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Kurzfassung der Dissertation

Im ersten Teil leiten wir zunéchst eine Verallgemeinerung des Strassen Theorems her.
Dieses Theorem besagt, dass es zu jedem stochastischen Prozess, dessen Randverteilun-
gen in konvexer Ordnung wachsen, ein Martingal mit denselben Randverteilungen gibt.
Solche Prozesse bzw. Folgen von Verteilungen werden in der Literatur {iblicherweise als
Peacock bezeichnet. Wir wollen dieses Resultat erweitern: anstatt Martingalen mit fest
vorgegebenen Randverteilungen zu betrachten, wollen wir wissen, unter welchen Bedin-
gungen es Martingale gibt, deren Randverteilungen eine vorgegebene Distanz zu gegebenen
Verteilungen nicht {iberschreiten. Entfernungen werden mit Metriken auf dem Raum der
Wahrscheinlichkeitsmafle mit endlichem Erwartungswert gemessen. In unserem Hauptre-
sultat ist die Metrik die Unendlich-Wasserstein-Distanz. Wir werden notwendige und
hinreichende Bedingungen fiir die Existenz von Peacocks in vorgegebener Unendlich-
Wasserstein-Distanz formulieren und beweisen. Wir betrachten dabei zunéchst abzéhlbare
und danach tiberabzédhlbare Indexmengen. Anschlieffend befassen wir uns noch mit dem
gleichen Problem fir die Stop-Loss-Distanz, die Lévy-Distanz und die Prokhorov-Distanz.

Die Resultate beziiglich der Unendlich-Wasserstein-Distanz haben eine finanzmathema-
tische Anwendung. Angenommen, wir kdnnen die Kauf- und Verkaufspreise européischer
Call-Optionen auf ein Underlying beobachten. Diese Call-Optionen unterscheiden sich nur
hinsichtlich des Ausiibungspreises und des Ausiibungszeitpunktes. Wir versuchen folgende
Frage zu beantworten: Unter welchen Voraussetzungen gibt es ein mathematisches, arbi-
tragefreies Modell eines Finanzmarktes, welches diese Preise erzeugt? Anders als in der
bisherigen Literatur, wollen wir dabei auch Modelle beriicksichtigen, in denen der zukiin-
ftige Bid-Ask-Spread auf das Underlying positive Werte annehmen kann. Wir werden
beweisen, dass es ausreicht, Konsistenzbedinguen fiir jeden Ausiibungszeitpunkt einzeln
anzugeben, wenn dieser Bid-Ask-Spread unbeschréankt ist.

Im Weiteren fokussieren wir uns daher auf Modelle, in denen der Bid-Ask Spread durch
eine vorgegebene Konstante beschrankt ist. Wir werden notwendige und hinreichende Be-
dingungen fiir die Existenz geeigneter Modelle formulieren und beweisen. Auflerdem geben
wir Arbitragestrategien an, fiir den Fall, dass die notwendigen Bedingungen nicht erfiillt
sind. Wir unterscheiden dabei zwischen modellunabhéngigen Arbitragestrategien und so-
genannten schwachen Arbitragestrategien, die nur von den Nullmengen des ausgewéhlten
Modells abhingen. Wir geben eine vollstdndige Losung fiir einzelne Laufzeiten an und
einige Teillosungen fiir mehrere Laufzeiten. Die theoretischen Resultate des ersten Teils
dieser Dissertation wurden bereits eingereicht ([47]) und ein Paper iiber die Anwendungen
ist in Arbeit ([46]).

Im zweiten Teil dieser Dissertation untersuchen wir die erste Ableitung nach dem Strike
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der impliziten Volatilitdt in exponentiellen Lévy Modellen. Genauer interessieren wir
uns fir die Asymptotik der at-the-money Steigung der impliziten Volatilitat fiir kurze
Laufzeiten. Zunéchst stellen wir einen Zusammenhang zwischen dieser Asymptotik und
dem Preis einer zugehorigen Digitaloption her. Im Hauptresultat betrachten wir dann
Modelle mit unendlicher Aktivitdt, die auch eine Brown’sche Komponente haben. Als tech-
nisches Hilfsmittel verwenden wir die Mellin-Transformation und leiten damit eine asymp-
totische Reihenentwicklung fiir die gesuchte Steigung her. Als Nebenprodukt bekommen
wir aulerdem eine asymptotische Reihenentwicklung fiir den at-the-money Preis von Dig-
italoptionen mit kurzer Laufzeit. Letztendlich besprechen wir noch den Zusammenhang
der hergeleiteten Asymptotik mit der gesamten Form der impliziten Volatilitdt mit Hilfe
von Lees Momenten Formel. Wir zeigen anhand einiger Modelle, dass die at-the-money
Steigung der impliziten Volatilitdt im Zusammenhang mit den Enden selbiger steht. Die
Resultate des zweiten Teils stehen auch in [48] (under revision) zur Verfiigung.

