \ {0},
1 Qikv | Pik
bin, = ( LI L Vi — 1) Qi kenbik ), 7.83
P 1= pikgiko \c(pin) Vi 2 (5= 1) diknbikon (7:83)

TLESj,k
n<v, n;<v;
where i € {1,...,d} is chosen such that v; # 0, and with p;; given by (7.80),
(¢j,kw)vend given by (7.7), and S;x defined in (7.5). Note that vy does not enter
into this recursion. If p;; = 0, then (7.82) and (7.83) simplify dramatically to
bjkw = Gk for all v € N&. To calculate the function ¢ from (4.5) in a numerically
stable way, see the corresponding comment in Example 4.4.
Rearranging and using (7.80) shows that

1 XkSDj,k(S) —1_ Btk (1 B 5\]',13
’ B B Br + Nk

_ 1
1—pjk

(Pj,k(s)>

(1= pjresik(s)),

hence using (4.5) and (7.81) the logarithmic term in (7.79) can be rewritten as

- ik(s)—1
- 10g<1 - Aj,k%’k()> = —log(1 — pjrwjr(s)) +log(l —pjx)

Bk
(7.84)
= Djk ik (8) e ki k() — PjkcP)k)
= pjecpir) (@jk(s) —1).
Substituting (7.84) into (7.79) gives
o105 = 3 exp( Kjalesols) - 1
ies (7.85)

K
£ 3 (o + wpinelos) (Bia(s) — 1)) B[J = ],
k=1

at least for all s € C? with ||s]e < 1.
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7.7.2 Expansion of the Exponential by Panjer’s Recursion

To calculate the coefficients of the power series of (7.85), we first rewrite the
argument of the exponential function. Define

3 €2 4+ y,o2 )
i =N +Z e . 5 cpjk),  JEJ, (7.86)

= (e +7k)Pj,k

with the shape parameter aj > 0 expectation e > 0 and variance 0,3 given in
Assumption 7.29, Poisson intensity S\j,o > 0 given in (7.6), parameter p;; € [0, 1)
of the logarithmic distribution given in (7.80), and function ¢ defined in (4.5).
Note that only non-negative terms are added in (7.86) and that its right-hand
side even works in the degenerate case a,% = 0, both facts guarantee numerical
stability. For every j € J with A\; > 0, we define

K

2 2
- €. + Yo -
Nk UC(pj,k)w,k(S)),

1 /-
5 = — (X, )
Bj(s) ¥ ( j0j,0(8) + e + Aj,wi

J k=1

at least for all s € C? with ||s||oc < 1. Note that the coefficients of the power
series

= Z cjvs”, seC ]l <1,

vEeNp
are given as convex combinations of the corresponding coefficients of ¢;o and
©j1s- -, Pj K, which is a numerically stable operation. More explicitly,
K 2 2
1 - < (& +’7k0—k d
Civ=-—(Xiogiov+> birsNiz——F c(p;r)|, veNd 7.87
7,V )\j( s q]7 Vv ; JRV 727, ek _'_)\J’ko_z (p‘], ) ( )

with (gj,0,0)veng given by (7.7) or (7.8) and (b k. )vend given by (7.82) and (7.83).
For every j € J with A\; =0, we define ¢;(s) =1 for all s € C% and

(7.88)

1 for v =0 € N&,
00 for v € Ng\ {0}.

In every case, ¢; is again a probability-generating function, and (7.85) can be
written as
PLy(s) =) exp(A —1))P[J =j]. (7.89)
JjeTJ
Fix a scenario j € J, let M; ~ Poisson()\;) and consider an independent
sequence (Y n)nen of i.i.d. random variables, each one with probability-generating
function ¢;. Then by Example 4.3 and (4.75), the probability-generating function
1; of the distribution of the random sum

M;
Sj = Z Yin
n=1

146



is given by
wj(s) = eXp()‘j(@j(S) - 1))7 s € Cd? HSHOO <1,

and its coefficients, let’s call them (d;,),eng, can be computed in a numerically
stable way by Panjer’s recursion for the Poisson distribution, see Example 5.21.
Explicitly, (5.21) implies for the initial value

dj70 == exp()\j (Cj’() — 1)) (7.90)

(in case of numerical underflow, see Remark 5.23 for a remedy) and the recursion
formula (5.22) turns, for every v = (11, ...,v4) € N¢\ {0}, into
)\ .
dj,u = 7] Z NiCjn dj7y_n, (791)
! nENg
0<n<v
where ¢ € {1,...,d} is chosen such that v; # 0, with \; given by (7.86) and the
coefficients (cj . )veng given by (7.87) and (7.88), respectively. See Remark 5.19
to omit terms in (7.91) with value zero.
The weighted probability-generating function (7.89) simplifies to

» d
pro(s) =Y vi(s)PJ=4],  s€C’ |s|e <1,
JjeJ
and the coefficients of this power series are convex combinations of the correspond-
ing coefficients of (¢j);c7. These operations are numerically stable. Explicitly,
the coefficients in (7.67) are determined by

P L=v]=) d;,Pl[J=j], veN
JjeJ

with (d;,)ven, given by (7.90) and (7.91).

Exercise 7.48 (Implementation of the algorithm). Assume that there are m € N
obligors, where obligor i € {1,...,m} has default probability p; = 1/(20 + i)
within one period, and that there is the idiosyncratic cause and C' = 3 additional
default causes. Assume that the loss given default of obligor i € {1,...,m} due
to cause ¢ € {0,...,C} has the distribution Bin(i + ¢, /(2 4+ 2¢)) and that all
susceptibilities are equal to 1/(C'+1). Let Ay, ..., Ac be default cause intensities
with E[A.] =1 and A, > 1/3c for all c € {1,...,C}. Assume the there are only
one-element risk groups and that there are two scenarios J = {0, 1}. Extending
Example 7.33, let J be J-valued and consider the (C' + 1) x (K + 1)-matrix

1 0 O 00

*x J 0 00
AJ_*Ol—J*O’

* 0 0 % x

where * denotes non-zero, deterministic entries.
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(a) With the given constraints, set up a flexible model satisfying Assumptions
7.29 and 7.30 such that Cov(Aj, A2) < 0 and Cov(Ag, As) > 0.

(b) Calculate the expectations, variances and covariances of the default cause
intensities A1, A, A3 (see Remark 7.27) in your model.

(c) Calculate the expected total credit portfolio loss. Does the result depend
on your specific choice of the dependence structure?

(d) Calculate the distribution of the total credit portfolio loss numerically for
an m > 50 of your choice for your specific dependence structure.

7.8 Algorithm for Risk Factors with a Tempered Stable Distri-
bution

7.9 Special Cases

49 In order to test the algorithm, its implementation and its numerical stability,
it is helpful to consider special cases of the parameters, where the corresponding
distribution of the total loss L given in (7.14) can be calculated directly. In this
section we assume that all group losses are multiples of some C' € N, meaning
that we have

Lygn= CL;’k’n.
with an Ng-valued ng,k,n for every loss n € N of risk group g € G due to risk
k€ {0,...,K}. We adopt the notation from (7.10), (7.12) and (7.14). In this

section, we will not attribute the group loss to its individual members.

7.9.1 Pure Poisson Case

%0 We only consider the degenerate case o7 = --- = O’%( = 0, for which the
algorithm described in Section 7.7 works and for which Ay = 1 almost surely for
all k € {1,..., K}. In this case the family

{Ngr|g€G kef0,....K}}

consists of independent, Poisson distributed random variables.

Bernoulli Loss Distribution Assume that every L'g’ k.n is @ Bernoulli random
variable, i.e.,

pi=PLyy,=1]=1-P[Ly;, =0]
with p € [0,1] for all g € G, k € {0,..., K} and n € N. Then, by (7.4), (??) and
(7.6), Ay = 0 for every v € N\ {C}, vy € {0,C} and Ay = A ¢ for every risk
ke {0,...,K}. By (7?),

/
g,kn

N,k

ok = E L}, j.. ~ Poisson(pAgwy 1) -

n=1

49 This section has to be adapted to the new notation and the generalized setting.
50 This section has to be adapted to the new notation and the generalized setting.
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By the Poisson summation property (3.5), we obtain for

K
L'=> YL, (7.92)

g€G k=0

that L' ~ Poisson(p\) with

K
A=) X Y wgp (7.93)
k=0

geG
N——
=1by (7.2)

Therefore, the distribution of L = C' L’ satisfies

(PN" =PA if =
R e et

0 otherwise.

Logarithmic Loss Distribution Assume that every L;kn ~ Log(q) with
q € (0,1). According to Example 4.40, the compound Poisson sum L/g,k: has the

distribution NegBin(ay k,p) with parameters p := 1 — ¢ and

AgWg k

Qg | = —

By Lemma 4.37, the sum L’ defined in (7.92) has distribution NegBin(a, p) with
a = —\/logp and X given by (7.93). Therefore, L = C L’ satisfies

(O‘+Z_1)p°‘q" if n:=1/C € Ny,

' (7.94)
0 otherwise.

P(L:l):{

General Loss Distributions Let @ , = (q;k,y)yeNo be a general distribution
for the i.i.d. group losses (Lg xn)nen, depending on the group g € G' and the
risk k € {0,..., K}. Then every Ly ~ CPoisson()\gwgvk, Q;k) has a compound
Poisson distribution. By (4.77), its generating function is

SOLg,k (3> = €exXp (Agwg,k ( Z qz7k7,j81/ —1)) . (795)

vENp
—_————
= SDLg,k:,l (5)

Assume that the sum \ of all weighted intensities, given by (7.93), is strictly
positive. Define the probability distribution @ = (g, )ven, by

K
1
b=y S S Mgiti VT
9€G k=0
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Due to independence, the generating function ¢y, of the total loss L is the product
of the individual functions from (7.95), hence

o) = TL L oras) - exp<A< S g - 1))

geG k=0 vENy

in particular L ~ CPoisson(\, @) has a compound Poisson distribution. Hence,
the distribution of L can be calculated by the Panjer recursion formula (5.22),
i.e.

PIL =1 =

~| >

l
> vg,PL=1-v] leN,
v=1

starting from
P[L = 0] = ¢1(0) = M@~

7.9.2 Case of Negative Binomial Distribution

51 Here we assume absence of idiosyncratic risk, meaning that X\g, = 0 for all
v e Nand A\g =0, see (7.4) and (7.6).

Bernoulli Loss Distribution Assume that L’g i.n 18 @ Bernoulli random vari-
able with risk-dependent distribution, i.e.,

pr=P[L, ., =1 =1-P[L

g,k,n = 0]

/

g,k,n
with p € [0,1] for all g € G, k € {1,...,K} and n € N. Then, by (7.4) and
(7.6), Ay = 0 for every v € N\ {C} and A\, = A\ ¢ for every risk k € {1,..., K}
Furthermore, assume that there exist a non-empty I C {1,..., K} and p € (0,1)
such that o2\, = (1—p)/pforallk € I and \, =0 forall k € {1,...,K}\I. By
(??) this means v, = C for all k € I and v, =0 for all k € {1,..., K} \ I. Define

Then (?7?) simplifies to

E[SL] = <1+ 1;])(1 —Sc)>_a = (7]9 )a

P 1 —qs©

with ¢ :== 1 — p, which by (4.65) means that L' := L/C ~ NegBin(a, p), hence L
has the distribution given by (7.94).

