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Application of the product rule results in:

dX () =d(Z({t)- Y (@)=Z(t)-dY #)+Y (t)-dZ (1) +d(Y. Z),

~Z()- (-ZJ@ (a ) — ;Sj ()0 (t)) dt

1« .
10 j};loj (t) dWV; (t))

+Y (@)-Z(t)(A@) dt+S@E)Y V(1) + S -Z(t)- ZL(t)U (t) dt

=(a(@)+AQR)- X (@) dt+ (X ({#)-S@t) +o(t)) dW(t).

Hence, X (1) solves the stochastic differential equation (2.11).

iii) Let X (t), X(t) be two solutions of the stochastic differential equa-
tion. Then

Xt)=X@)-X(1)

solves the homogeneous eguation

dX (t)

It

X (t) (A (t) dt + Zm: S; (t) dIV; (t)),

i=1
X (0)=0.

But by i) we then have X () = 0 for all ¢ > 0 P-almost surely.
O

2.2. Trading Strategy and Wealth
Process

Now, after the introduction of Ito calculus we are able to model stock prices
with time dependent. random rates of return and volatilities. This will be
the basis of all following continuous-time market models.
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Bt

General assumptions:

Let (2, F, P) be a complete probability space. We assume that there
is an m-dimensional Brownian motion {(1V (), Ft)}iejo.oc) defined
on that space. The dynamics of the bond and stock prices will be
modeled according to

0

t
By (t) =po-exp ( 7 (s) ds) “bond”

t

a(t)=p,-exp(f (bi(s)—%iof, (s)) ds

0 =1

P
+> / 0y (5) dIV (s)) “stock”
J=1 0

for t € [0,T],T > 0,7 = 1,....d. The functions r(t), b(t) =
(b1(t), ..., ba(t))', a(t) = (0i;(t))s; should all be progressively mea-
surable processes with respect to {F;}; which are component-wise
uniformly bounded in (¢,w). Further, we assume o(t)o(t) to be uni-
formly positive definite (i.e. there is a positive constant K > 0 with
2'o(t)o(t)'z > Kx'z for all x € R? and all t € [0.T] P-a.s.).

By Theorem 2.54. variation of constants, these prices are the unique
solutions of the following stochastic differential equations (note that the
above boundedness assumptions on r(t). b(t), c(t) ensure the applicability
of Theorem 2.54):

dPy (t) = Fo (t) - r () dt
Fy (0) = po “bond”

dP, (t) = P, (t) (bz- (&) dt+ ) oy, (t) dIF; (t)), i=1,...d

j=1
P (0) =p, *stock™

In particular, these equations give us the representations of the prices as Ito
processes.

Remark. Note that in the above general assumptions we have not required
a deterministic rate of rcturn r(¢) of the bond. This rate r(t) is allowed to
be a stochastic process. Thus, the bond is no longer riskless. However, by
the boundedness assumption on 7(t). the risk involved in the bond price is
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much smaller than that of the stock prices which are driven by Brownian
motions.

Possible actions of the investors. After having modeled the prices we
shall now model the actions of the market participants. Here. we assume
that the investor has the following possibilities of actions:

(1) He can rebalance his holdings, i.e. he can sell some securities and
invest the money in other securities. This action will be modeled
by the portfolio process or by the trading strategy.

(2) He is also allowed to consume parts of his wealth which will be
incorporated in our setting by the consumption process.

2.2.1. Requirements on a market model. We now collect some require-
ments that should be valid in a realistic market model:

(1) The investor should not be able to foresee events: especially. he is
not allowed to have knowledge of future prices.

(2) The actions of a single investor should not have any impact on the
stock prices: this is the so-called small investor hypothests.

(3) The investor is endowed with a fixed initial capital at time ¢ = 0.
Of cowrse, different investors can have different endowments.

(4) Money which is not invested into stocks has to be invested in bonds.

(5) The investors have to act in a self-financing way. i.e. each change
in their wealth is due to gains or losses from investment and /or
consumption. There is no secret source for new money, but also no
secret sink where it can vanish.

We make some further assumptions which will prove to be very convenient
for the developinent of the theory:

(6) The securities are perfectly divisible.

(7) Negative positions in securities are possible. A negative position
in the bond will be interpreted as a credit. A negative stock po-
sition means that we have sold some stock short, i.c. we have sold

shares that we do not possess and thus owe these shares to another
investor. Of course, they have to be delivered later.

(8) Rebalancing of the holdings does not lead to transaction costs.

Negative bond positions and credit interest rates. If the interest
rate r(t) is constant. then the possibility to have a negative bond position
means that it is possible to borrow money for the same rate as we wonld
get for investing in bonds. For some institutions this situation is indeed
close to reality. In our wnarket model the interest may depend on the market



2.2. Trading Strategy and Wealth Process 59

situation (i.e. on (f,w) € [0,7] x ), but not on the fact that we have a
positive or a negative bond position.

Mathematical realizations of some requirements. We recapitulate
that our market consists of a bond and d stocks. The initial capital of
the investor is x > 0 (requirement (3)). Now at time ¢ = 0 he can buy a
selection of securities ¢ (0) = (y20(0).v1(0). ... £4(0))" where 4;(0) denotes
the number of shares of security ¢ held at time t = 0. Siilarly, the com-
ponents of the vector ¢(t) = (@o(t), p1(t). ... pa(t)) denote the numbers of
shares of the different securities held at time ¢. This vector process (t) is
called a trading strategy. Requirement (1) forces the trading strategies to
be progressively measurable with respect to {#};. Decisions on buying and
selling always have to be made on the basis of the information available at
time ¢, and this is modeled by {F};. Requirement (5) implies that only
self-financing trading strategies should be used. This will be made more
precise in the following definitions.

A discrete-time example of a self-financing trading strategy. In
the continuous-time model we shall define a self-financing, trading strategy
bv a requirement which at first sight does not seem to be very intuitive.
Therefore this requirement will be motivated by the following discrete-time
example.

Now consider a market consisting of une stock and a riskless bond. We
look at a two-period model given by the time points t = 0,1, 2. The vector
(wo(t),¢1(t)) denotes the numbers of shares of bond and stock held at time
t. respectively. As we allow negative positions and perfectly divisible assets.
vo(t) and 1(f) can attain every arbitrary real number. Let C(t) be the
consumption of the investor at time ¢ where we assume C(0) = 0. X(¢)
denotes his wealth at time ¢, X(0) = r his initial capital. Py(t), Pi(t) are
the bond and stock prices at time t. respectively.

At time t = 0 the investor uses his initial capital to buy shares of bond
and stock, i.e. we have

X (0) =x=y0(0)- Py(0) 41 (0)- P (0).

At time t = 1 the security prices have changed and the investor consumes
parts of his wealth. Thus his current wealth is given by

X(1)=v0(0)- Po(1) +¢1(0)- AL (1) - C(1).
In total we have
X)) =r+v(0)- (Po(1)—Fo(0)+¢1(0)- (A (1) — A (0)) —C (1),

i.e. his wealth at time ¢ = 1 equals his initial wealth plus gains or losses from
the price changes of stock and bond minus consumption. Further. at that
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time, the investor is allowed to rebalance his remaining holdings. However,
we must have

X =wo(1)-Bo(1)+ 1 (1)- (1)
as the investor is required to invest his whole remaining capital at the mar-
ket. Similarly, at time ¢ = 2, we have

(2.15) X(2)=v0(2) - Fo(2)+¢1(2)-P1(2),

and further

2
(216) X(2)=z+ Y _[woli — 1) (Po(i) — Poli — 1))

=1
2
+ea(i = 1) - (Pi(i) - Pii— 1)) - Y C(d).
=1

In the discrete-time model the condition characterizing a self-financing trad-
ing strategy can be formulated as: “wealth before rebalancing minus con-
sumption has to equal wealth after rebalancing”. i.e.