Letztendlich beschéftigen wir uns noch mit einem Thema aus dem Gebiet der Portfolio-
Optimierung. Wir analysieren dabei Strategien, bei denen der Investor das Portfolio nur
dann umschichtet, wenn der Unterschied zwischen dem aktuellen Anteil des riskanten
Assets — gemessen am Gesamtvermogen — und des Merton-Anteils zu grofl wird. Wir
beschréanken uns dabei auf das Black-Scholes-Modell ohne Transaktionskosten und leiten
eine asymptotische Darstellung der Wachstumsrate her.
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Abstract

The first part of this thesis deals with a generalisation of Strassen’s theorem and its
applications to check option prices for consistency in markets with positive bid-ask spreads.
Strassen’s theorem asserts that a stochastic process is increasing in convex order if and
only if there is a martingale with the same marginal distributions. Such processes, or
families of measures, are nowadays known as peacocks. We extend this classical result in
a novel direction, relaxing the requirement on the martingale. Instead of equal marginal
laws, we just require them to be within closed balls, defined by some metric on the space
of probability measures. In our main result, the metric is the infinity Wasserstein distance.
Existence of a peacock within a prescribed distance is reduced to a countable collection of
rather explicit conditions. We also solve this problem when the underlying metric is the
stop-loss distance, the Lévy distance and the Prokhorov distance.

The result for the infinity Wasserstein distance has a financial application, as it allows
to check European call option quotes for consistency. To be more precise, given a set of
European call option prices with different maturities and strikes on one underlying, we
want to know when there is a model which is consistent with these prices. In contrast to
previous studies, we allow models where the underlying trades at a bid-ask spread. The
main question then is how large (in terms of a deterministic bound) this spread must be
to explain the given prices. We fully solve this problem in the case of a single maturity,
and give several partial results for multiple maturities.

We will prove that in case the bid-ask spread is not bounded there is no interplay
between the current price of the underlying and and the option prices. Therefore we focus
on models where the bid-ask spread is bounded by a predefined constant. We fully solve
this problem in the case of a single maturity, and give several partial results for multiple
maturities.

The theoretical results of this part of the thesis are already submitted ([47]) and there
is a working paper about the financial applications ([46]).

In the second part of this thesis we will derive asymptotics for the at-the-money strike
derivative of implied volatility in Lévy models as maturity tends to zero. Our main results
quantify the behavior of the slope for infinite activity exponential Lévy models including
a Brownian component. As auxiliary results, we obtain asymptotic expansions of short
maturity at-the-money digital call options, using Mellin transform asymptotics. Finally,
we discuss when the at-the-money slope is consistent with the steepness of the smile wings,
as given by Lee’s moment formula. The results of the second part can be found in [48]
(under revision).



Finally, we briefly deal with a topic from portfolio optimisation. In the classical Black-
Scholes framework without transaction costs we will analyse the following trading strategy:
the investor leaves her portfolio unchanged until the almost surely finite time when the
distance between the risky fraction of the portfolio and the Merton proportion exceeds
a certain threshold 8. The portfolio is then rebalanced such that the new risky fraction
is equal to the Merton proportion. This evolution is repeated indefinitely. We derive an
asymptotic expansion of the growth rate for small 3.
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A Variant of Strassen’s Theorem
with an Application to the
Consistency of Option Prices






Introduction and problem formulation

A celebrated result, first proved by Strassen in 1965, states that, for a given sequence of
probability measures (i, )nen, there exists a martingale M = (M,,),en such that the law
of M, is u, for all n, if and only if all u, have finite mean and (p,)nen is increasing in
convex order (see Definition 2.1). Such sequences, and their continuous time counterparts,
are nowadays referred to as peacocks, a pun on the French acronym PCOC, for “Processus
Croissant pour I’Ordre Convexe” [51]. For further references on Strassen’s theorem and
its predecessors, see the appendix of [21], p.380 of Dellacherie and Meyer [27], and [5].