5! This section has to be adapted to the new notation and the generalized setting.
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General Loss Distributions We assume that the i.i.d. losses (Lgkn)neN
have the same distribution @ = (g, )ven, for every group g € G and every risk
ke {l,...,K}. Since L(N,x|Ax) = Poisson(\jwyAr) by Assumption 7.24,
and since (Ng7k)geg are conditionally independent given Ay by Assumption (7.25),
Lemma 3.2 for sums of independent Poisson random variables implies that

,C(N(k)‘Ak) = POiSSOn()\(k)Ak)
for every k € {1,..., K}, where
N(k Z N k and A(k) = Z /\gwg’k .
geG geG

Here N is the number of defaults in the portfolio caused by risk k € {1,..., K}.
Since Ay ~ Gamma(ay, f;) with ap = S = 1/0,% by Assumption 7.29, hence

)\(k)Ak ~ Gamma(ak, ﬁk/A(k))a
we get for the unconditional distribution that

B/ Ay _ 1
1+5k//\(k) 1—1—)\(;6)(7,% ’

Ny ~ NegBin(ay;, pr.) with P =

where we use the notation from (4.61). Assuming that )\(k)a,% and, therefore,
p = pi are the same for every risk k € {1,..., K}, then we get for the total
number N = Zszl N of defaults caused by all the independent risk factors
that

N ~ NegBin(a, p) with a=a;+- -+ ag,
see Lemma 4.37. Therefore we have a compound negative binomial distribution
for the loss L given in (7.14), meaning that

KNgk

L= Z Z Z Lygn= Z X,, ~ CNegBin(a, p, Q)

g€G k=1 n=1
with an i.i.d. sequence (X, )nen with X,, ~ Q. Therefore, the distribution of L

can be calculated by the Panjer recursion formula (5.24)

1
A== 0w

l
1 _—
lpZ(au—l—l—y)q,,IP’[L:l—y], l €N,

v=1
starting from
P[L =0] =¢n(q) = ($>a,
1= (1-p)ao
see (5.23).

Exercise 7.49. Consider a logarithmic distribution for the idiosyncratic losses
and a Bernoulli distribution for the losses due to the risks £ € {1,..., K},
everything in multiples of C' € N. By combining the above results and putting
appropriate conditions on the parameters, show that the portfolio loss L has a
distribution given by (7.94).
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8 Risk Measures and Risk Contributions

Knowing the distribution of the portfolio loss L given in (7.14), we can calculate
risk measures p(L). The quantity p(L) can be interpreted as the amount of
money that has to be added to the portfolio risk L to make it “acceptable.” For
expected shortfall as risk measure, we will also calculate risk contributions in the
context of extended CreditRisk™. These contributions indicate the conditional
expected loss caused by individual obligors, given a large portfolio loss occurs.

When comparing some of the following definitions with the literature, note
that our losses have a positive sign.

8.1 Quantiles and Value-at-Risk

Definition 8.1 (Lower and upper quantile). For a real-valued random variable
X and a level § € (0,1), define the lower d-quantile of X by

¢5(X)=min{zr e R |P[X <z]>6} (8.1)
and the upper §-quantile of X by
¢(X)=inf{z e R|P[X <z]>d}. (8.2)

Since the distribution function R 3 z — Fx(z) := P[X < z] of X is right-
continuous, the minimum defining the lower quantile exists. Note that the
quantiles depend on X only via the distribution function Fx. If we don’t specify
lower /upper in the following, we always refer to the lower quantile. Obviously,
we always have that ¢s(X) < ¢°(X).

Exercise 8.2. Give an example were ¢5(X) < ¢°(X).

The lower quantile is the smallest threshold such that ¢s(X) — X is non-
negative with probability at least §. In financial risk management, the lower
quantile ¢5(X) of a loss variable X is called Value-at-Risk (VaR) at level 1 — ¢
and used as a tool to quantify risk. Rewriting (8.1) as

¢(X)=min{z e R |P[X >z]<1-§},

we see that ¢s(X) is the smallest threshold which is exceeded by the loss X with
probability at most 1 — 9.

Exercise 8.3. Give an example where (0,1) 3 0 — ¢s(X) is discontinuous.

The following example shows that small variations of X can lead to substantial
jumps of the quantile ¢5(X), the subsequent lemma gives a condition, when this
does not happen.

Example 8.4 (Downward jump of lower quantile). Consider the unit interval
2 = [0, 1] equipped with Borel o-algebra B(]0,1]). Let P denote the Lebesgue—
Borel measure restricted to B([0, 1]). Given a level 6 € (0,1) and n € N, define
6n, = max{0,6 — 1/n} and the Bernoulli random variables X,, = 15, 1} and
X = 1j5. Then X, N\, X pointwise as n — oo, ¢5(X,) = 1 for all n € N but
05(X) = 0 by (3.1).
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Exercise 8.5 (Upward jump of upper quantile). Modify Example 8.4 such that
X, 7 X pointwise as n — 0o, ¢°(X,,) = 0 for all n € N but ¢°(X) = 1.

Lemma 8.6 (Convergence properties of quantiles). Fiz a level 6 € (0,1). Let
(Xn)nen be a sequence of real-valued random variables converging to X in proba-
bility, i.e.,
lim P[|X — X,,| >¢] =0 for every € > 0. (8.3)
n—oo

(a) The lower d-quantiles satisfy

liminf g5(Xn) > ¢5(X).

n—oo
(b) The upper §-quantiles satisfy

lim sup ¢°(X,,) < ¢°(X).
n—oo
(c¢) If the distribution of X satisfies P[X < x| > § for all x > q5(X), which is
equivalent to qs(X) = ¢°(X), then
ILm q5(Xn) = ¢s(X) and ILm ¢ (X,) = ¢(X).
Proof. (a) If z < y < g5(X), then {X,, <z} C{X <y}tU{X - X, >y —xa},
hence
PlXyp < 2] <PX <y]+P[|X — Xn| 2y — 2],

— 0 as n — oo by (8.3)

and therefore
limsupP[X,, <z] <y =P[X <y] <o
n—o0
by the definition of ¢5(X) in (8.1). Therefore P[X,, < z] < (6 +)/2 < 4 for all
sufficiently large n € N, hence ¢5(X,,) > z for these n and liminf,,_,, ¢s(X,) > =.
Since = < ¢5(X) was arbitrary, the lower bound in (a) follows.
(b) The proof is very similar to the one for part (a). If z >y > ¢°(X), then

P[Xn SJJ] ZP[X Sy] _]P)HX_X’Vl’ zx—y],

— 0 as n — oo by (8.3)

hence
linniiorgf PX,<z]>v=PX <y]>J
by the definition of ¢°(X) in (8.2). Therefore P[X,, < 2] > (6 +7)/2 > ¢ for all
sufficiently large n € N, hence ¢°(X,,) < « for these n and lim sup,,_, . ¢°(X,) < z.
Since z > ¢°(X) was arbitrary, the upper bound in (b) follows.
(c) follows from (a) and (b) because ¢5(X,) < ¢°(X,,) for all n € N. O

If we have an estimate for the Kolmogorov—Smirnov distance of two distribu-
tions, then we get bounds for the quantiles of these distributions.
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Lemma 8.7 (Quantiles and Kolmogorov—Smirnov metric). Let X and Y be
real-valued random variables and abbreviate the Kolmogorov-Smirnov distance of
their distributions by d == dgs(L(X),L(Y)). Then the lower quantiles of X and
Y satisfy

(a) gs—a(X) < qs(Y) for every level § € (d,1) and
(b) ¢5(Y) < gs+4(X) for every level § € (0,1 — d).

Proof. (a) Given a level § € (d, 1), we use the definition (8.1) of the lower quantile
and insert the term P[X < ¢5(Y)], hence

§ <PY < g5(Y)]
<PIX < g5(V)]+ |PY < gs(Y)] — P[X < g5(Y)]|.

Due to dis(L(X),L(Y)) = sup,eg|P[X < 2] — P[Y < z]| by (3.13), this implies
0 <P[X < g5(Y)] +d,

hence P[X < ¢5(Y)] > § — d, therefore g5_q4(X) < ¢s(Y) by (8.1).

(b) Note that the assumptions of the lemma are symmetric in X and Y.
Applying (a) with X and Y interchanged and &' := § +d yields g5 _4(Y) < ¢s/(X),
which proves part (b). O

Exercise 8.8. In the setting of Lemma 8.7 show the following;:

(a) There is a non-trivial example (i.e. one with £(X) # L(Y)) such that
g5-a(X) = q5(Y) = ¢s5+a(X) for at least for one level 4.

(b) There is an example with gs_q(X) < ¢5(Y) < gs+q(X) for at least for one
level 6.

(c) Formulate and prove a version of Lemma 8.7 for upper quantiles.

Contrary to its widespread use, VaR is not suitable as a risk measure for two
economic reasons. First of all, it does not take into account the size of losses,
which occur with probability at most 1 — §, meaning that it disregards risks with
high effects but low probability. Secondly, VaR is not subadditive in general, i.e.,
it can happen that VaR(X )+ VaR(Y) < VaR(X +Y) for loss variables X and Y,
meaning that diversification might seem to increase risk®® when it is measured
with VaR, see Example 8.9. Due to these deficiencies, we do not pursue the topic
of Value-at-Risk in more detail.

52 When it comes to catastrophe risks in connection with limited liability, then diversification
can actually increase the risk: Think of two companies with independent risks X and Y,
respectively, which cause insolvency. Then the probability of both companies going bankrupt
is considerable smaller than one company having risk X + Y’; see Example 8.9 to work out a
numerical example.
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Example 8.9 (VaR is not subadditive). Consider a loan of 100 Euro with
default probability p = 0.8 %, which leads to a VaR at level 1% of zero. On
the other hand, if we consider two independent loans of 50 Euro each with the
same default probability p = 0.8 %, then the probability of at least one default is
2p — p? > 1.59% and thus the VaR at level 1% equals 50 Euro. This means we
would prefer the 100 Euro loan as the safer investment, which contradicts the
idea of diversification.

8.1.1 Calculation and Smoothing of Lower Quantiles in Extended
CreditRisk™

Remark 8.10 (Calculation of quantiles in extended CreditRisk™"). Given a level
d € (0,1), the lower quantile gs(L) of the credit portfolio loss L as given in
(7.14) can be calculated in extended CreditRisk™ by adding up the probabilities
P[L =1] for { =0,1,2... until the sum reaches or exceeds 9, see (8.1).