(2.17) o (¢) - Po (i) + 1 () - P (4)
=wo(i—1)- Po (i) +¢1 (i — 1) - A (i) — C(4).

In a continuous-time setting, such a requirement makes no sense as we can
trade securities at each time instant. In particular, it is impossible to dis-
tinguish between “before™ and “after” at the same time instant. Instead of
requirement (2.17) we take the approach to define the wealth process corre-
sponding to the strategy ¢(t), namely X (), via equation (2.15) (i.e. “wealth
= total wealth of the shares held”). Equation (2.16) will then be used to
define a self-financing trading and consumption strategy where we shall of
course replace all sums by the corresponding integrals. This suggests the
requirement

X(t)= r+/¢0 (s) dPo (s) +/<,:1 (s) dP; (s) —/c(s) ds.
0 0 0

Note that the price processes are Itd processes. This leads to natural condi-
tions on the 2,(s) to ensure existence of the integrals (see Definition 2.55).

Our considerations so far will now be made precise from a mathematical
point of view.

Definition 2.55. (1) A trading strategy » is an R 1-valued progres-
sively measurable process with respect to {Fi}iejor)

v (1) == (po (£) .1 (&), -y 2ua (t))
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satisfying
T
(2.18) f lwo (t)| dt < oo a.s. P.
0
d T
(2.19) Z/ (gi)-Bi(t)? dt <ocas. Pfori=1,..,d.
j=1"0

d
The value z := Y ; (0} - p; is called initial value of .

=0

(2) Let ¢ be a trading strategy with initial value z > 0. The process

d
X(t) =) wilt)Pi(t)
i=0

is called wealth process corresponding to ¢ with initial wealth z.

(3) A non-negative progressively measurable process ¢(t) with respect
to {ft}tE[O.T] with

T
(2.20) / c(t) dt < > as. P
0

is called a consumption rate process (for short: consumption pro-
cess).

Definition 2.56. A pair (i, ¢) consisting of a trading strategy ¢ and a con-
sumption rate process c is called self-financing if the corresponding wealth
process X(t). t € [0,T], satisfies:

d F i

(2.21) Xt)= xr+ Z] @i (8) dP;(s) — / c(s) ds as. P.
1=0 V0 0

“current wealth” = “initial wealth” + “gains / losses” — “consumption™

Remark 2.57. We have
t t
/ 20 (s) dPy(s) :/ vo (8} Pa(s)r(s) ds
0 0

4 i
[ @ ane) = [ w6 Bb(s) ds
0 0

+Z/ vi (8) P (s) oy (8) dW(s), i=1,..,d.
=170

The conditions (2.18), (2.19) and (2.20) in the definitions and the bound-
edness requircments on 7, b and ¢ thus ensure existence of all the integrals
occuring on the right-hand side of equation (2.21).
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Definition 2.58. Let (¢.c) be a self-financing pair consisting of a trad-
ing strategy and a consumption process with corresponding wealth process
X(t) > 0 P-as. for all t € [0,T]. Then the R%valued process

e (t)- Fi(t)
X (8

is called a self-financing portfolio process corresponding to the pair (i, c).

7 (t) = (m (&) .cnmq (), t € [0. T) with n; () =

Remark 2.59. (1) The portfolio process denotes the fractions of total
wealth invested in the different stocks. Therefore, the fraction of
wealth invested in the bond is given by

(1—n@)1) =*° ? (5" ®) where 1:=(l...,1) e R’

(2) Given the knowledge of the wealth X (t) and the prices P;(t). it is
possible for an investor to describe his activities via a self-financing
pair (7, ¢). More precisely. in this case portfolio process and trading
strategy are equivalent descriptions of the same action.

The wealth equation. The description of the trading activities by the
portfolio process enables us to derive a simple stochastic differential equation
for the wealth process. Let therefore (2. ¢) be a self-financing pair consisting
of a trading strategy and a consumption process. By additionally using
Definition 2.58 we have

d
dX (1) =) i (1) P (1) — c(t) dt
i=0

= o (t) By(t) r (f) di+

Zw (t) P; (t) (b (t) dt+ZazJ dn; ()) —c(t) dt

J=1
=(1-m(t)1) X (@) r(t) dt

+ZX (t) m; (t) (b () dt+Zcr,J (t) dIi;, )) —c(t) dt

Jj=1

=(1—-w@)' 1) X (t)r(t) dt
+X @) (@) b(t) dt+ X (t)w(t) o(t) dV (t) —c(t) dt

We thus obtain the wealth equation
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(2.22) dX (t) = [r(t) X (1) — c(t)] dt
+X®) @) ((b(t) —r(t) 1) dt+o(t) AWV (1))

By Theorem 2.51, the variation of constants formula. this stochastic
differential equation has a unique solution given some suitable integrability
requirements for 7 (t). Asb,r,o are uniformly bounded and as the consump-
tion process ¢ satisfles requirement (2.20). we only need the condition

T
(2.23) / 72 (f) dt <o as. P
0

for i = 1.....d to ensure uniqueness and existence of the solution of the
stochastic differential equation (2.22).

Now we are able to give an alternative definition of a portfolio process.
We describe it as the process of the fractions of wealth invested in the
different. assets without referring to a trading strategy.

Definition 2.60. The progressively measurable R-valued process m(t) is
called a self-financing portfolio process corresponding to the consumption
process c(t) if the corresponding wealth equation (2.22) possesses a unique
solution X () = X™°(¢) with

T
(2.24) /(X (t)-m () dt < 00 as. Pfori=1,..d
0

Remark 2.61. The condition (2.21) on the portfolio process and the wealth
process is indeed exactly the integrability condition (2.19) on the trading
strategy and the price processes. If the portfolio process satisfies condition
(2.23) then continuity of the corresponding wealth process yields that condi-
tion (2.24) is satisfied, too. Thus, condition (2.24) is weaker than condition
(2.23). Note further that if there is no consumption, then condition (2.23)
implies strict positivity of the wealth process. This can be seen by look-
ing at the explicit form of the solution of equation (2.22) under assumption
(2.23). However, condition (2.24) allows for portfolio processes that can lead
to the ruin of the investor (i.e. it allows X(¢) = 0 for some t € [0, T} or even
negative values of X (¢)). This will be of relevance in connection with the
replication approach to option pricing.

Definition 2.62. A self-financing pair (y, ¢) or (, ¢) consisting of a trading
strategy i or a portfolio process 7 and a consumption process ¢ will be called
admissible for the initial wealth x > 0. if the corresponding wealth process
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satisfies
X(t) > 0as. Pforalltel0T]

The set of admissible pairs (7, c) will be denoted by A(z).