The theorem gave rise to plenty of generalisations, one of the most famous being
Kellerer’s theorem [58, 59]. It states that, for a peacock (ut)i>0 with index set RT,
there is a Markov martingale M = (M;);>o such that M; ~ p; for all ¢ > 0. Several
proofs and ramifications of Kellerer’s theorem can be found in the literature. Hirsch and
Roynette [52] construct martingales as solutions of stochastic differential equations and
use an approximation argument. Lowther [67, 68] shows that under some regularity as-
sumptions there exists an ACD martingale with marginals (p);>0. Here, ACD stands
for “almost-continuous diffusion”, a condition implying the strong Markov property and
stochastic continuity. Beiglbock, Huesmann and Stebegg [6] use a certain solution of
the Skorokhod problem, which is Lipschitz-Markov, to construct a martingale which is
Markov. The recent book by Hirsch, Profeta, Roynette, and Yor [51] contains a wealth of
constructions of peacocks and associated martingales.

While there are many works that aim at producing martingales with additional prop-
erties, we extend Strassen’s theorem in a different direction. The main question that we
consider in Chapter 2 is the following: given € > 0, a metric d on M — the set of all prob-
ability measures on R with finite mean — and a sequence of measures (u¢)ier in M, when
does a sequence (1)t in M exist, such that d(us, ) < € and such that the sequence
(vt)ier is a peacock? Here T is either N or the interval [0, 1]. Once we have constructed
a peacock, we know, from the results mentioned above, that there is a martingale (with
certain properties) with these marginals. We thus want to find out when there is a mar-
tingale M such that the law of M; is close to u; for all t. We will state necessary and
sufficient conditions when d is the infinity Wasserstein distance, the stop-loss distance, the
Prokhorov distance, and the Lévy distance.

!See Theorem 8 in [83]. (Another result from that paper, relative to the usual stochastic order instead
of the convex order, is also sometimes referred to as Strassen’s theorem; see [65].)



Chapter 1. Introduction and problem formulation

The infinity Wasserstein distance is a natural analogue of the well-known p-Wasserstein
distance. It seems to have made only a few appearances in the literature, one being [18],
where the authors study it in an optimal transport setting. It also has applications in
graph theory, where it is referred to as the bottleneck distance (see p. 216 of [31]). We will
give an alternative representation of the infinity Wasserstein distance, which shows some
similarity to the better known Lévy distance. The stop-loss distance was introduced by
Gerber in [44] and has been studied in actuarial science (see for instance [26, 55]).

For both of these metrics, we translate existence of a peacock within e-distance into
a more tractable condition: There has to exist a real number (with the interpretation
of the desired peacock’s mean) that satisfies a countable collection of finite-dimensional
conditions, each explicitly expressed in terms of the call functions x — [(y —z)% u(dy) of
the given sequence of measures. For the infinity Wasserstein distance, the existence proof
is not constructive, as it uses Zorn’s lemma. For the stop-loss distance, the problem is
much simpler, and our proof is short and constructive.

Our proof approach is similar for both metrics: we will construct minimal and maximal
elements (with respect to convex ordering) in closed balls, and then use these elements to
derive our conditions. In the case of the infinity Wasserstein distance, we will make use of
the lattice structure of certain subsets of closed balls.

The Lévy distance was first introduced by Lévy in 1925 (see [64]). Its importance
is partially due to the fact that d" metrizes weak convergence of measures on R. The
Prokhorov distance, first introduced in [75], is a metric on measures on an arbitrary
separable metric space, and is often referred to as a generalisation of the Lévy metric,
since d¥ metrizes weak convergence on any separable metric space. For these two metrics,
peacocks within e-distance always exist, and can be explicitly constructed.