However, this means that gs(L) as a function of §, when multiplied by the
basic loss unit £, will jump by this quantity F. Since the basic loss unit represents
a compromise between precision and computation time, it might not be desirable
to have it clearly visible in the output of the extended CreditRisk* model, hence
some smoothing of the quantile might be desirable. If stochastic rounding (see
Subsection 6.1 for a discussion of this discretisation procedure) has been applied
to the individual losses, then somehow “reversing” this step is a legitimate wish.

Remark 8.11 (Smoothing of lower quantiles in extended CreditRisk™). Let
L denote the Ny-valued loss and let U be an independent real-valued random
variable, bounded below by —1 and such that E[U] = 0. Define the smoothed
loss Lg by

LS =1 + ]1{L>O}U' (84)

Then Lg takes values in [0, 00) and by independence
E[Ls] = E[L] + P[L > 0] E[U] = E[L],

hence the smoothing doesn’t change the expectation. Let (p,)nen, denote the
probability mass function of the Ng-valued loss L and let U be uniformly dis-
tributed on the interval [ 3 2} Then the artificially introduced smoothing error
|L — Lg| is bounded by 1 5 and the distribution function of Lg is given by

0 for x < 0,
Fr.(z) = { po for z € [0, 3),
Zz;épk—f—pn(x—nﬂ—%) for:ce[n—f n+ )WithnGN.

Note that FJ,_ is continuous on [0, 00) and has flat parts on [0, 1) and whenever

there is an n € N with p, = 0. For a level § € (0, 1) the smoothed lower quantile
¢s(Ls) is given by gs(Ls) = 0 if ¢s(L) = 0 and
1 PIL<q(L)] -

65(Ls) = as(L) + 5 = P = %(Lﬂ (8.5)
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if ¢gs(L) > 0. Note that the smoothed lower quantile jumps at 6 = pyg if pg > 0,
and that it jumps whenever g5(L) jumps by at least 2. Furthermore, besides the
possible atom of size pg in zero, the distribution of Ly has a piecewise constant
density which can never be continuous unless we are in the degenerate case pg = 1.

Remark 8.12 (More general smoothing). For a more general smoothing of the
lower quantile, we can consider the smoothed loss in (8.4), where U =V} — V4
with independent Vi, Vo ~ Beta(a, 3). Of course, then the formula (8.5) for
the smoothed quantile gs(Ls) will be more complicated, but at least in the case
a = 8 =1, which means that V1, V5 are uniformly distributed on the unit interval,
it can be done explicitly and Lg has a continuous density on (0, c0).

8.2 Expected Shortfall

8.2.1 Definition and Representations of Expected Shortfall

Definition 8.13 (Expected shortfall). Let X be a real-valued random variable.
Then the expected shortfall of the loss variable X at level § € (0,1) is defined as

E[XT{xsq50x)3] + a5(X)(PIX < g5(X)] —9)
1%

with the understanding that ESs[X] = oo if E[X T x+4,(x)}] = oo. (Note that
the random variable X1y~ q;(x)} is bounded below by min{0, ¢5(X)}.)

ESs[X] = (8.6)

Remark 8.14 (Simple case of expected shortfall). If P[X < ¢s(X)] = 4, in
particular if the distribution function R 3 z — P[X < z] of X is also left-
continuous at x = ¢5(X), then (8.6) simplifies to

ES;[X] = E[X[X > ¢5(X)]. (8.7)

When expected shortfall is taken as a risk measure, then (contrary to VaR)
the sizes of large losses exceeding the threshold ¢s(X) are clearly taken into
account by this conditional average. The additional term in (8.6) is necessary
to prove the sub-additivity of expected shortfall in Theorem 8.20 below. The
representation (8.7) justifies the name conditional value-at-risk, which is also
used in the literature.

Remark 8.15 (Alternative representation of expected shortfall). Using the
identity X = (X — ¢5(X)) + ¢s(X), it follows that

E[XT(x56,001] = E[(X — (X)) "] + a5 (X) PIX > g5(X)],
hence we obtain from (8.6) the alternative representation

E[(X — ¢5(X))"]
1-96

of expected shortfall, which clearly shows that ES;[X] > ¢5(X). See Theorem

8.20(g) below for the special property of gs(X) in (8.8).

ESs[X] = ¢s(X) +

(8.8)
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Exercise 8.16. Give an example with P[X < ¢5(X)] = J, where the distribution
function of X is discontinuous at g5(X).

Exercise 8.17. Show that expected shortfall is law determined (sometime called
law invariant in the literature) by representing ES5[X] in terms of the distribution
function Fx of X.

Remark 8.18 (Representation of expected shortfall with a density). Let X be a
real-valued random variable. On the underlying probability space (2, A, P) define
fx: Q2 —[0,00) by

_ Lxsgs00y + BxTix—gs(x))

fx — , (8.9)
where the constant Sx is given by
PX<qs(X)]—0 - _
By = | FRZ0®) if P[X = ¢s(X)] >0, (8.10)
0 otherwise.

It follows from the definition of the lower d-quantile of X in (8.1) that x € [0, 1],
hence fx is bounded by 1/(1 — ¢). Note that

Elfx] = (P[X > gs(X)] + Bx P[X = g5(X)]) =1, (8.11)

1
1-6 .
—P[X<q5(X)] - 6

hence fx is a probability density. By the definition of expected shortfall in (8.6),

E[XT x5 q5x)}] + ¢5(X)Bx P[X = g5(X))]
I

Therefore, expected shortfall at level § can be see as the expectation of X taken

with respect to a probability measure Qx which has density fx relative to P.

This density raises the probability of the unfavourable event {X > ¢5(X)} by the

factor 1/(1 — §).

E[X fx] = —ES;[X].  (8.12)

8.2.2 Calculation of Expected Shortfall in Extended CreditRisk™

Remark 8.19. Since the credit portfolio loss L, given in (7.14), is a discrete
random variable, we have to apply the more complicated definition (8.6). As
mentioned in Remark 8.10, the lower quantile g5(L) and P[L < g5(L)] can be
calculated using the extended CreditRisk™ algorithm. Furthermore, note that
E[LL5g5(0)y] = BIL] — E[LT{1.<q5(0] (8.13)

with E[L] given by (7.57) and

q5(L)

E[LL{1<gyy) = > IPIL=1].
=1

If E[L] = oo, then ESs[L] = co. If E[L] < oo, then the expected shortfall ESs[L]
from (8.6) can be computed numerically using the first terms of the distribution
of L. Note that the differences in (8.6) and (8.13) can lead to cancellation effects,
in particular when E[L] ~ E[L1 (1<, (1)} for large quantiles.
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8.2.3 Theoretical Properties of Expected Shortfall

The following lemma lists important properties of expected shortfall. We will
need some additional notation. For a level ¢ € (0,1), let F5 denote the set of all
probability densities on the probability space (€2, A, P) bounded by 1/(1 —§). For
a real-valued random variable X, since we do not impose a general integrability
condition, we also define the restricted set

Fox ={feFs|EXTf]<ooor EX™f] <oo}, (8.14)

where X+ := max{£X,0} so that X = X+ — X~. For a density f € Fsx, the
expectation E[X f] = E[X T f] — E[X "~ f] is a well-defined value in [—o0, 0c]. Note
that fx given in (8.9) is in Fs and that X~ fx is a random variable bounded
above by [g5(X)|/(1 —6), hence E[X ™ fx] < oo and therefore fx € Fs x.

Theorem 8.20. Ezxpected shortfall at level 6 € (0,1) has, for all real-valued
random variables X and Y, the following properties:

(a) Positive homogeneity: If a > 0, then ESs[aX] = a ES;[X].
(b) Translation (or cash) invariance: If a € R, then ES;[X + a] = ES;[X] + a.

(¢) Scenario representation:

(i) ESs[X] = SUP e 7; E[X f],
(i) if*® E[XT] < oo, then ES;[X] = sup sz, E[X f].

(d) Sub-additivity: ES5[X + Y] < ESs[X] + ESs[Y].
(e) Monotonicity: If X <Y, then ES;[X] < ES;[Y].
(f) Convezity: If « € (0,1), then

ESs[aX + (1 — a)Y] < aESs[X] + (1 — a) ES;[Y].
(9) Minimization property:

= o+ 2=,

and the minimum is attained if and only if q € [g5(X), ¢*(X)].
(h) Bounds: For every q € R,

E[(X —¢)"]

05(X) S ES;[X] < g+ —5——,

where the lower bound is an equality if and only if P[X < ¢s(X)] =1, and
the upper bound is an equality if and only if q € [q5(X), ¢°(X)].

3 If you offer the St. Petersburg lottery, then E[X 1] = co.
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(i) Quantile representation:

1

BSslX] =15 [6,1)

qu(X) du. (8.15)

(j) Fatou property: Let (Xp)nen be bounded below, i.e., there exists a constant
a € [0,00) such that X, > —a for all n € N. Then X := liminf, - X,
satisfies

ESs[X] < liminf ES;[X,,]. (8.16)
n—oo

(k) Let (X,)nen be bounded below and converging in probability to a random
variable X. Then (8.16) holds, too.

Corollary 8.21. For every real-valued random variable X, the map
(0,1) 30 — ESs[X] € RU{oo}
s continuous and non-decreasing.

Proof of Corollary 8.21. Continuity follows from the quantile representation in
part (i). For 6 < ¢ we have F5 x C Fy x which implies ES5[X] < ESs[X] by
the scenario representation (c). O

Remark 8.22. A coherent risk measure is defined by monotonicity (e), positive
homogeneity (a), translation invariance (b) and sub-additivity (d), see Artzner,
Delbaen, Eber and Heath [3]. A convex risk measure is defined by monotonicity
(e), translation invariance (b) and convexity (f), see Follmer and Schied [21]. Note
that risk measures are often defined for random variables representing the profit
and loss, while in our notation losses have a positive sign. For more details on
expected shortfall, see Acerbi and Tasche [1]. The minimization property (g) can
be found in Rockafellar and Uryasev [43].

Remark 8.23. We excluded the cases @« = 0 in (a) and (f), and « = 1 in (f) to
avoid expression of the form 0 - co.

Remark 8.24. Concerning the properties in Theorem 8.20, some comments
might be useful:

(a) If all losses are scaled (by converting them to a different currency, for
example), then the risk and the needed capital scales in the same way.

(b) If a constant loss is added, the corresponding amount of capital is needed
in addition to make the risk acceptable.

(c) If probabilities of events can be raised by at most the factor 1/(1 — 9),
then ESs[X] is the worst expected loss possible.

(d), (f) Diversification does not increase the risk, regardless of any dependence
between X and Y.

(e) Smaller losses need less capital.