An example. After having presented so many theoretical definitions we
now look at a seemingly simple example. Consider a constant portfolio
process and a consumption rate that is proportional to the current wealth

7 (t) = 7 € R? constant, ¢ (t) =~ - X (t),

with some 7 > 0. X(t) being the wealth process corresponding to (r,c).
Hence, the investor rebalances his holdings in such a way that the fractions of
wealth invested in the different stocks and in the bond remain constant over
time. Further, the velocity of the increase in consumption ( “the consumption
rate™) is always proportional to the current wealth of the investor. Please
note that although 7 (#) remains constant over time. the investor has to trade
at each time instant as the stock prices change at each time instant and of
course each in a different way. The wealth equation corresponding to this
example has the form

dX (1) = (r(t) — 1) X (t) dt + X (t) 7' ((b(t) — r (1) 1) dt +o () dIV (1))
X(0) = 0.

By Theorem 2.54, “variation of constants”, this results in a wealth process
of

t
X(t) = z-exp ( / [r(s) =2+ (b(s) = r(s)- 1) ~ § o (s)||"] ds
0

t
+/7r'0(s) du'(s)).

0
In particular, X (t) is strictly positive and we have (,c) € A(z). So if the
investor wants to avoid bankruptcy such a strategy is a good one. It will
also prove to be optimal from other viewpoints (see Chapter 5).

2.3. Properties of the Continuous-Time
Market Model

In this section, we shall concentrate on the special case of d = m. Hence.
the dimension of the underlving Brownian motion equals the number of
stocks. We shall restrict ourselves to the case that past and present prices
are the onlv sources of information for our investors. Mathematicallv. we
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shall model this by choosing the Brownian filtration as {F;}:cj077. We are
particularly interested in the set of all final wealths X (T') that we can attain
when starting with an initial capital of £. The surprising result will be that
every final wealth X (7)) can be generated given a sufficient initial capital of
xX.

L - e A Py 20 B 2D I Bk SRR e Wyt Ram=

General assumption for this section: I

! d=m j

L—- t TR WY IR BB PV L VDEANBGOIA: BN P ERR O s A I T s R

First we need some notation:

e YV BN e e o B AT KRB B s IV RE WD S TROPE WA Wwr] SR RABMEIM LA 0 B SN B T W @ 'v—-y"-.}
'

Notation:

7 (t) == exp (— f r(s) ds)

6 (t):==o (1) (gt(t) —r(t) 1)

Z(t) = exp (——{9 (s) dIV (s) — %0f||9(s)||2d3)
H(t):=~()-Z(t)

ings PuPFal WP ar 5 TR B A A Snw ol ATE PN M A e N VR kil AT RSN B . o TR Ml T € F NN SR s . VRSN L. ¥

Please note that the uniform boundedness of b and 7 together with
the uniform positive definiteness of oo’ imply the uniform boundedness of
16(t)[|2. 6(t) might be interpreted as a kind of relative risk premium for stock
investment. The process H(t) will play a crucial role in connection with
option pricing. Note that H(t) is positive. continuous. and progressively
measurable with respect to {Fi},cpo.7). Further, it is the unique solution of
the stochastic differential equation

(2.25) dH (t) = —H (t) (r (t) dt + 6 (¢) d1V (1)).
H(0) = 1.

Note that (2.25) is the It process representation of H(t).

The following theorem can be regarded as one of the main theorems
presented in this hook. It shows a remarkable property of the market model
in the case d = m.

Theorem 2.63 (Completeness of the market). (1) Let the  self-
financing pair (7, ¢) consisting of e portfolio process m and o con-
sumption process ¢ be admissible for an initial wealth of x > 0. i.e.
we have (7.¢) € A(r). Then the corresponding wealth process X (t)
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satisfies
¢
E{H ()X (t)+ /H(s)c(s) ds | <z forallt € [0,T].
0

(2) Let B > 0 be an Fr-measurable random variable and c(t), t € [0.T],
a consumption process satisfying

T
r:=F H(T)B+/H(s)c(s) ds | < x.
0

Then there exists a portfolio process w(t). t € [0.T]. with (n,c} €
A(x) and the corresponding wealth process X (t) satisfies

X(T)= B as. P.

Implications of Theorem 2.63. In view of part (1) the process H(t)
can be regarded as the appropriate discounting process that determines the
initial wealth at time £ =0

T
E /H(s)-c(s)ds + E(H (T) - B)
0

which is necessary to be able to attain future aiins (such as living according
to a given consumption process or obtaining a wealth B at time t = T).
Thus, part (1) puts bounds on the desires of an investor given his initial
capital £ > 0. Part (2) proves that future aims which are feasible in the
sense of part (1) can indeed be realized. Part (2) thus says that each desired
final wealth in t = T can be attained exactly via trading according to an
appropriate self-financing pair (7, ) if one possesses sufficient initial capital.
This property of our model will be called completeness and we shall talk of
a complete market.

Proof of Theorem 2.63.

(1) Let (w,c) € A(z). Application of the product rule. Corollary 2.53, to
H(t) - X(t) vields (note the explicit forms of the wealth equation (2.22) for
X () and the stochastic differential equation (2.25) for H(t)):

@m)Hayxm+/H@n@Ms

{

0
t _ t
=.1‘.+0/H(s) dXs+~./X(S) dH(s)+(X,H),+‘O/H(s)c(s) ds
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=r+ / H(s)X(s) [r(s) + n(s) (b(s) — r(s) - 1) — 7(s)
0
—n (s) o (s) 6 (s)] ds+/H (5) X (s) [ (s) o (s) — B (s)] AW (s)
0
=z +/H (s) X (s) [ (s) o (s) — 0(s)] ¥ (s).
0

Due to (n.c) € A(x) the left-hand side of equation (2.26) is non-negative.
Hence. by Theorem 2.22 the local martingale which forms the right-hand
side of the equation is a super-martingale. Thus:

t
E(H X (t)+ ]H(s) c(s) ds)
0

t
= E(.L + /H(S)X (s) (m (s) o (s} — O(s)) dWW (s)) <z
0
(2) Define

X ()= —— H(t (/H(s)c(s) ds+ H (T) - Blft)

Thus. X (t) is F;-measurable and we have X(T) = B P-as., X(t) > 0.
As {/}, is the Brownian filtration. the conditional expectation of a random
variable given Fy is P-a.s. constant and so it coincides with its unconditional
expectation. This yields .Y (0) = z P-almost surely. Now define

M@y=X(@#)-H(t)+ fH(s)c(s) ds

T
:E(/H(s)c(s) ds+ H(T)B l]—})
0
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This process is an {F; },-martingale with A7(0) = « P-almost surely. By
Corollary 2.70 (see the next section on the martingale representation theo-
rem). Al can be represeuted as an Ité integral

¢

M{t)y==x +/lII (s) A1V (s) a.s. P for all t € [0, 7).
0
where U(¢) is an {F;};-progressively measurable. R%-valued process satisfy-
ing

,
/”WWVW<X&&R
JN

In total. we arrive at
t
(2.27) X(t)H () + /H (s)c(s) ds = .(:+f\P(s)'d‘1'(s) a.s. P.
0

In particular .Y (t) can be chosen such that it possesses continuous paths
(note that H(t). [ H(s)c(s)ds. and the Itd iutegral are continuous with
respect to ¢t and that H(¢) is strictly positive). By the following Lemmas
2.64 and 2.65. comparison of the representations (2.26) and (2.27) vields the
fact that X'(¢) defined as above is the wealth process corresponding to the
pair (7. c) € A(z) with:

(t) -
m(t) = (o(t)7tY (H(t)X(t) 9(#)) if X(t) >0

0 otherwise.