The structure of the second chapter is as follows. Section 2.1 specifies our notation
and introduces the most important definitions. In Section 2.2 contains our main results,
concerning the described variant of Strassen’s theorem for the infinity Wasserstein dis-
tance. A continuous time version of this can be found in Section 2.2.3. In Section 2.3 we
will treat the stop-loss distance. After collecting some facts on the Lévy and Prokhorov
distances in Section 2.4, we will prove a variant of Strassen’s theorem for these metrics in
Sections 2.4.1-2.4.2.

In Chapter 3 we will apply the results for the infinity Wasserstein distance, as we cal-
ibrate a model to given call option prices. Calibrating martingales to reproduce given
option prices is a central topic of mathematical finance, and it is thus a natural question
which sets of option prices admit such a fit, and which do not. Note that we are not inter-
ested in approximate model calibration, but in the consistency of option prices, and thus in
arbitrage-free models that fit the given prices exactly. Moreover, we do not consider con-
tinuous call prices surfaces, but restrict to the (practically more relevant) case of finitely
many strikes and maturities. Therefore, consider a financial asset with finitely many Euro-
pean call options written on it. Carr and Madan [16] assume that interest rates, dividends
and bid-ask spreads are zero, and derive necessary and sufficient conditions for the exis-
tence of arbitrage free models. Essentially, the given call prices must not admit calendar
or butterfly arbitrage. Davis and Hobson [21] include interest rates and dividends and
give similar results. They also describe explicit arbitrage strategies, whenever arbitrage
exists. Concurrent related work has been done by Buehler [14]. More recently, Tavin [85]



considers options on multiple assets and studies the existence of arbitrage strategies in
this setting.

As with virtually any result in mathematical finance, robustness with respect to market
frictions is an important issue in assessing the practical appeal of these findings. Somewhat
surprisingly, not much seems to be known in this direction, the single exception being a
paper by Cousot [20]. He allows positive bid-ask spreads on the options, but not on the
underlying, and finds conditions on the prices that determine the existence of an arbitrage-
free model explaining them.

The novelty of our setting is that we allow a bid-ask spread on the underlying. Without
any further assumptions on the size of this spread, it turns out that there is no connection
between the quoted price of the underlying and those of the calls: Any strategy trying to
exploit unreasonable prices can be made impossible by a sufficiently large bid-ask spread;
see Example 3.3 and Proposition 3.14. In this respect, the problem is not robust w.r.t. the
introduction of a spread on the underlying. However, an arbitrarily large spread seems
questionable, given that spreads are usually tight for liquid underlyings. We thus enunciate
that the appropriate question is not “when are the given prices consistent”, but rather
“how large a bid-ask spread on the underlying is needed to explain them?” We thus put
a bound € > 0 on the (discounted) spread of the underlying and want to determine the
smallest such e that leads to a model explaining the given prices. We then refer to the call
prices as e-consistent (with the absence of arbitrage).

We assume discrete trading times and finite probability spaces throughout; no gain in
tractability or realism is to be expected by not doing so. The main technical tool used in
the papers [16, 20, 21] mentioned above to construct arbitrage-free models is Strassen’s
theorem [83], or modifications thereof. In this context that theorem essentially states that
option prices have to increase with maturity, but this property breaks down if a spread
on the underlying is allowed. We will therefore need to work with a generalisation of
Strassen’s theorem which will be exactly Theorem 2.11.

The structure of Chapter 3 is as follows. In Section 3.1 we will describe our setting and
give a precise formulation of our problem. Then in Sections 3.2 an 3.3 we will formulate
conditions for the existence of arbitrage free models with bounded bid-ask spreads for
single maturities resp. multiple maturities. In Section 3.4 we will discuss the case where
models without spread bounds are allowed.






A variant of Strassen’s Theorem

2.1. Notation and preliminaries

Let M denote the set of all probability measures on R with finite mean. We start with
the definition of convex order.

Definition 2.1. Let u, v be two measures in M. Then we say that u is smaller in convex
order than v, in symbols u <. v, if for every convex function ¢ : R — R we have that
[ ¢ du < [ ¢ dv, whenever both integrals are finite.! A family of measures (y;);e7 in M,
where T C [0,00), is called peacock, if pus <. p; for all s < ¢ in T (see Definition 1.3
in [51]).