(g) For an economic interpretation in the case P[X < ¢5(X)] = d, assume that
you can choose an amount ¢ and enter into a special stop-loss insurance contract:
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Whenever your loss X is above ¢5(X), you must pay ¢ plus the fair insurance
premium E[(X — ¢)*] multiplied with the security loading factor 1%6 and receive
in return the (possibly smaller, maybe higher) amount X to cover your losses.
Which ¢ is optimal for you and how much do you lose given the loss X exceeds
q5(X)? If g is too high, your pay too much in the case ¢5(X) < X < ¢; if ¢
is too small, your premium part E[(X — ¢q)™] /(1 — §) is too high. The optimal
compromise is given by ¢ € [¢5(X), ¢°(X)].

(i) The quantile representation implies that the expected shortfall varies
continuously with the level §, contrary to the quantile function (0,1) 3 § —
¢s(X), which can jump, see Exercise 8.3. For discrete distributions like the loss
distribution in the extended CreditRisk™ model, the quantile function has to
jump unless the loss is degenerate. The quantile representation also justifies the
name average value-at-risk for expected shortfall.

(k) implies the Fatou property discussed in Delbaen [14].

Proof of Theorem 8.20. (a) follows from the homogeneity of the expectation in
(8.6) and the observation that gs(aX) = ags(X), see (8.1).

(b) holds because of the translation invariance of the expectation in (8.6) and
the observation that ¢5(X + a) = ¢5(X) + a, see (8.1).

(c) Remark 8.18, in particular (8.12), shows that equality holds for fx € F5 x.
Therefore, the supremum is an upper estimate and (i) holds in the case ES;[X] =
oo. If ES5[X] < oo, then necessarily E[X ] < oo, hence F5x = F5 by (8.14).
Consider f € F5 with E[X f] > —co. We have E[f — fx] = 0, hence

E[Xf] - E[X fx] = E[(X = ¢5(X))(f = fx)]
= E[(X — gs(X)(f — fx)Lix>qsx)1]
—_—
>0 <0
+E[(X = as(X))(f = fx)L{x<gsx)3] 0,

—_—

<0 >0
which means that the supremum is identical with E[X fx].
(d) It suffices to consider the case where ES5[X] < oo and ESs[Y] < co. Then

E[XT], E[Y "] and E[(X + Y)™] are finite and with the representation from (c),
part (ii), we get that

ESs[X +Y] = sup E[(X +Y)f]

JE€Fs
< sup E[X f] + sup E[Y f] = ESs[X]| + ESs[Y].
feFs feFs

(e) Note that ESs[X] < ESs[X — Y] + ESs[Y] by subadditivity (d). For Z :=
X —Y <0, we have ES;{Z] < 0 according to (8.6) because E[Z1(z (23] <0
and ¢5(Z) < 0 for a non-positive random variable as well as P[Z < ¢s(Z)] > 0 by
the definition of the lower quantile in (8.1).

(f) follows from (d) and (a).
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(g) By the alternative representation (8.8), we have equality for ¢ = ¢s(X).
Note that, for every q € R,

X —q5(X) = (¢ — ¢5(X)) + (X —q). (8.17)

Consider the case ¢ > ¢5(X). Then the inequality

(X = a5(X))" < (g = a5(X))Lyxsgs0x) + (X — )" (8.18)

is an equality on the event {X < ¢5(X)}, because all terms in (8.18) are zero. It
is also an equality on {X > ¢} since it reduces to (8.17), because the positive
parts (- )T are superfluous and the indicator function attains 1. On the remaining
event {gs(X) < X < ¢} there is strict inequality in (8.18) because it arises from
(8.17) using X — ¢ < 0= (X —¢)". Adding ¢5(X)(1 — ) to both sides of (8.18)
and taking expectations, it follows that

ESs[X](1 - 6) = ¢5(X)(1 = 6) + E[(X — ¢5(X))*] by (8.8)
< gs(X)(1 = 8) + (¢ — 45(X)) P[X > ¢5(X)] +E[(X —q)"]
>0 <1-4 by (8.1)
<q(1-0)+E[(X —q)]

with equality if and only if P[gs(X) < X < ¢] = 0 and P[X < ¢5(X)] = 0, which
by (8.1) and (8.2) is equivalent to ¢s(X) < ¢ < ¢°(X).
Finally, consider the case ¢ < ¢5(X). Then the inequality®*

(X —gs(X))* < (= as(X)Lixsg00 + (X — )" (8.19)

is an equality on {X < ¢}, because all terms in (8.19) are zero, and also an
equality on {X > ¢5(X)}, because it agrees with (8.17). On the remaining event
{g < X < ¢s(X)} there is strict inequality in (8.19), because X — ¢ > 0 and the
other two terms are zero. In a similar way as above, using the expectation of
(8.19) for the first inequality, it follows that

ESs[X](1—6) = ¢s(X)(1 = 8) + E[(X — ¢5(X))*] by (8.8)
< g5(X)(1 =) + (g — ¢5(X)) P[X > ¢5(X)] +E[(X —¢)7]
<0 >1-6 by (8.1)
<q(1 =) +E[(X —q)"]

with equality if and only if Plg < X < ¢5(X)] = 0 and P[X < ¢;(X)] = 6. By
the minimizing property of the lower quantile ¢s(X) defined in (8.1), these two
conditions cannot be satisfied simultaneously for ¢ < ¢s(X), hence equality is
impossible.

(h) The lower bound together with the discussion of equality follows directly
from the alternative representation (8.8), the upper bound follows from (g).

% Note that (8.18) differs from (8.19) in an important point for estimates afterwards.
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(i) By extending the probability space if necessary, we may assume the
existence of a random variable U on (2, A,P) which is uniformly distributed on
(0,1), meaning that P[U < u] = w for all u € [0, 1]. Let gqy(X) denote the random
quantile Q 3> w = gy () (X). For every z € R and u € (0,1) we have

@wX)<z = PX<z]>u and @wX)>r = PX <z]<u

by the definition of the lower quantile in (8.1), hence both implication are in fact
equivalences and {qy(X) <z} = {U < P[X < z]}. Therefore,

Plgy(X) < 2] = P[U < PIX < «]] = P[X <

for all z € R, meaning that ¢i(X) and X have the same distribution.

Define ¢’ = P[X < ¢5(X)]. Note that ¢’ > ¢ and ¢,(X) = ¢s(X) for every
u € [§,0']. Using the second of the above equivalences for x = ¢5(X) shows that
{qu(X) > ¢s5(X)} = {U > §'}. Therefore,

/ qu(X) du :/ qu(X)du—}—/ qu(X) du
[6,1) (6’,1) [6,67]

= Elqu(X)Ly=sy] + ¢5(X)(0" = 6)
=E[ X1 x5x)}] + (X)) (PX < g5(X)] - 9).

Division by 1 — § gives the right-hand side of (8.6), which is the result (8.15).

(j) By translation invariance from (b), we may assume without loss of generality
that every X, is non-negative. Using the density fx from (8.9), the representation
of expected shortfall with the density fx given in (8.12), Fatou’s lemma for
(Xnfx)nen and the scenario representation from (c), we get

ESs[X] = E[X fx] < liminf E[X,, fx] .
n—oo N——

<ESs [Xn}

(k) By passing to a subsequence if necessary, we may assume that the sequence
(ESs5[Xn])nen converges to the limit inferior in (8.16). By passing to a further
subsequence if necessary, we may assume that (X,),cn converges almost surely
to X. Now, (8.16) follows from (j). O

If we have an estimate for the Wasserstein distance of two distributions, see
Definition 3.14, then we get bounds for the expected shortfall of these distributions.

Lemma 8.25 (Expected shortfall and Wasserstein distance). Let X and Y be
real-valued, integrable random variables and denote the Wasserstein distance of
their distributions by dw(L(X),L(Y)). Then the expected shortfall of X and Y
satisfies, for every level 6 € (0,1),

dw (L£(X), L(Y))
1-96 '

|ES5[X] — ESs[Y]] < (8.20)
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Proof. Let (a;)ier and (b;);c; be non-empty collections of real numbers, which
are bounded below. Define

a = inf q;, b=1infb; and ¢ =sup |a; — by|.
icl icl icl

Then a; < b; 4 ¢ for every ¢ € I, hence a < b+ ¢. Similarly b < a + ¢, hence

la — b| < c. Using this observation, the integrability of X and Y, and the

minimization property from Theorem 8.20(g), it follows that

|ESs[X] — ESs[Y]] < : i 5 EEE{E[(X — )] —E[(Y —g)]|.

For every ¢ € R, the function R 3 z — fy(x) == (x — q)" is Lipschitz continuous
with constant 1, hence (8.20) follows directly from the lower bound (3.17). [

8.3 Contributions to Expected Shortfall
8.3.1 Definition and Representation with a Density

If the risk and the necessary risk capital for a portfolio loss are calculated
with expected shortfall, the question about the risk contributions of individual
components of the portfolio arises. Let Ly(P) = Ly(£2,.4,P) denote the vector
space of all random variables X: 2 — R on the probability space (2, .4,P). Let
L7 (P) denote the set of all those X € Ly(IP), for which the negative part X~ :=
max{0, —X} is P-integrable. Since (aX)” =aX~ and (X +Y)” < X~ +Y~
for all @ € [0,00) and X,Y € Ly(P), it follows that £; (IP) is a convex cone. Let
L1(P) denote the vector space of all P-integrable X € Ly(P).

Then, if Z € Ly(P) denotes a portfolio loss and Xi,..., X, € £ (P) with
X1+ -+ X,, = Z denote the losses of the n subportfolios, we can ask how to
allocate the risk capital ESs[Z] to the n subportfolios in a fair and risk-adequate
way.

Definition 8.26 (Allocation of risk capital by expected shortfall). For a portfolio
loss Z € Lo(P) and a level 6 € (0,1), consider a subportfolio loss X € Lo(P)
with®? X1yz>¢5(2)y € L1 (P). Then the expected shortfall contribution of the
subportfolio loss X to Z at level § is defined by

E[X1 7> q52)4] + Bz E[X L {7g(2))]

ESs[X, Z] = s (8.21)
with 8z as in (8.10), i.e.
P[Z<g¢s(Z)]-6 _
By = Fz=acy i PlZ=a(2)]>0, (8.22)
0 otherwise.

% We are quite general here to state the consistency property in Theorem 8.30(a) below
without any integrability assumptions on Z.
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Remark 8.27. Note that ESs[X, Z] = oo is possible and that the condition
Xyz>q5(2)) € L1 (P) is certainly satisfied for all X € L (P).