O

Lemma 2.64. X (¢) und n(t) as in the proof of part (2) of Theorem 2.63
satisfy

] ('r,(f)\'(t)) it <x as P.i=1 ..d.

Proof. We have

rOxO1<|(o07) 5+ (o (f)'l)'emx o
<o) sl Jleo) o xo]
al®) 3(t)

i) As o{t)o(t) is uniformly positive definite. we have

e o1

1
2 —
SRS ST IO
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Continuity and strict positivity of H(¢) on [0, T] implies
[H(®)| > min H(s)=H(s*)>0
s€[0.7]

for P-almost all w € Q with 5* = s*(w). As the integral fOT N (8)||2dt is
finite for P-almost all w € (). we have

r 1 Y
/ I— / I (t 5 ds <
0 0 ( min H (s)

s€[0.7]

for P-almost all w € ().
ii) J(¢) satisfies
F(t) = X2(8)- (b(t) = r(H) - 1) - (07 (#) 07N (8))
(oMo (®) - (b(t) — r(1)1)
As o(t)o(t) is uniformly positive definite, we have
1 .
200 < X2(8) = lb(®) -7 (&) 1>.
B0 <X 5 o) - ()1
As b and r are uniformly bounded and X (t) is continuous on [0,7). this
vields

T

/,32(1) dt_KZ/Xz @) b @) — 7 (&) - 1} dt

0

— K2 \4cjo,T]

(ma*c X (t)) -0/ b (t) —r(2)-1)%dt < x

for P-almost all w € Q.
iii) Due to i). ii). and the relation (a? + b2)/2 > 2ab. we arrive at

T T T
I (8) X ()| dt < 2 ( o (t) dt + [ 3 (t) dt) < x
/ [ewas |

0 0
for P-almost all w € Q). O

Lemma 2.65. Lef 7(t). X(t). c(t) bc as in the proof of part (2) of Theorem
2.63. If X(t) solves the stochastic differential equation

dHMBXE)=HBOX @) (@) oc@)—6)) dW (t)— H (t)c(t) dt
X(0) = .
then X (t) is the wealth process corresponding to (w. c) with X(0) = r.
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Proof. Let X(t) := X (t)H(t). First assume that we have X(t) > 0 for all
t € [0. T} P-almost surely. Together with our assumptions we have

dX(t) = H(t) [X (@) (7)o (t) — 8()) dW () — c(t) dt]
H(t) (f{((tt) AV (£) — e(t) dt)
= W(t) dl(t) — H(t)c(t)dt

Application of the [t6 formula. Theorem 2.49. vields

d(HL(t)) Hl(t) [(r () + 16 () ) dt + 6 (t) dIv (t)}.

and by the product rule, Corollary 2.53. we have

dX (t) =d (-HY—%) = X(t) d(ITl(ﬁ) ()d‘((t) +a (%4 >¢
_ (X O (e +16007) e+ HOZO (‘I;)(t)) dt

H (1)
X@®),,., ¥ )
+ (H(t)ﬁ(t) + H(t)) di’ ()

- (X (t) ('r (1) +0(t) (9 (t) + f%)) - c(t)) dt

+X (t)( () + = (—)‘—)—( 5)' 41v (1)

= (X(t) [r(t) + 7(t)" (b(t) — r(t) - 1)] — c(t)) dt
+ X )7 (t) o(t) IV (¢).
Hence, X'(t) solves the wealth equation corresponding to (7.c¢). Due to
X(t) > 0 and Lemma 2.64. we also have (7.c) € A(r).

If we now assume that .X(#) attains the value of zero for some (tg.wg) €
[0.7] x 2. then due to H(t) > 0 for all t € [0.7]. ¢(t) > 0 for all ¢ € [0.T
and B > 0. we must have

c(t,wg) =0 for all t > tg.
B (u)(]) =0.

Consequently X (£.wq) retains the value of zero on [tg.T]. This inplies

U (1..wp) =0. 7 (t.wp) =0 for all t € [to. T).
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In this case, we have dX(t) = 0 for all t > ¢yp. Due to X(#) = 0. w(t) = 0.
c(t) = 0 this then also coincides with the right-hand side of the wealth
equation. O

Remark 2.66. (1) Note that 1/H(¢t) is the wealth process correspond-
ing to the pair
(m(t).c(t)) = (o1 (t)'0(t).0)
with an initial wealth of x := 1/H(0) = 1 and a final wealth of
B :=1/H(T) (compare Exercise (10)).

(2) Further it can be shown that the portfolio process m constructed in
the proof of part (2) of Theorem 2.63 is the unique (up to indistin-
guishability with respect to P) portfolio process with (7, c) € A(x)
and X(T) = B P-a.s. (compare also with Remark 2.69).

Excursion 4: The Martingale
Representation Theorem
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’_ General assumptions for this section:

z Let (2. F. P) be a complete probability space. On this space we have
! an m-dimensional Brownian motion {(¥17, ) hiejo.) With {3} being
3

suare WAk AR W

the Brownian filtration.

2
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Definition 2.67. A real-valued martingale {(Af;. F;)}icpo.7) with respect to
the Brownian filtration {F;}; is called a Browniun martingale.

Theorem 2.68 (Martingale representation theorem). Let {(Aly. Fi)}icpo.
be a Browmian martingale with

EM? < x for all t €[0.7],

i.e. a square-integrable Broumian martingale. Then there erists a progres-
sirely measurable R™ -valued process U(t). t € [0.T). with

E (/OT R GIE dt) <X

t
M; = Al +/ W (s) diV (s) a.s. P.
0

and

Proof. As Ml is Fo-mcasurable it must be constant P-almost surely. Thus.
we can w.l.o.g. assume My = 0. As Ml is a martingale. this also yields



Chapter 5

Optimal Portfolios

5.1. Introduction and Formulation of
the Problem

So far. in the continuous-time market model we were only looking for trad-
ing strategics that generate a given payoff profile (“replication™) or a lower
bound for a payment (“hedging strategy™). The costs of this replication
strategy then determined the price of the payoff profile (i.e. the price of the
corresponding contingent claim). Now we look at the opposite situation: We
are given a fixed initial capital and search for an admissible self-financing
pair of portfolio and consumption processes which vields a payment stream
as lucrative as possible. We had already considercd a similar task in the
one-period model at the very beginning of the book. There we looked for a
portfolio vielding the biggest possible return for a given bound on its vari-
ance. This time we shall look at a more general situation by introducing the
so-called portfolio problem.

General formulation of the portfolio problem. For a given initial cap-
ital of » > 0. the continuous-time portfolio problem in our given continuous-
time financial market consists of the determination of an optimal consump-
tion and investment strategy. More precisely: The investor has to determine
how muny shares of which security he has to hold at which time instant and
how much of his wealth he is allowed to consume to mazimize his utility from
consumption during the period [0. 7] and / or from the terminal wealth at
the time horizon ¢ = T. Thus, the portfolio problem contains a choice prob-
lem (“which” security). a problem of volumes (“how many™ shares. “how
much”...). and a component which is dynamic with respect to time (“which

203
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time™). We shall give the investor the possibility to decide on his actions at
each time instant t € [0.7]. The corresponding flow of information which
forms the basis of his decisions should be the observation of past and present
prices. He should not have anv knowledge of future security prices and also
he should not have any insider information.