Intuitively, 4 <. v means that v is more dispersed than pu, as convex integrands tend to
emphasize the tails. By choosing ¢(x) = x resp. ¢(x) = —x, we see that p <. v implies
that p and v have the same mean. As mentioned in the introduction, Strassen’s theorem
asserts the following:

Theorem 2.2. (Strassen [83]) For any peacock, there is a martingale whose family of
one-dimensional marginal laws coincides with it.

The converse implication is of course true as well, as a trivial consequence of Jensen’s
inequality. For p € M and = € R we define

Fu(e) = [(w=2)"nldy) and F,(a) = u((~o0,))

We call R, the call function of y, as in financial terms it is the (undiscounted) price of
a call option with strike x, written on an underlying with law p at maturity. (It is also

'The apparently stronger requirement that the inequality f odu < f ¢ dv holds for convex ¢ whenever
it makes sense, i.e., as long as both sides exist in [—o0, 00], leads to an equivalent definition. This can
be seen by the following argument, similar to Remark 1.1 in [51]: Assume that the inequality holds
if both sides are finite, and let ¢ (convex) be such that fqbdu = 0o. We have to show that then
f ¢ dv = oo. Since ¢ is the envelope of the affine functions it dominates, we can find convex ¢,, with
¢n T ¢ pointwise, and such that each ¢, is C? and ¢!, has compact support. By monotone convergence,
we then have f(bdy = limf On dv > liqubn du = f(b dp = oco. With similar arguments we can deal
with the case where f ¢ dv = —o0.



Chapter 2. A variant of Strassen’s Theorem

known as integrated survival function [72].) The mean of a measure p will be denoted
by Eu = [yu(dy). The following proposition summarizes important properties of call
functions.

Proposition 2.3. Let u,v be two measures in M. Then:

(i) R, is convex, decreasing and strictly decreasing on {R, > 0}. Hence the right
derivative of R, always exists and is denoted with RL.

(1t) limg oo Ry(z) = 0 and limg,—,_ oo (R, (x) + ) = Ep. In particular, if p(la,00)) =1
for a > —oo, then Ep = Ry (a) + a.

(iit) R, (v) = =1+ Fy(z) and Ry(x) = [°(1 — Fu(y)) dy, for all x € R.

T

(tv) p <c v holds if and only if Ep = Ev and R, (z) < R,(z) for all x € R.
(v) For x1 < x5 € R, we have Ry (x2) — Ryu(x1) = [;7 R, (y) dy

Conversely, if a function R : R — R satisfies (i) and (ii), then there exists a probability
measure pn € M with finite mean such that R, = R.

Proof. As for (v), note that RL is increasing, thus integrable, and that the fundamental
theorem of calculus holds for right derivatives. See [11] for a short proof. The other
assertions are proved in [52], Proposition 2.1, and [51], Exercise 1.7. a

For a metric d on M, denote with B%(u,¢) the closed ball with respect to d, with
center p and diameter e. Then our main question is:

Problem 2.4. Given € > 0, a metric d on M, and a sequence (fi,)nen in M, when does
there exist a peacock (Vp)nen With vy, € B%(puy, €) for all n?

Note that this can also be phrased as

dOO((,un)neNa (Vn)neN) <e,

where

doo((:un)nEN’ (Vn)nGN) = Sug d(lu'nv Vn)
ne

defines a metric on MY (with possible value infinity; see the remark before Proposition 2.6
below). For some results on this kind of infinite product metric, we refer to [10]. Clearly, a
solution to Problem 2.4 settles the case of finite sequences (fin)n=1.... ny, t00, by extending
the sequence with p, := iy, for n > ng.

To fix ideas, consider the case where the given sequence (uy,)n=12 has only two elements.
We want to find measures v, € B*(pn,€), n = 1,2, such that v; <. vy. Intuitively, we
want v, to be as small as possible and 5 to be as large as possible, in the convex order.
Recall that a peacock has constant mean, which is fixed as soon as v; is chosen. We
will denote the set of probability measures on R with mean m € R by M,,. These
considerations lead us to the following problem.

Problem 2.5. Suppose that a metric d on M, a measure y € M and two positive num-
bers ¢, m are given. When are there two measures p™®, ™ ¢ B(u,¢) N M,, such
that

PR <y < e forall v e Bd(,u, €)N My, ?