Remark 8.28 (Simple case of expected shortfall contribution). If P[Z < ¢5(Z)] =
J, then Sz = 0 by (8.22), and (8.21) simplifies to

ES[X, Z] = E[X|Z > ¢5(Z)]

simultaneously for all X € Lo(P) with X1 ;> (7)) € £1 (P), cf. Remark 8.14.
Therefore, ESs[X, Z] is the conditional expectation of the subportfolio loss X
given a large portfolio loss Z occurs. This allocation principle was already
presented in [50].

Remark 8.29 (Representation of expected shortfall contributions with a Z-ad-
justed probability measure). With the density fz defined as in (8.9), we get in
the setting of Definition 8.26 the representation ESs[X, Z] = E[X fz].

8.3.2 Theoretical Properties

Allocation of risk capital by the expected shortfall principle has a number of good
properties. For an axiomatic approach to risk capital allocation, see Kalkbrener
[32].

Theorem 8.30 (Properties of expected shortfall contributions). For each level
d € (0,1), the expected shortfall contributions have, for all X,Y € L] (P) and
Z € Lo(P), the following properties:

(a) Consistency with expected shortfall: ESs|Z, Z] = ESs[Z].
(b) Diversification: ESs[X, Z] < ESs[X, X].
(¢) Linearity: For all o, > 0,
ES;[aX + BY, Z] = a ESs[X, Z] + BES;[Y, Z).
If X,Y € L1(P), then the equality holds for all o, B € R.
(d) Translation (or cash) invariance: If a € R, then

ESs[X +a, Z] = ESs[X, Z] + a.

(e) Monotonicity: If X <Y, then ESs5[X, Z] < ES;[Y, Z].

(f) Independence: If X and Z are independent, then ESs[X, Z] = E[X].
(9) Invariance of portfolio scale: ESs|X,aZ] = ESs[X, Z] for all a > 0.
(h) Subportfolio continuity: If Y € L1(P), then

E|l|X —-Y
|[ESs[X, Z] — ES,[Y, Z]| < ES{|X -V, 2] < “1—5H
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(i) Portfolio continuity: Suppose that X € L1(P). If P[Z < ¢s(Z)] = orif
X is almost surely constant on {Z = qs(Z)}, then capital allocation for X
by expected shortfall at level § is continuous at Z, i.e., for every sequence
(Zn)nen in Lo(P) converging to Z in probability,

lim ESs[X, Z,] = ES;[X, Z]. (8.23)

n—o0

(j) Representation of expected shortfall contribution by directional derivative:
If capital allocation for X € L1(P) by expected shortfall is continuous at
Z € L1(P) as specified in part (i), then
ESs[Z + e X] — ESs[Z
ESs[X, 2] = lim Eo0lZ + €X] ~ ESs(Z] (8.24)

e—0 e

Remark 8.31 (Discussion of the allocation properties). Let us expand on some
of the given item titles in Theorem 8.30:

e Property (b) shows that X considered as a subportfolio of any other port-
folio Z does not need more risk capital than on its own, meaning that
diversification never increases the risk capital.

e The independence in (f) can be satisfied, when X and also —X are contained
in Z. Think of an financial option’s payoff X together with its hedge
delivering — X, or of an insurance risk X, which is transfered to a reinsurance
company.

e For item (i) think of a reinsurance company operating with one-year con-
tracts. During the renewal phase, the company plans to have the portfolio
risk Z, and determines the individual contribution of a reinsurance con-
tract with risk X accordingly with ESs5[X, Z]. At the end of the renewal
phase, the company ends up with a portfolio risk Z,, which is close but
not identical to the planned Z. In this case, the limit relation (8.23) gives
a connection between the true contribution ESs[X, Z,] and the planned
ESs[X, Z]. The proof of (i) is due to the author.

Example 8.32 (A counterexample to (8.23) and (8.24)). To see that the con-
tinuity in part (i) and the representation as directional derivative from part (j)
don’t hold for all Z, consider on 2 = {0, 1} with P[{0}] = § the random variables
given by X (w) = w and Z(w) =0 for all w € Q. Define Z. =eX. Then Z, — Z
pointwise as ¢ — 0. Furthermore, ES5[X, Z] = E[X] = 1 — ¢ by independence, see
(f), ESs[X, Z:] = ESs[X, X] = ESs[X] = 1 for all € > 0 by scale invariance (g),
consistency (a), and Remark 8.14 using ¢5(X) = 0. Therefore, (8.23) is violated.
Since ES5[Z] = 0 and ESs[Z + £ X] = e ES5[X] = €, the directional derivative in
(8.24) equals 1 # 1 — 6 = ES;[X, Z], hence (8.24) is violated.

Proof of Theorem 8.530. (a) By Remark 8.29 and (8.12),

ESs(Z, Z] = E[Z fz] = ESs[Z].
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(b) By Remark 8.29, the scenario representation from Theorem 8.20(c), and
finally item (a),

ES[X, Z] = E[X f5] < sup E[X f] = ES;[X] = ES;[X, X].
fEFs

(c), (d) follow from Remark 8.29 and the linearity of the expectation.

(e) follows from Remark 8.29 and ESs[X, Z] = E[X fz] < E[Yfz] = ES;[Y, Z].

(f) By Remark 8.29, ES;[X, Z] = E[X f4] = E[X]E[f;] = E[X].

(g) Since ¢s(aZ) = agqs(Z), the definition (8.9) implies fo,z = fz. Hence, by
Remark 8.29,

ESs[X, aZ] = E[X foz] = E[X f2] = ESs[X, Z].

(h) For the first inequality use linearity (c¢) and monotonicity (e), for the
second one use Remark 8.29 and the upper bound 1/(1 — ¢) for the density fz.

(i) Since the proof is longer, let us first reduce the problem. Given X € £;(PP)
and € > 0, there exists by the dominated convergence theorem a constant M
such that the bounded random variable X. = X1 x|<p) satisfies E[|X — X.[] =
E[|X|L{x>nm;] <e. By the subportfolio continuity (h), it therefore suffices to
prove (8.23) for all bounded X € L£;(P).

To simplify the notation for the quantiles, define ¢ = ¢s(Z) and ¢, = q5(Zy,).
Without loss of generality we may assume that E[X1;,_,] = 0, because in the
case P[Z = q] > 0 we could, using cash invariance (d), switch to X' := X —a
with a = E[X |Z = ¢]. This simplifies (8.21). By linearity (c), we may restrict
our attention to those X € L1 (P) which are bounded by 1 — 4.

For € > 0, we now set up 7 > 0 and n. € N. By the right-continuity of the
distribution function of |Z — ¢|, there exists n > 0 such that

Pl0< |Z —q| <2n] <e. (8.25)

Define the abbreviations ¢~ = ¢ — 21 and ¢t = q + 2n. Since (7, )nen converges
to Z in probability, there exists n. € N such that

Pl|Z—-Z,>n <e for all n > n. (8.26)
and, by Lemma 8.6(a),
Gn > q—n for all n > n.. (8.27)
We will show below by considering the cases ¢, < ¢+ n and ¢, > q + 1 that
|ES5[X, Z,] — ES5[X, Z]| < 6e (8.28)

for every n > n.. Since € > 0 is arbitrary, (8.28) implies the desired result (8.23).
Note that E[[T14 — 15|] = P[AN B] +P[A°N B] for all A, B € A.
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Case I: The proof of (8.28) for the case ¢, > g + n is the easier one and

doesn’t use the additional assumptions given in (i). Note that
(1= B2,) E[Lz,24,}] = = PlZn < a0

1)
P[Z < Q] - ]P)[Zn < Qn]
P[Zéq,ZnZQn]§€

VANVAN

by (8.22) and (8.26). By partitioning {Z,, > ¢}, we obtain

=B
—t—
1-0<PZ, > qu] =P[Z >q, Zn > qu] + P|Z < q, Zpn > qul,
=A <e by (8.26)

hence P[A] > 1 — 6 — . Partitioning {Z > ¢} yields

1-6>P[Z>q|=PA+PZ > q, Z, < g,
—_——
=C

thus P[C] < e. Finally, using (8.21), E[X1{;_;] =0, and || X[l <1 -9,

|ESs[X, Zn] — ES5[X, Z]]

(8.29)

< (1= 82)E[1{z,—¢.}] +E[1{z,24.} — Lizsqyl] < 3,

<e by (8.29) =P[B]+P[C]

which proves (8.28) for the case ¢, > g + 1.

Case II: We will now prove estimate (8.28) in the case ¢, < g + 7 for the two
different assumptions given in Theorem 8.30(i). Define E = {Z > q, Z,, < qn}

and F' = {Z <q, Z, > qn}. Note that

PE|=Plg< Z <q", Zn < qu) +P[Z > q", Z,, < gn] < 2e.

<e by (8.25) <e by (8.26)

(8.30)

Case II(a): Let the assumption P[Z < ¢q] = ¢ be satisfied. By partitioning

{Z, < qn}, we obtain

0 < ]P)[Zn < Qn] = P[Z <q, Z, < Qn] —|—P[E],
N ——
=D

hence P[D] > § — 2¢ by (8.30). Partitioning {Z < ¢} yields
6 =P[Z < q] = P[D] + P[F],
thus P[D] < ¢ and P[F] < 2¢. Furthermore, using (8.30)

B2, B[iz,—41] =P[Zn < qn] =6 =P[D] +P[E] — § < 2¢.
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Finally, using (8.21), E[X1;7_n] =0, and [|X|[|ec <1 -0,
[ESs[X, Za] = BS5[X, Z][ < 82, E[1(z,=g)] + EllL{z,50,) = Liz5q)] <62,

<2 by (8.31) =P[E] +P[F] < 4e using (8.30)

which proves (8.28) for the Case II(a).
Case II(b): Let now X be a.s. constant on {Z = ¢}. Then E[X1,_»] =0
implies E[| X |1{7—¢ z,—¢,}] = 0 and E[|X[1{z_; 7,54,1] = 0. Therefore,

]EUXHI{Zn:qn}] E[‘X|1{Z¢szn:qn}]

1-6 1-6
<P[Z # ¢, Zn = ¢ (8.32)
<PO<|Z—q|<2n + P[|Z—q| >2n,Z, =qn) <2
<& by (8.25) <e by (8.26) and (8.27)
and
E[[ X|1r]

1-6
—Pl <Z<qZn>q)] +P[Z<q, Zn>qn) <20 (833

<e by (8.25) <e by (8.26) and (8.27)

Using (8.21), Bz, € [0,1], E[XTz_p] = 0, and | X|lw <1 -4,

E[X1(z,=0)] | E[X[Le] | E[X[Le] _ o
-5 ' 1-5 -5 =
<2 by (8.32) <2 by (8.30) < 2¢ by (8.33)

which proves (8.28) for the Case II(b).
(j) Let € > 0. By consistency (a), diversification (b) and linearity (c),

|ES5[X, Z,] — ES;[X, Z]| <

ESs[Z +eX]| =ESs|Z +eX,Z +eX]| > ESs|Z + X, Z] = ESs[Z] + e ES5[ X, Z],

hence
ESs[Z +eX] — ESs[Z]

e

Similarly,
ESs[Z) = ESs[Z, Z) > ESs[Z, Z + e X| = ESs[Z + e X] — e ES[X, Z + £X],

hence ES;[Z +eX] — ESs|Z
ESs[X, Z + eX] > o0l +€€]_ 2],

Since capital allocation for X by expected shortfall is assumed to be continuous
at 7,