TR v W SPE S P Lt Cwa SN R & B A- - FRMrw: L mngrAPE TGN trEP T o

e aned

General assumptions for this chapter:

We make the same assumptions as in Chapter 2, Section 2. p. 57.
Further. we always consider a self-financing pair (7. ¢) consisting of a
portfolio process 7 and a consumption process ¢ to be admissible with
initial wealth & > 0. for short: (. c) € A(r) (sce also Definition 2.62). -

B T

A W
wr e e
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Solution approaches in the continuous-time market model. Mainly
we have to distinguish between two approaches to solve the portfolio prob-
lem in the continuous-time market setting of Chapter 2. The (historically)
first approach is the stochastic control method which goes back to Robert
Merton: see [MERT 69]. [MERT 90|. Merton's main idea consists of in-
terpreting the portfolio problem as a stochastic control problem to which
he then applied standard methods of stochastic control theory. 1We shall
present this method in Section 1 (of course preceded by an excursion on
optimal stochastic control). On the basis of the stochastic control method.
new methods for treating portfolio problems under transaction costs were
developed during the last vears (see [KORN 97]).

The so-called martingale method represents the second main approach
for solving the continuous-time portfolio problem. It was introduced by Cox
& Huang (see [CO/HU 89]). Karatzas. Lehoczky & Shreve (sce
[K/L/S 87]), and Pliska (see [PLIS 86]) in different variants during the
cighties. A common feature of these variants is the decomposition of the
portfolio problem into the determination of the optimal payments (consump-
tion and / or final wealth) by methods of convex analyvsis followed by the
determination of the corresponding portfolio process. In the complete mar-
ket model of Section 2.3 the existence of this portfolio process is ensured
by Theorem 2.63. We shall present the martingale method in Section 2. In
Section 3 we shall give an application to a portfolio problen where options
are traded instead of stocks.

Formulation of the problem. To judge the advantages of a payment
stream in an objective way. we introduce a functional J which measures
the utility of such a payvment stream. A “good” paynent stream is then
characterized by a large value of J. So for a given initial wealth @ > 0 an
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investor looks for a self-financing pair (m,c¢) € A(x) which maximizes the
expected utility from consumption and / or terminal wealth.

T
(5.1) JumﬂzEl/m@qmm+waum
0

Herc. X (t) is the wealth process corresponding to xx and (7. c). Uy and
Uy are assumed to be utility functions in the sense of the following definition.

Definition 5.1. (1) Let U : (0,x) — R be a strictly concave and
continuously differentiable function satisfyving

U’ (0) := Eﬁ)lU’ (r) = +oc. U' (<) := lim U’ (xr) = 0.

T—2C

Then U is called a utility function.

(2) A continuous function U : [0,T] x (0,>} — R such that for all
t € [0,T] the function U(t..) is a utility function in the sense of
part (1). is also called a utility function.

Examples of utility functions.

(1) U(x) =In(x)
(2) Ulr)=vx
B U@y=x*for0<a<1
(4) U (t,x) = e Pt Ui (z). p > 0 with U; a utility function as in (1) or
(2)-
Remark 5.2. (1) By the above definition, a utility function is strictly

increasing. Thus. each additional unit of wealth leads to additional
utility. Moreover. we require a utility function to be strictly con-
cave. This in particular implies that U’(x) is strictly decreasing.
Thus we have a decreasing marginal utility, i.e. the gain of utility
from one additional unit of money decreases with increasing r. The
marginal utility in r = 0 is infinite. which can be paraphrased as “a
tiny bit is much more than nothing” while the vanishing marginal
utility in r = x models a saturation effect.

(2) The methods of portfolio optimization presented in the following
can also be applied to a wider class of utility functions as the one
given in Definition 5.1. This wider class would also contain the
popular but highly criticized quadratic utility function

Uuq:-%u-af.
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However, this would need a more complicated notation. For the
treatment of such utility functions we refer to [KORN 97].

Note that for an arbitrary (7.c) € A(x) the expectation in J(z:7,c)
is not necessarily defined. We could now restrict the class of self-financing
pairs (m.c¢) to all those for which the expectation in (7.c) € A(z) is finite.
However, an infinite positive expected utility is an investor's dream if it can
be reached. We shall therefore allow for such a possibility by only requiring
the following weak integrability condition for a feasible pair (m,c).

Definition 5.3. The problem

52 max J(xr:m.c
( ) (m.c)eA(x) ( )

with

A (x) = {(ﬂ,C) € A(x)

T
E( Uy (Lc(t)) dt + Us (X(T))_) <x
i )

is called the continuous-time portfolio problem.

Remark 5.4. (1) By restricting to the set A’(x). the integral in (5.2)
is always defined. Also. the expectation exists but can be equal to
infinity-

(2) In the case of positive utility functions. Uy (¢..) > 0 and Us(.) > 0.
the equality A(2) = A’'(x) is trivially satisfied.

In the following we shall present two methods for solving the portfolio
problem. The first such method, the so-called martingale method, relies
heavily on the completeness of the market. The second method. the so-
called stochastic control method, is an application of standard methods of
stochastic control theory to the portfolio problem (5.2).

5.2. The Martingale Method

f e smee awn 4ae wmB . ABsrie ame Bt es Aa ek mse menime cmAtas:mmcons mn b ame s smieme
General assumptions for this section: :
Additionally to the general assumptions for this chapter we will use
the notation of Section 2.3, p. 65. In particular. we have d = m. Thus.
all assumptions of Theorem 2.63. “completeness of the market™. are
" satisfied.
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The main idea. The martingale method is mainly based on a separation of
the dynamical (with respect to time) problem (5.2) into a static optimization
problem (“determination of the optimal payoff profile”) and a representation
problem (*“compute the portfolio process corresponding to the optimal payoff
profile™).

Motivation. We start by looking at a portfolio problem without consump-
tion (i.e. we assume ¢ = 0. U} = 0). Let the sclf-financing pair (7.0) be
admissible for an initial wealth of 2 > 0. By Theorem 2.63. completeness of
the market, we have for each corresponding wealth process X7 (T)

E(H(T)X™(T)) <z for T > 0.

Let the final payment B > 0 be Fp-measurable with E(H(T)B) = r. Of
course such random variables exist. A trivial example is
r

By Theorem 2.63 there exists a portfolio process (7.0) € A(r) with B =
X7(T) P-as. Now define

B(x):= {B >0 [B Fr-measurable. E(H(T})B)<z, E (U2 (B)—) < }

Obviously. B(x) represents the set of all final wealths with E(U(B) ") < o
that can be generated by trading in the securities starting with some initial
wealth y € (0,2] and satisfying E(Uz(B)™) < . So. for determining the
optimal final wealth X™(T) in our portfolio problem

5.3 max FE (U (XT(TY))).

(5.3) o E (U (X7(T))),

it is enough to maximize over all random variables B € B(x). i.c. it is
sufficient to solve the problem

5.4 max F (U (B)).

(5.4) ) (U2 (B))

Note that in (5.1). we only have to optimize over a set of random variables.
The time appearing in (5.3) (note that we optimized over a class of stochastic
processes!) has disappeared. Therefore. we call (5.1) a static optimization
problem. If now B* is an optimal final wealth in (5.4). then to solve the
portfolio problem completely we have to solve the representation problem

e Find a (7,0) € A'(x) with X™(T) = B* as. P.