ES,[X. 7] = im ESs[Z + eX] — ESs[Z] .
/

9

If e /0, apply this result for ¢/ = —¢ and X’ = —X and use — ESs[X’, Z] =
ESs5[X, Z] to obtain (8.24). O
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8.3.3 Calculation of Contributions in Extended CreditRisk™

%6 Let us now apply the idea of risk capital allocation by expected shortfall to the
credit portfolio loss L given by (7.14). We also want to calculate this allocation
within the extended CreditRisk* model. If E[L] < oo, then the definition (8.21)

gives

ES(S[Lg,iJmL] — [ 9,5,k {L>CI6(L)}] . _ﬂg [ 9,5k {L ‘M(L)}} (834)

as contribution attributed to obligor ¢ € {1,...,m} due to group g € G; and
risk k € {0,..., K} to the expected shortfall ESs[L]. Since L has a discrete
distribution, P[L = ¢5(L)] = 0 is impossible due to the definition of ¢s(L) in (8.1).
Note that, by consistency and linearity of the allocation given in Theorem 8.30(a)
and (c),

m K
ESs[L] = ESs[L, L] =Y > > ESs[Lgin, L.
i=1 geG; k=0
Since
E[Lg7i,kﬂ{L>q5(L)}] =E[Lgix] — ]E[Lgyiyk’]l{LSqa(L)}} ,
———
=Agwg,k E[Lg,i k1]
we need to compute E[Lg; x1¢1—p] for I € {0,1,...,¢5(L)}. This can be done

adapting a lemma by Tasche [54, Section 3.4], which is in turn a generalization
of a formula given in [50, Slide 9].

Lemma 8.33. For every obligor i € {1,...,m}, every group g € G; and total
loss | € Ny,

l
E[Lg,i0l {11y = Agwg,0 ZE[LQ,Z-,OJ]I{ Lyoa=v}] PIL=1-1] (8.35)

v=1

and, for every risk k € {1,..., K},

l
E[Lgixliz—y) = Mwgr Y ElLgikalir,, ,—v}) BT (11—, (8.36)

v=1

Remark 8.34. The algorithm presented in Section 7.7 calculates in a numerically
stable way the quantities P[L = [ — v] and E[A;1{;—;_,] used in the above lemma.
Note that the coefficients (by;)ien,, which originate from the expansion of the
logarithm and are given by (??), (??) and (?7?), are the same for both expressions.
For E[Ag1{7—;—,}] the coefficients (c;)en, given by (??7) and (??) and well as the
coefficients (dy)nen, given by (??) and (??) have to be recalculated.

56 This section has to be adapted to the new notation and the generalized setting.
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Remark 8.35. For every obligor 7 € {1,...,m}, every group g € G;, every risk
k € {0,..., K} and every group loss v € Ny, we get from Assumption 7.11

E(Lgikalin, el = >,  piPlLgjni =p;foralljegl, (837)
AT

which can be calculated directly from the input data in a numerically stable way,
because only non-negative numbers are multiplied and added.

(a) In the case g = {i}, which is in particular the case in the classical Credit-
Risk™ model (cf. Remarks 7.6 and 7.44), the result (8.37) simplifies to

]E[Lg7i7k71]l{Lg’k71:V}] =Vdg k- (838)

(b) If the group loss v is attributed in a deterministic way to its members as
described in Example 7.13, then

ElLgik1l(r, =v}) = Pgik(V) QG k- (8.39)
(c) Note that by the linearity of the expectation,
S _ —
vy =ElLgralir, =) = Y ElLgikalir, , ,—vl- (8.40)
i€g
If (Lg,ik1)icq are exchangeable (in particular when they are i.i.d.), then all

expectations on the right-hand side of (8.40) are equal and

v .
E[Lg,i’k’lll{Lg’m:,,}] = @q;kﬂ, for all 7 € g. (8.41)

Proof of Lemma 8.33. Fix arisk k € {0,..., K}, an obligor i € {1,...,m} and

a group g € G; which contains i. Recall that Ly = Zgif Ly kn by (7.10) and
note that Ly = 0 if Ny = 0. Furthermore, if L = [, then no single loss can
exceed [, in particular it suffices to consider [ > 1. Define M = L — L as the
sum of all losses coming not from group g due to risk k. For every p € N and
n e {1,...,u} define

o
Mu,n = Z Lg,k,r
r=1
r#n
as the sum of the first u losses of group g due to risk k, omitting the nth loss.
Then

00 I
E[Lgrlir—p] = Z E [ Z Lg,z’,k,n]l{Lzz,Ng,kzu}]
(8.42)

o
- Z Z E [Lgvi:kzn]l{[/:l,Ng’k:‘u,’Lgyk!n:V}] .
~—
={M+Myn+Lgkn=lNgr=p}
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It follows from Assumption 7.11 that the random vector (Lg; xn)icq together
with the sum Ly, of its components given in (7.9) is independent jointly from
M, M, and Ny, hence

E|:L97i7k7n]]'{M+M#,n+Lg,k;,n:l:Ng,k:.ung,k,n:V}]
=E[Lgirnly Lgyk,n:y}] PM+M,,=10—v,Nyp=p]. (843)

By Assumption 7.11, the loss vectors (Lg; kn)icg and (Lg;k1)icg have the same
distribution, hence we can replace n by 1 in the expectation on the right-hand
side of (8.43). The same assumption implies that M, , is independent from
(M, Ngy) and that My, 1,..., M, , are identically distributed, hence, for every

ne{l,...,u},
PM+ M,p=10—v,Ngp=p]=PM+M,, =1—-v, Ny =p. (8.44)

Consider now the case k € {1,..., K'}. By the conditional independence from
Assumption 7.25 and the conditional Poisson distribution from Assumption 7.24,

PM + M, , =1—v, Ngi = p

=RE[P[M + M, =1 —v|A1,...,Ap] P[Ny s = 1| Ag]] 5.45)
A\ .
= %E[AkP[M‘FM’u,u =1- v, Ng,k‘ =pH—= 1 |AkH7

={L=l-v,Ng =p—1}

where we used

as. ()\gwg,k’Ak)u

B[Ny = | A "

exp(—Agwg Ak)

a.s. )\gwg,kAk

P ]P)[Ng,k:M_HAk]

Substituting (8.43), (8.44) and (8.45) into (8.42) and noting that the sum over
n € {1,...,u} cancels with the denominator u, we obtain

0o l
E[Lgixliz=n] = Awer D D El[Lginalir, =) E[AT (1ot 0 N, = 1}]
p=1 v=1
l
= Agwyi > E[Lginalin, , =) E[AL o]

v=1

For the case k = 0 the calculation in the last paragraph is easier and left as an
exercise. 0

Remark 8.36. As we constructed NN;; as conditionally Poisson distributed
random variable, we have that P(N;, > n) > 0 for every n € N. Hence it is
possible that the risk contributions become greater than the maximal exposure.
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9 Application to Operational Risk

9.1 The Regulatory Framework

The quantification of operational risk of financial institutions gained importance
due to the regulatory prescriptions in column 1 of the Basel II accord for capital
requirements [7]. A profound introduction to the mathematical modelling of
operational risk can be found in McNeil, Frey and Embrechts [39, Chap. 10].

Operational losses occur frequently with low impact, but there are also rare
events with high impact such that their arrival can cause serious trouble for a
financial institution. Famous events that are subject of operational risk are the
bankruptcy of the British Barings Bank in 1995 and the terror attacks on the
World Trade Center in New York City on September 11", 2001.

Another characteristic that distinguishes operational risk from credit or market
risk is that there is no chance for profit. Operational risk comes along with any
process of a bank’s business despite of all efforts to avoid malfunctions.

The Basel committee allows three approaches with increasing complexity to
quantify a bank’s operational risk, namely

e the basic indicator approach (BIA),
e the standardized approach (SA),
e the advanced measurement approach (AMA).

The basic indicator approach and the standardized approach provide exact
formulae how to calculate the regulatory capital. In the advanced measurement
approach, the risk capital is determined by an internal risk measurement system
that needs to fulfill various criteria. For exact definitions of these approaches and
the criteria for an advanced measurement approach, consult the Basel committee’s
final document [7].

In these lecture notes we will focus on the mathematical and numerical
machinery to model and aggregate operational risk for an advanced measurement
approach. We therefore adopt the extended CreditRisk™ methodology from
Section 7 to this new kind of risk. The application of this methodology to the
problem of operational risk seems even more appropriate than the application to
credit risk: the modelling error caused by the approximation of a sum of Bernoulli
random variables by a Poisson random variable (cf. Theorem 3.23) is not an issue
for operational risk modelling, because the a priori use of Poisson distributions
in the setting of operational loss occurrences is more natural.

In the standardized approach eight business lines are defined:

1) Corporate finance 5) Payment & settlement

(1) (5)

(2) Trading & sales (6) Agency services (9.1)
(3) Retail banking (7) Asset management

(4) (8)

4) Commercial banking 8) Retail brokerage
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These business lines are supposed to serve as categories for an advanced mea-
surement approach as well. Furthermore, seven loss event types have to be
distinguished in an advanced measurement approach [7, p. 147]:

1) Internal fraud,

2) External fraud,

3) Employment practices & workplace safety,

5) Damage to physical assets,

6) Business disruption & system failures,

(1)
(2)
(3)
(4) Clients, products & business practice,
(5)
(6)
(7)

Execution, delivery & process management.

For an exact definition and the subcategories, we refer to the Basel committee’s
final document [7, Annex 9]. A bank that once has proceeded to an advanced
approach will not be allowed to revert to a simpler one without supervisory
approval—unless it does not fulfil the necessary criteria anymore and is therefore
forced to revert to a simpler approach in at least some of its operations.
Nonetheless, the motivation for an advanced measurement approach is obvious.
The formulae prescribed in the basic indicator and the standardized approach
use externally given values that can in general hardly reflect the very structure
of the respective financial institution. Internal models are potentially capable of
detecting risk and allocating risk capital where it is really required. An advanced
measurement approach can therefore lead to reduced risk capital requirements.
But the regulatory capital can not be reduced arbitrarily as an initial floor of
75% of the risk capital required by the standardized approach is dictated [8, p. 6].

9.2 Characteristics of Operational Risk Data

Whereas credit loss data of various kind and market data for nearly any desirable
security and rate is available for a long time horizon, there is only little data
available on operational risk. The estimation of frequent losses can probably
be managed using internal data, but for rare events causing high losses often
external data has to be used. Another difficulty of the statistical analysis of the
available data is a reporting bias coming from the increasing awareness of the
importance of collecting operational risk data.

Moscadelli [41] did an in-depth statistical analysis of operational loss data and
found several characteristics. In his analysis, estimated severity distributions are
heavy-tailed. Light- and medium-tailed distributions as the Gumbel distribution
or the lognormal distribution model the body of the severity distribution fairly
well but fail to fit the tails of the loss severities. The modelling of operational
risk therefore calls for the application of extreme value theory, cf. [16, 20] and
[39, Chap. 7].
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Moscadelli [41] even found that six business lines (among the eight mentioned
before) yield estimations of distributions with infinite mean. This fact has to
be considered if one wants to calculate risk measures (one would have problems
explaining expected shortfall with infinite mean of severities). In this case one
will have to use quantile-based risk measures such as value-at-risk. As long as
the data allows us, we will use coherent risk measures such as expected shortfall
in order to calculate risk contributions as a basis for the allocation of risk capital
to business lines as well as to operational loss event types.

9.3 Application of the Extended CreditRisk™ Methodology

57 We want to keep the notation in full generality for the case that one wants
to model more than the eight business lines and seven event types mentioned in
the Basel committee’s final paper. For the application to operational risk, we
basically have to reinterpret the notation used in Section 7:

e The number m of obligors turns into the number of business lines, m = 8
for the ones given in (9.1) is an appropriate choice.

e The basic loss unit E stays the same. The Basel committee allows the
negligence of operational losses below 10000 Euro when reporting for
internal data collection [7, p. 149], which motivates the choice E = 10000.

e The number K of non-idiosyncratic risk factors turns into the number of
loss types; K = 7 for the types given above is a possible choice, but a finer
subdivision is possible.

e The numbers a,% > 0 denote the relative variance of occurrences of losses of
type k € {1,...,K}.

e The collection G contains the subsets of all business lines which can incur
a loss due to the same event.

For every group g € G of business lines, we need
e the (one year) intensity Ay > 0 for being hit by an operational loss event,

e the conditional probability wy o € [0, 1] for an idiosyncratic operational
loss event not to belong to the types in {1,..., K}, of course wy o =0 is a
possible choice,

e the conditional probabilities wy j € [0, 1] for an operational loss event to be
of type k € {1,..., K},

e the multivariate probability distribution Qg1 = (qgku) peNg on NJ de-
scribing the severity of the stochastic losses of the business lines i € g in
multiples of the basic loss unit E in case an operational loss event of type
k €{0,..., K} hits the group g of business lines.

5T This section has to be adapted to the new notation and the generalized setting.
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The stochastic losses (within a year) get the following interpretation:

e L, given by (7.10) is the operational loss of the group g € G of business

lines due to common losses of type k € {0,..., K},

e L; given by (7.16) is the operational loss of business line i € {1,...,m}
due to loss type k € {0,..., K},

e L, given in (7.18) is the total operational loss of business line i € {1,...,m},
and

e L given by (7.14) is the total operational loss of the bank.

With the extended CreditRisk™ methodology it is therefore possible to quan-
tify operational risk consistent with the Basel committee’s requirements for an
advanced measurement approach. The probability-generating function of the
total operational loss can be evaluated in a numerically stable way and in the
case of finite-mean severity distributions, we can use expected shortfall and even
achieve a risk capital allocation to business lines as well as operational loss event
types. Our approach does not need any Monte Carlo simulations and therefore
proposes a quick analysis of the bank’s operational risk situation without the
stochastic simulation error.
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List of Abbreviated Distributions and Operations

e Beta(a, 3), beta distribution, see Definition 2.6

e BetaBin(a, 8, m), beta-binomial distribution, see (2.36)

e Bin(1,p), Bernoulli distribution

e Bin(m, p), binomial distribution, see (2.9)

e CLog(p, Q) := Compound(Log(p), @), compound logarithmic distribution
e CNegBin(a, p, @), compound negative binomial distribution, see page 68
e Compound(L(N),Q), general compound distribution, see (4.70)

o Convex((p;, Qi)ieq1,..k}), convex combination of distributions, see Example
4.9

e x, convolution, see Remark 5.1

e CPanjer(a, b, k, @), compound Panjer distribution, see Theorem 5.16
e CPoisson(\, @), compound Poisson distribution, see page 68

e Dirichlet(ayq,. .., aq), see Definition 4.26

e DirichletMultinomial(ay, . . ., ag, m), see Definition 4.30
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Gamma(q, 3), gamma distribution, see Subsection 4.4

Log(p), univariate logarithmic distribution, see Example 4.4

MBin(m, p1,...,pq), multivariate binomial distribution, see (4.94)
MLog(p1, - - ., pq), multivariate logarithmic distribution, see Definition 4.49

MPoisson(G, (Ag)geq,m), multivariate Poisson distribution, see Definition
3.42

Multinomial(1, p1, ..., pq), multivariate Bernoulli distribution, see Example
4.5
Multinomial(m, p1, ..., pq), multinomial distribution, see Example 4.19

NegBin(«, p), negative binomial distribution, see (4.61)

NegMult(a, p1, ..., pq), negative multinomial distribution, see Definition
4.52
Panjer(a, b, k), Panjer distribution, see Definition 5.9

Poisson(\), Poisson distribution, see Definition 3.1

Reading Assignments, Summer 2023

= I

10.
11.
12.
13.
14.
15.

Week (March 2): Until Lemma 2.12
Week (March 9): Until Remark 3.15

(

(
Week (March 16): Until Exercise 3.33
Week (March 23): Until the end of Subsection 3.4.2
Week (March 30): Only exercise presentations
Week (April 6): Until the end of Subsection 3.6.3

Week (April 27): Subsection 8.1 until Example 8.9, Subsection 8.2 until
Theorem 8.20(g) with proofs; Remark 8.19 was omitted.

Week (May 4): Remaining part of Subsection 8.2, Section 4 until Example
4.5

. Week (May 11): Continuation of Section 4 until Example 4.25

Week (May 18): Until the end of Subsection 4.5
Week (May 25): Until Definition 4.52

Week (June 8): Until Remark 5.19

(

(

(
Week (June 1): Until Exercise 4.62

(
Week (June 15): Until Theorem 5.30 (without proof)
(

Week (June 22): Proof of Theorem 5.30, Subsection 6.1
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Reading Assignments, Summer 2025

1.

2.

10.

11.

12.

13.

14.

15.

Week (March 5): Until Lemma 2.12

Week (March 12): Lecture online via Zoom, until Remark 3.15

. Week (March 19): Until Exercise 3.22, discussion of Exercises 2.2 and 2.3

. Week (April 2): Until Lemma 3.41, discussion of Exercises 2.7, 2.8, 2.9

. Week (April 9): No lecture

(
(
(
Week (March 26): Until Exercise 3.35, discussion of Exercises 2.4 and 2.5
(
(
(

Week (April 30): Subsections 3.5 and 3.6

. Week (May 7): Start of Section 8 until Example 8.9, discussion of Exercise

2.10 (and discussion about internships and job applications)

. Week (May 14): Subsections 8.2.1 and 8.2.3, discussion of Exercise 3.13

Week (May 21): Subsection 8.3 until the proof of Theorem 8.30(h), Section
4 until Remark 4.10

Week (May 28): Example 4.11 until Lemma 4.29, discussion of Exercises
3.19 and 3.20(a)

Week (June 4): Definition 4.30 until Example 4.39, discussion of the
remaining items of Exercise 3.20

Week (June 11): Footnote of Example 4.39 until the end of Section 4
(omitting Subsubsection 4.7.3), discussion of Exercise 3.21

Week (June 18): Section 5 until the statement of Theorem 5.30(a), discussion
of Exercises 3.30 and 3.31

Week (June 25):

Recent Changes

March 2021
e Remark 5.10 added for clarity.

April 2021

e Exercise 3.44, which proves Lemma 3.43, is given under additional assump-

tions. The full proof is added as Exercise 4.33.

e Remark 3.51 is added.
e Lemma 4.15 is added.
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e Subsection 4.2 is introduced, Examples 4.24 and 4.25 as well as Definition
4.26, Remark 4.27, Exercise 4.28, Lemma 4.29, Definition 4.30 and Exercise
4.31 are added.

e Subsection 4.3 extended, Example 4.32 shifted to it.

e List of abbreviated distributions started.

May 2021
e Example 4.9 is added.

e Subsection 5.1 is new, consisting mainly of material contained previously
in Subsection 5.2. Remark 5.1, Algorithm 5.2 and Example 5.3 are revised,
Exercise 5.4 is added.

e Remark 5.31 and Exercise 5.33 are added.

e Section 6 is added, starting with stochastic rounding which was previously
contained in Subsection 7.2.
May 2022
e Subsection 4.2 is subdivided.

e Exercise 4.50(b) with more explicit covariance matrix.

e Corollary 4.61 and Exercise 4.62 are added.

May 2023
e Theorem 5.6(a) with proof is added.

e Remark 5.7(c) and corresponding entries in Table 5.1 are added.
e Remark 5.17 is added.

March 2025

e Subsection 3.2 is extended by two calibration methods.

e Subsubsection 3.4.1 is revised for a better coverage of bounds for biased
Poisson approximations.