First we shall present the solution of the optimization problem (5.4). To
motivate it we give a brief review of the Lagrangian inethod of {dcterminis-
tic) non-linear constrained optimization.
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Solving optimization problems with the help of the Lagrangian
method. Let the function f: R" — R be strictly concave. let g : R — R¥
be convex. and let f,g € C'. Then we have

Z solves the optimization problem

max f (x)

subject to g (x) =0
& there exists a A € R¥ such that (;i'. :\) € R"* satisfies

0 .8
3 (- ; N gy d @) =0, i=1n

gx)=0i=1,...k

In words: (.i 5\) € R"** is a zero of the derivative of the Lagrangian func-
tion
LX) = f(2)—Ng(z).

The Lagrangian method for the portfolio problem - motivation.
We now set up an analogue to the above Lagrangian function in the setting
of the optimization problem (5.4).
L(B.y):=E(Uz(B) —y- (H (T) B - 1))

with y > 0. Formally differentiating L with respect to B and y and inter-
changing the expectation with the differentiation process vields the equa-
tions

0=Lg(B.y) = E(U3(B) - yH (T)),

O=L,(B.yy=x—E(H(T)B).
We will not justify this differentation. but use it only to derive the form of
the optimal terminal wealth heuristically (of course we shall prove optimality
later!). A random variable B satisfving

U,(By—yH (T)=0as. P

would solve the first equation. As by assumption the range of U(.) equals
Rt and as Uj(.) is strictly decreasing. it can be inverted on R* and we
obtain

(5.5) B = (U3) " (yH(T).
Putting this into the second equation vields

0=~ B (H(T) (U)" (y- H(T)).

-

v

=:¢(y)
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Now. if we can solve this equation uniquely for y then we have found a
possible candidate for the optimal final wealth via equation (5.5). Thercfore
we define

Y(u)=\ ). L= (U3)7)
and obtain as a possible candidate for the optimal final wealth
B*=5L (Y (x)-H(T))>0.
Now it will be our aim to prove that B* is indeed the optimal final wealth.

Notation. Going back to the general optimization problem we define in
analogy to the above considerations:

Li(y) = (U3) " (v) for y € (0. x).
L(ty):=(U) " (t.y)  forye(0.x).  fixed.

T
\ () ==E(fH(f)11(t.y-H(f)) dt*H(T)Iz(y-H(T)))
0

where Uj(...) denotes the partial derivative with respect to x. the second
component.
The propertics of x(y) will be summarized in the following lemma.

Lemma 5.5. Assume x(y) < x for all y > 0. Then \ is continuous on
(0. x}. strictly decrrasing und satisfies

A (0) ==l (y) = x. x (x):= lim x (y) =0.
yl0 y—x

Proof. (1) Continuity of \ follows from continuity of H. I1. Is and the
dominated convergence theorem.

(2) I1(t,.). I2(.) are both strictly decreasing on (0.2<). As we have
H(t) > 0 for all t € [0.T] we thus also have that \(y) is strictly
decreasing in y.

(3) Due to

lim I (t.y) = lim - =

inn (t.y) l;ﬁ)l 2(¥) =+x,
lim I; (t.y) = lim I (y) =0.
y—x y—x

and the monotonicity of I1. I the assertions on y(0) and y (x) are
a consequence of the dominated convergence theorem.
O
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Remark 5.6. Lemma 5.5 in particular implies the existence of
Y(x) = x"Hx)
on (0. x) with

Y (0) := lgg)’ ()=+> and Y (oc):= rlil’l_}c Y (x)=0.

The following simple lemma will prove to be quite useful for the proof
of the main theorem of the martingale method. Theorein 5.8.

Lemma 5.7. Let U be a utility function with I := (U')™!. Then we have
UTy)>2U@)+y(I(y)—x) forO<y. r<cc.

Proof. As U is concave we have
U 2U@+0 T @)U (y)—x)=U(r)+y{ (y)— ).

Now we are ready to give the solution of the portfolio problem.

Theorem 5.8 (Optimal consumption and optimal terminal wealth). Con-
sider the portfolio problem (5.2). Let x > 0 and \(y) < o for all y > 0.
Set Y (z) := \"(x). Then. for
B* =1L} (x)-H(T)). “optimal terminal wealth™
() :=6L{t,Y (x)-H(t)). “optimal consumption”
there exists a self-financing portfolio process n*(t). t € [0, T], such that we
have
(m*.c*) e A'(x). XT7 ¢ (T)= B* as. P.

and such that (7*.c*) solves the portfolio problem (5.2). Here. X7 (t) 4s
the wealth process corresponding to the pair (n*,c*) and the initial wealth &

Proof. i) By definition of B* and ¢™(t) we have

T
E(/H(t)c*(t) df+H(T)B*) =z
0

Note that we have Y (x) - H(t) > 0 and that due to I;.]; > U also B* and
c* are positive. The existence of a portfolio process 7* corresponding to the
payoff profile (c¢*(t). B*} satisfying (7*.c¢*) € A(x) is implied by Theorem
2.63 on complete markets,

ii) Next. we show that the unique (up to indistinguishability) portfolio pro-
cess ™ even satisfies (n*.c*) € A'(r). By Lemma 5.7 we have

Ui (t.c* (1) 2 UL (t. 1)+ Y (x)- H () (¢ (t) - 1).
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Us(B*) > Us (1) + Y (z)- H(T) - (B* - 1).

From this. the obvious relation @ > b6 = a~ < b < |b]. and the fact
that Y(x)- H(t). B* and ¢* are positive, we conclude the following chain of
inequalities

T
E( / Uy (t. ¢ (1) dt + Us (B*)')
0

T
< E( / (U3 (&, )] +Y (@) - H () (¢ (1) + 1) dt
0

PR ()2 Y () - H (T) (B + 1))
T
= U, (l)l +/ |U1 (t, l)l dt
0

T
+Y (x) (.r—}— E(H(T)) +/E(H (t) dt) < oc.
0

To see the last inequality note that Uj(t,z) is continuous and that the ex-
pected value E(H(t)) is bounded on [0,7].

iii) Finally, we prove optimality of (7*.¢*). Therefore, consider an arbitrary
pair (7. c) € A'(x) with wealth process X*™¢. From

Uy (t* (1) 2 Ur (t,c (D) +Y (2) - H (1) (¢* () — c(1))
Uy (B*) > Up (X" (T)) + Y (z) - H (T) (B ~ X*™(T))

we conclude

T
E(/ Ur(t.c* (1)) dt + U, (B*))

0

T

>J(z:im,e) + Y () (E(/H(t)c* (t) dt + H (T) B*)
0
T

_E ( / H (t)c(t) dt + H (T) X*7¢ (T)))
Q
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T
=J(zmc)+Y (x)- (x - E( / H (t)c(t) dt + H (T) X*™¢ (T)))
0

- —
e

>0

>J(r:w.c).
To see the last inequality use part (1) of Theorem 2.63 on complete markets.

O

Example: “Logarithmic utility”. We now consider the special choice
of the logarithmic utility function. Note that values smaller than 1 have a
negative utility! We then have

U (t,z) =Us(z) =In(x)

ANEAVEE
T
ék(y):E(/H(t).y_;;{—(t)dt—FH(T).y-}}(T)) =$(T+1)
0

SY (@) =\ @)= ().

With this and Theorem 5.8 both the optimal consuruption and the optimal
final wealth are given by

x 1

“W=hY @) HO)= 571 oy

T 1
))=T+1'H(T)'

In this special example, we can even calculate the portfolio process explicitly.
To do so. note that by the proof of part (2) of Theorem 2.63 we have

B*=I,(Y (z) H(T

T
(5.6) H(t)-X"" < (t) = E( / H (s)c* (s) ds+ H (T) B*lf})
t

T-t+1

SRR T

This implies

t

T—-t+1 t ___H(t)_‘—.r.'rr*,c* (t)+[H(S)C* (s) ds.
0

r=zr-— T

T +1
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Application of Itd’s formula to the product H(t) - X™™ < (t) on the right-
hand side of the above equation vields (compare with the proof of part (2)
of Theorem 2.63)

t
=+ / H (s) - XT™ (s) (r* (s) o (s) — O (s)) dIT (s).
0 =f(s) ’
Hence we must have
f(s) =0 as. Pfor all s €[0,T].

As H(s)- X™™ € (s) is positive we thus obtain

7 (t) = (o (¢)') ' 6(t) for all t € [0.T).
In the special case of d = 1 and constamt coefficients r, b, o we get

b—r i : .
™ ()= — “local risk premium for stock investment™.
o

Here. it is important to point out that the simplicity of the form of #*(t)
is a bit misleading. Following a coustant portfolio process indeed means
that we have to trade at each time instant as stock and bond prices move
in different ways. The constant quotient (1 — 7)/7 of bond wealth divided
by stock wealth would immediately be no longer valid if one would not do
the suitable trading ( “rebalancing” } actions. Note that from (5.6) we obtain
another representation of the consumption rate

1
= XTRC(¢) .
T—t+1 (t)
So, the consumption rate is proportional to the current wealth of the investor
and inversely proportional to the remaining time (7" — £).

(1) =

The method of determining 7* in the above example can be generalized.
Indeed. we have:

Theorem 5.9 (Solution of the representation problem (5.2)). Let the pori-
folio problem (5.2) be given. Let x > 0 and assume x(y) < > for all y > 0.
Further. ¢* and B* should be given as in Theorem 5.8. If there exisis a
function f € CY2([0, T} x R) with f(0.0....,0) = = and

T
1 . . _ ) .
W-E(!H(s)c (s)ds+ H(T)B m) = f{t. W (@#)..... V4 (t)),

then for all t € [0.T] we have

1

= oma ® OVef G T (0).

™ (t)
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Here, V.f denotes the gradient of f(t..rx)....,xq) with respect to the x-
coordinates.

Proof. Application of the multi-dimensional Ito-formula. Theorem 2.52.
vields

T
ﬁ .E(t/H(s)c* (s) ds + H (T) B* |.7-',) = (T () e W (1))
=f(o.....0)+sz1, (5.1 (8) ... g (s)) IV (s)
=1
, 0
/(f, (5.7 (8) -, W (8)) + QZfJ z, (8.71(8). ... Wa(s)) ds).
0

On the other side. as in the proof of Theorem 2.63 on comnplete markets. we
also have

T
T{—l——— . E(/H (s)c*(s) ds+ H(T) B” |-7:t) — T (1)
,
=+ [ (67" (6 019) ~1(5)- D) X7 () = e(6)) s
0

'
+ /X"‘"*""* (s) 7* (8) o (s) dIT (s).
0

To see the last equality; note that (#*, ¢*) is an admissible. self-financing pair.
and thus the wealth process obeys the wealth equation (2.22). Comparison
of the integrands of the stochastic integrals of both representations yields
the assertion by uniqueness of the representation of an It6 process. O

With the help of the proof of Theorem 5.8 we can also give the solution
of both the pure consumption and the pure terminal wealth maximization
problem.

Corollary 5.10. (1) The optimal terminal wealth B* of the problem
5.7 max E (U (X5 (T
( ) (n.O)IEd;\’(.r) ( 2( ( )))

is given by

B*:=L(Y (x)- H(T))
where in the definition of \(y) we then have to sel I (t.y) = 0.
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(2) The optimal consumption process c*(t) of the problem

T

5.8 x« E Ui (t,c(t)) dt

(58) o B [Uiew)
0

is given by
c(t):=LH{.Y (x)-H(t)
where in the definition of \(y) we then have to set Iy(y) = 0.

5.3. Optimal Option Portfolios

As an application of the martingale method for portfolio optimization in the
complete market which has just been introduced in the preceding section.
we shall now consider a portfolio problem where instead of stocks we are
only allowed to trade in options on these stocks (see [KO/TR 99]).

P oy - - ——— b

|

General assumptions for this section:

We use the samc notations as in Chapter 2. Section 3. p. 65. Further.
we assume d = m. Thus, the assumptions of Theorem 2.63 on complete
markets are satisfied. Further on. we restrict ourselves to the case of
constant market coefficients r, b, 0.

LR L
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Description of the market model. We consider a market where a bond,
d stocks. and d options on these stocks are traded. However. we assume
here that we are only allowed to hold a portfolio consisting of the bond and
the options. We further assume that the options have a price process of the
form

(5.9) fO@P (). Py(t). i=1....d. feC"2

and where the option prices satisfy the requirements of Proposition 3.19
(this is particularly satisfied for European puts and calls in the Black-Scholes
model). Let

@ () = (o (t),21(t) ... va (t))
be an admissible trading strategy in bond and options. Le. the integrals

i
[ 7o(s) dPy (s)
0

t
/0 21(5) dF (5. Py (5) . P4 (5))
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Figure 5.1. Scheme 1: Option pricing

are assumed to be defined and 2(t) is assumed to be F;-progressively mea-
surable. The corresponding wealth process X (¢) is given by

d
X () =wo®) Pot) + )i (1) fO (&, P (2) ... Pa(t)).
=1

Let U be a utility function. We look at the problem

(5.10) mng(U (X (1))

Motivation. To motivate the solution of the problem (5.10). we first take a
look at the following diagrams representing the solution of the option pricing
problem via the replication approach and the solution of the portfolio prob-
lem via the martingale approach. This will then inspire the third diagram
showing the solution of problem (5.10).

Figure 5.1: Option pricing

Starting out from the final payment B of an option, we are looking for the
option price. To find it. we first replicate the final pavment via following a
suitable portfolio strategy leading to a final wealth that coincides with the
final option payment. Then the costs of setting up the cheapest replication
strategy vield the option price.

Figure 5.2: Portfolio optimization with stocks

We are given an initial wealth of . This will be invested according to a port-
folio process n*(t) with the aim to obtain a terminal wealth which promises
the highest possible utility (we ignore the possibility of consumption here).
To do so. we first determine an optimal final payoff B* and then look for a
replication strategy for B*.

Figure 5.3: Portfolio optimization with options

As in the stock portfolio problemn above, we look for an optimal final wealth
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Figure 5.2. Scheme 2: Portfolio optimization with stocks
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Figure 5.3. Scheme 3: Portfolio optimization with options
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starting with an initial capital of x. To do so. we first determine an optimal
payofl B* and then a replication strategy £(t) = (£o(t). ..., £€4(¢)) in bond and
stocks for the payoff B*. As stocks should not appear in our portfolio, we
have to replicate the stock position by bond and options. This so-obtained
bond and option strategy vields the optimal terminal wealth X*(T"). This

is formalized in the following theorem.

Theorem 5.11. Let the Delta matric $(t) = (V,;(1))y;, 4,7 = 1,....d, with

U= 0 (t. P (8),.... Pa(t))
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be regular for all t € [0.T). Then the option portfolio problem (5.10) pos-
sesses the following explicit solution:

(1) The optimal terminal wealth B* coincides with the optimal terminal
wealth of the corresponding stock portfolio problem (5.2).