April 2025
e Exercise 2.1 and its application (2.28) are added.
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beta distribution, 12
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binomial distribution
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construction of general
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estimate for quantiles, 154

L
Laplace transform
gamma distribution, 63
law determined, 157
law invariance, see law determined
law of total covariance, 43
law of total variance, 43
Lejeune Dirichlet, Peter Gustav, 58
linearity



of contribution to expected
shortfall, 164
Lipschitz constant, 22
definition, 22
Log(p), see logarithmic distribution,
univariate
logarithmic distribution
extended
definition, 96
ExtLog(2,1), 104
numerical instability, 96
Panjer class, 96
weighted convolution, 103
multivariate
aggregation property, 74
covariance matrix, 74
definition, 73
expectation, 74
factorial moment, 74
generating function, 74
permutation property, 74
probability mass function, 73
variance, 74
normalising factor, 47, 73
univariate, 79
and Poisson distribution, 69
definition, 47
expecation, 52
factorial moment, 52
generating function, 47
initial value, 93
numerical stability, 93
Panjer class, 93
variance, 52
loss event types
operational risk, 173
lower bound
default cause intensity, 124
lower quantile
definition, 152
semicontinuity, 153

M
marginal distribution
stochastic rounding, 105
marginal distribution of
multinomial, 77
one-dimensional, 55

multivariate binomial distribution,

78

negative multinomial, 76
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MBin(m, p1, - ..,pq), see multivariate
binomial distribution

measure
biased, 14
method
Stein—Chen, 34
metric

for probability measures, 19
Kolmogorov—Smirnov, 21, 28, 29
total variation, 20
Wasserstein, 22
metric space
separable, 22
minimization property
of expected shortfall, 158, 163
economic interpretation, 159
mixture distribution
in extended CreditRisk™, 117
MLog(p1,---,pa), see logarithmic
distribution, multivariate
model
Bernoulli, 5
general mixture, 7
one-factor mixture, 15
Poisson, 16
general multivariate mixture, see
Poisson mixture model,
multivariate
one-factor mixture, 45
moment
beta distribution, 12
factorial, 51
beta-binomial distribution, 13
binomial distribution, 7
logarithmic distribution, 74
negative binomial distribution,
66
negative multinomial
distribution, 76
Poisson distribution, 16
uniform Bernoulli mixture, 11
univariate logarithmic
distribution, 52
from factorial moments
multivariate, 53
univariate, 13
gamma distribution, 63
moment-generating function
gamma distribution, 63
monotonicity
expected shortfall, 158



of contribution to expected
shortfall, 164
MPoisson(G, A\, m), see Poisson
distribution, multivariate
multi-period extension
extended CreditRisk™, 112
Multinomial(1, -), see Bernoulli
distribution, multivariate
Multinomial(m, -), see
multinomial distribution
multinomial coefficient, 55, 75
multinomial distribution
aggregation property, 56
covariance, 56
definition, 54
expectation, 55
generating function, 55
marginal distribution, 55, 77
Multinomial(1, py, ..., pa4), 47
permutation property, 56
probability mass function, 55
summation property, 56
variance, 55
multinomial theorem, 55
multiplication theorem for generating
functions, 53
multivariate beta function, 11
multivariate binomial distribution
aggregation property, 78
covariance, 78
definition, 77
expectation, 78
generating function, 77
marginal distribution, 78
permutation property, 78
summation property, 78
variance, 78
multivariate distribution
Bernoulli, see Bernoulli
distribution, multivariate
binomial, see multinomial
distribution
logarithmic, see logarithmic
distribution, multivariate
multivariate binomial, see
multivariate binomial distribution
negative multinomial, see
negative multinomial distribution
Poisson, see Poisson distribution,
multivariate

multivariate Poisson distribution, see
Poisson distribution,
multivariate

multivariate Poisson mixture model, see
Poisson mixture model,
multivariate

mutual singularity

total variation metric, 20

N
negative binomial distribution, 79
combinatorial interpretation, 65
compound, 68, 79
generating function, 68
summation property, 71, 80
compound Poisson, 69
definition, 64
expectation, 65
extended
definition, 94
ExtNegBin(a — 1,1,1), 102
generating function, 96
numerical instability, 101
numerically stable algorithm, 103
Panjer class, 95
weighted convolution, 101
factorial moment, 66
generating function, 65
derivatives, 66
initial value, 92
interpretation, 69
numerical stability, 92
Panjer class, 92
summation property, 66
variance, 65
negative correlation
of default cause intensities, 127
negative multinomial distribution
aggregation property, 76
combinatorial interpretation, 75
covariance, 76
definition, 75
expectation, 76
factorial moment, 76
generating function, 75
marginal distribution, 76
permutation property, 76
probability mass function, 75
summation property, 76
variance, 76
NegBin(a, p), see



negative binomial distribution
NegMult(c, p1,- .., pa), see
negative multinomial distribution
norm
total variation, 24
normal approximation, 33
normalization of default causes, 127
sufficient conditions, 127
number of defaults
notation, 118
numerical instability
binomial distribution, 93
example, 101
extended logarithmic distribution,
96
extended negative binomial
distribution, 101
numerical stability
logarithmic distribution, 93
negative binomial distribution, 92
Poisson distribution, 91
numerically stable algorithm
extended negative binomial
distribution, 103

(0]
obligor with guarantee, 123
one-factor Bernoulli mixture model, see
Bernoulli model
operational risk, 172
advanced measurement approach,
172
basic indicator approach, 172
business lines, 172
data, 173
loss event types, 173
regulatory framework, 172
standardized approach, 172

P
Panjer(a, b, k), see Panjer class
Panjer class
binomial distribution, 92
characterisation, 89
definition, 88
extended logarithmic distribution
definition, 96
extended negative binomial
distribution, 95
logarithmic distribution, 93
negative binomial distribution, 92
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Poisson distribution, 91
truncation, 89
uniqueness, 89
Panjer recursion, 90
choice of ¢,, 91
computational speed-up, 90
for truncated distribution, 100
generalization, 97
proof, 98
historical remark, 97
parallel computing, 90
proof, 98
starting value, 92
technical assumption, 90
partial order on N, 81
partition of unity, 106
partitions of a set, 13
permutation property, 50
multinomial distribution, 56
multivariate Bernoulli distribution
48
multivariate binomial distribution,
78
multivariate logarithmic
distribution, 74
negative multinomial distribution,
76
personal liability insurance, 113
px, see generating function
Poisson(-), see Poisson distribution
Poisson approximation, 26, 33
heuristics, 54
Poisson distribution, 16, 79
calibration, 18
characterization, 34
compound, 68, 79
covariance, 81
expectation, 81
generating function, 68
summation property, 71
variance, 81
conditional
of default numbers, 124
expectation, 17
factorial moment, 16
gamma-mixture, 64
generating function, 46
infinite divisibility, 17
initial value, 91
multivariate

9



compound Poisson distribution,
71
covariance, 40
definition, 39
expectation, 40
generating function, 60
independent components, 40
infinite divisibility, 40
summation property, 39
numerical stability, 91
Panjer class, 91
probability mass function, 16
Raikov’s theorem, 18
summation property
univariate, 17
variance, 17
Poisson intensity
for risk group in extended
CreditRisk™, 116
in extended CreditRisk™, 117
Poisson mixture model
multivariate, 41
construction, 41
covariance, 44
expectation, 42
variance, 45
one-factor mixture, 45
uniform, 45
Poisson model, 16
Poisson summation theorem
multivariate, 39
proof, 17
univariate, 17
proof, 54
polydisk, 46
portfolio continuity
of contribution to expected
shortfall, 165
positive homogeneity
expected shortfall, 158
positive semidefinite matrix, 128
approximation, 128
probability distribution, see distribution
probability mass function
binomial distribution, 7
Dirichlet-multinomial distribution,
60
logarithmic distribution
multivariate, 73
univariate, 47
multinomial distribution, 55
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negative binomial distribution, 64
negative multinomial distribution,
75
Poisson distribution, 16
truncated distribution, 89
probability measure
biased, 14
metric, 19
pseudometric, 19
probability-generating function, see
generating function
profits and losses, 113
pseudo risk factor, 126
pseudometic
for probability measures, 19

Q
quantile, 152

continuity, 153
estimate with Kolmogorov—Smirnov
metric, 154
extended CreditRisk™
calculation, 155
smoothing, 155
lower
definition, 152
semicontinuity, 153
upper
definition, 152
semicontinuity, 153
quantile representation
expected shortfall, 159

R

Raikov’s theorem, 18

random default probabilities, 7

random matrix, 43

random Poisson intensities, 41, 42, 45

random sum
conditional covariance, 67
conditional expectation, 67
conditional variance, 67
covariance, 67
expectation, 67
generating function, 67
variance, 67

RandomSum, 66

reduced form model, 5

references, 179

regulatory framework
operational risk, 172



risk capital
allocation by expected shortfall,
163
risk factor, 113
gamma distribution, 126
pseudo, 126
risk group, 114
assumption, 114
default probability, 134, 135
consistency, 135
defaults
dependent, 115
hindering, 115
losses
comonotone, 122
deterministic subdivision, 120
independent, 121
mixture distribution, 123

S
scale invariance
of contribution to expected
shortfall, 164
scaling property
Wasserstein metric, 24
scenario representation
expected shortfall, 158
semicontinuity
lower quantile, 153
upper quantile, 153
separable metric space, 22
set
number of partitions, 13
o-additivity, 24
simplex
discrete, 83
smoothing of quantile, 155
standardized approach, 172
starting value
Panjer recursion, 92
arithmetic underflow, 92
Stein equation, 35
solution, 35
estimate, 36
Stein—Chen method, 34
Stirling numbers
second kind, 53
definition, 13
stochastic claims reserving, 113
stochastic losses
multivariate distributions, 114

notation, 118
stochastic rounding, 105
correlation, 107
covariance, 105
expectation, 105
independence, 105, 107
marginal distribution, 105
variance, 107
structural model, 5
sub-additivity
expected shortfall, 158
subportfolio continuity
of contribution to expected
shortfall, 164
sum of random variables
expectation, 9
variance, 9
summation property
binomial distribution, 56
gamma distribution, 62
multinomial distribution, 56
multivariate binomial distribution,
78
negative binomial distribution, 66
compound, 71, 80
negative multinomial distribution,
76
Poisson distribution
compound, 71
multivariate, 39
univariate, 17
susceptibility, 114
assumption, 114

T

theorem
Berry—Esseen, 33
multiplication

for generating functions, 53
total covariance, 43
total variance, 43
total variation, 26
norm, 24
total variation metric, 23
definition, 20
mutual singularity, 20
representation with densities, 23
upper bound, 20
variational characterization, 32
translation invariance



contribution to expected shortfall,
164
expected shortfall, 158
truncated distribution
definition, 89
Panjer class, 89
Panjer recursion, 100

U
underflow, 92
uniform distribution, 9, see also beta
distribution, 156
uniform portfolio, see
Bernoulli mixture model
upper quantile
definition, 152
semicontinuity, 153

A%
value-at-risk, 152
conditional, see expected shortfall
extended CreditRisk™, 155
smoothing, 155
not subadditive, 154
example, 155
Var(-|-), see variance, conditional
Var(+), see variance
variance
Bernoulli distribution, 6
multivariate, 48
Bernoulli mixture model, 10
general, 10
one-factor, 15
uniform, 10
beta distribution, 12
beta-binomial distribution, 13
compound Poisson distribution, 81
conditional, 43
conditional compound Poisson
distribution, 81
default cause intensities, 126
gamma distribution, 63
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law of total, 43
multinomial distribution, 55, 78
multivariate logarithmic
distribution, 74
negative binomial distribution, 65
negative multinomial distribution,
76
of sum of random variables, 9
Poisson distribution, 17
multivariate, 40
random sum, 67
stochastic rounding, 107
univariate logarithmic distribution,
52
via generating function, 52
variational characterization
total variation metric, 32
Vasershtein metric, see Wasserstein
metric

W
Wald’s equation, 67
Wasserstein metric, 23, 26
and weak convergence, 23, 25
bounds, 22
definition, 22
estimate for expected shortfall, 162
scaling property, 24
well defined, 22
weak convergence
and Wasserstein metric, 23, 25
weighted convolution
extended logarithmic distribution,
103
extended negative binomial
distribution, 101

X
Y

Z

Zorn’s lemma, 24
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