(2) Let&(t) = (€o(t). ....€a(t)) be the optimal trading strategy in the cor-
responding stock portfolio problem (5.2). Then, the optimal trading
strategy () = (po(t), w1(t). ....q(t)) in the option portfolio prob-
lem. (5.10) is given by

g)y=(T@Y) £,

(X (t) - fdj wi @) fO (8, Py (t). ..., Py (t)))
o (1) = =1 Bo (2) '

with ¢ (t) = (Y1 (t) . ... 94 () and € (t) := (&1 (2) ..., &4 ().
Proof. i) By Proposition 3.19 we have
_ d
FOGPLE). . Pa@) =) Wi (1) - P (t). i=1....,4,
3=0

where

d
fO (6P (), o Pa (1) = 3 Wiy (8) Py (2)
Uppi= =

Py (t)

As the trading strategy (Wio(t), ¥ur(2)..... Uig(t)) is self-financing we also
have

d
df (8, Py (1), Pa(t) = 3 Wy (8) dP; (8).
j=0

Let now ¢ be an admissible and self-financing trading strategy in bond and
options. Then. the corresponding wealth process satisfies

d
dX (1) = o (t) - dPo(t) + Y _ i () df D (. Py (t), ... Py (2)).

i=1



5.3. Optimal Option Portfolios 219

With the above representation of the option prices we obtain

d
dX (t) = (»90 B+ v (£) T (t)) dh (1)

1=1
d d
+3° (Z i (t) ¥sj (t)) dP; (t)
j=1 \i=1

=: (o (¢) dPy (¢ +Zgj(t) dP; (1).

j_

Hence. the trading strategy ¢ in bond and stocks is sclf-financing. As
is admissible for the option portfolio problem (and as ¥ is a replication
strategy) this implies that ( is admissible for the stock portfolio problem.

ii) Let £(¢) be the optimal trading strategy of the corresponding stock port-
folio problem with optimal wealth process X (). Then we get

X (7)) = B* as. P,

dX (t) =& (1) dPy t)+Z£z ) dP; (t).

To obtain a trading strategy in bond and options admitting the same wealth
process X (f), we make the ansatz

d
dX (t) = o (1) dP () + Y _ i () df (¢, P (1), ... Py (1))
i=1
and obtain similarly to part (1) of the proof

d

dX (t) = (,90 (t) + Z (1) U t)) dP (t)

d d
+ Z ( NOL (t)) dP; (t).

Comparison of the coefficients of the dP;-terms of both representations of
X (t) yields the desired form of the last d components of (). Comparison
of the dt-coefficients of both representations of dX(t) yields

d
() =volt) +Y_vjt)- Yo (k).

=1
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Due to
d d { d
X -a@rr Xt)- Zl (j ¢ (1) Vo (f)) F(t)
_ =1 =1 \i= -
fot)=—— Py (t) B Py (t)
we also have
d d
X(O-% Lo OV 0 R0
Y0 (t) = = J_P(] (t)
d d
X () - Zl 2 (t) ZO U;. () P; (1)
— J= =
B Py (t)
d
X(t) - Elyi’y () f(t, P (t)...., Pa(t))
J:

Rt
This shows that (wo(t). 21(t). .... g4(t)) is self-financing. To show that p(t)
is admissible it is enough to show that the stochastic integrals

=1

d i
> [A@ a0 6 R, Pals)
0

are defined. Using the representation of the df-terms. the explicit form of
¥ (t). and the admissibility of the strategy £(#) in the stock portfolio problem.
we get the admissibility of (t) for the option portfolio problem.

iii) As we have shown in ii). following the bond and option strategy »(t)
leads to the same utility as by using £(t) in the stock portfolio problem. On
the other hand, we cannot obtain a higher expected utility in the option
portfolio problem. To see this, note that the existence of a strategy with
a higher utility in the option portfolio problem would induce the existence
of a bond and stock strategy ¢ (as in i} ) vielding a higher expected utility
as £ in the stock portfolio problem. But this would contradict optimality of

£(t). L

Remark 5.12. (1) Under the given assumptions, the optimal final
wealth only depends on the utility functions but not on the choice
of the tradable securities.

(2) The optimal strategy depends heavily on the traded options via the
delta matrix (more precisely: via the replication strategy for the
options).
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Example: “Logarithmic utility”. Let us choose the utility function
U(z)=In(z).

We specifically consider the Black-Scholes model with d = 1. From the
example “logarithmic utility” in the previous section we know that the stock
position in the optimal trading strategy is given by

™@)- X)) b-—r X(t)

£1 (t) = = 2 .

P (t) o P (t)
Thus, the optimal trading strategy in bond and options is given in depen-
dence of the delta-matrix as

(t) = b—r X (t)
=T e @) PL)
If we now introduce the option portfolio process mp(t), then we obtain the
remarkable consequence
t)- fO (¢, Py (¢ b—r X@)-fO(t, P (¢
511) ()= PO TV GRO) b X©- 5 (6 A0)
X (t) o X(t)- Uy (t)- A (t)
b—r fO &, P (1) fO (¢, Py (1)
= o2 : (1)' - =7Tstock‘(t)' (1) ) -
p (8 PL(E) - Pa(t) o (8, P1(t) - P(t)

Here. mgock(t) denotes the optimal portfolio process in the corresponding
stock portfolio problem (5.2). The optimal portfolio process in (5.10) thus
only differs from the one in (5.2) by the factor
SO (¢, PL(E)
- :
2 (5 PUE) - PL()

In particular we have

Proposition 5.13. With the choice of U(z) = In(z), in the Black-Scholes
model with d =1 we have

(1) 7opt (£) = Tstock (£) for all ¢ € [0.T]
& fO(t, P (t)) = k- P (t) for a constant k € R\{0}.
(2) In the case of a European call option we have
Topt (t) < Mstock (t) fOT all t € [O, T]

Proof. (1) Follows directly from the above relations (5.11) between
Topt and Tgtock.

(2) We have
fO@GP () =2 (di (1) P ()~ 2(p () - e K
<@ (i (1) Pr ()= £ (¢ P () - P (1)
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Figure 5.4. Portfolio with options

Together with (5.11) this vields the assertion as we also have

< 1.
(8. P (1)) - Py (2)

O

Remark 5.14. Part (1) of Proposition 5.13 states that in the Black-Scholes
model, 7o () is constant if and only if we have the degenerate case that the
payoff of the contingent claims simply is a multiple of the underlying stock
price. Part (2) sayvs that with the choice of a European call option. in the
option portfolio problem the optimal capital which is invested in the risky
asset is always smaller than the corresponding risky position in the stock
portfolio problem.

Example. We now look at a European call and the market coefficients

r=0, b=005 0=025 T=1. K =100. PFR(0)=1

Figure 5.4 shows that part of the wealth which is optimally invested
in the stock or in the option in the stock portfolio problem or in the op-
tion portfolio problem, respectively. More precisely. 76p(0) (bold line) and
Tstock (0) (dotted line) are given as functions of the underlying stock price
P;(0). We observe:

e The deeper the option is in the money (i.e. P;(0) > K'), the closer
Topt(0) gets to the optimal stock portfolio component o0k (0).

e The more the option is out of the money (i.e. P(0) < R). the
smaller 7o (0) gets.