2.1. Notation and preliminaries

The following proposition defines the infinity Wasserstein distance? W, and explains
its connection to call functions. For various other probability metrics and their relations,
see [50]. We will use the words “metric” and “distance” for mappings M x M — [0, 0]
in a loose sense. Since all our results concern concrete metrics, there is no need to give a
general definition (as, e.g., Definition 1 in Zolotarev [88]). For the sake of completeness,
we include a proof that W satisfies the classical properties of a metric. Note also that
allowing metrics to take the value oo, as we do, leaves much of the theory of metric spaces
unchanged; see, e.g., [15].

Proposition 2.6. The mapping W : M x M — [0, 00|, defined by
W (u,v) =inf | X =Y,

satisfies the metric azioms. The infimum is taken over all probability spaces (2, F,P)
and random pairs (X,Y) with marginals given by u and v. This metric has the following
representation in terms of call functions, which is more useful for our purposes:

W (u,v) = inf{h > 0: R|,(x — h) < R},(2) < R},( + h), V& € R}. (2.1)

Proof. For the equivalence of the two representations see [66], p. 127. Clearly, W is

symmetric and W (u, ) = 0. If we assume that W (u,v) = 0, then we have for each

ne€NandzeR ) )
RL(CE — H) <R,(z) < R;L<$+ -

and hence R;(z) < R)(z). By symmetry, we get R) (z) < R, (z), which implies that

R, = R, and hence pu = v.

Given three measures p1, pg, u3 € M such that W (uy, u2) = €1 < oo and W (ug, u3) =
€9 < 00 we obtain that

R;“ (:L’ —(e1+ e+ %)) < R;Q (1‘ — (€2 + %))
< R, (@) < B, (o4 (24 2))
<R, (v+(a+e+t %))

Thus
W (1, p13) < €1 + €2 = W (pq, p2) + W (uz, p3).

Note that the triangle-inequality trivially holds if max{e;, €2} = 0. d
By (2.1) and Proposition 2.3 (7ii), W can also be written as
W (u,v) = inf{e >0:Fy(r—e€) <F,(r) < Fux+e), Vo e ]R}.

We will see below (Proposition 2.8) that, when d is the infinity Wasserstein distance,
Problem 2.5 has a solution (™", ™) if and only if [m—Eu| < e. As an easy consequence,

2The name “infinite Wasserstein distance” is also in use, but “infinity Wasserstein distance” seems to

make more sense (cf. “infinity norm”).
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given (ftn)n=1,2, the desired “close” peacock (vp)n=12 exists if and only if there is an m
with |m —Epu| < e, |m—Euz| < € such that the corresponding measures pi™™®, 2% satisfy

Mrlllin SC Hgﬂax. Then’ (Vla ]/2) — (,uinin’ Mglax) is a pOSSible Choice-

Besides the infinity Wasserstein distance, we will solve Problems 2.4 and 2.5 also for the
stop-loss distance (Proposition 2.23), for index sets N and [0, 1] (see Theorems 2.11, 2.22,
2.25, and 2.27). For the Lévy distance and the Prokhorov distance we will use different
techniques and solve Problem 2.4 for index set N (see Corollary 2.36 and Theorem 2.37).

2.2. Strassen’s Theorem for the infinity Wasserstein distance

We now start to investigate the interplay between the infinity Wasserstein distance and
the convex order. It is a well known fact that the ordered set (M,,, <.) is a lattice for
all m € R, with least element ¢, (Dirac delta). See for instance [60, 73]; recall that M,,
denotes the set of probability measures on R with mean m. The lattice property means
that, given any two measures u, v € M,,, there is a unique supremum, denoted with p Vv,
and a unique infimum, denoted with pAv, with respect to convex order. It is easy to prove
that R, = R, V R, and R,,, = conv(R,, R,). Here and in the following conv(R,,, R,)
denotes the convex hull of R, and Ry, i.e., the largest convex function that is majorized
by R, A R,.

In the following we will denote balls with respect to W with B*. The next lemma
shows that (B*(u,€) N My, <) is a sublattice of (M,,,<.), which will be important
afterwards. Recall that two measures can be comparable w.r.t. convex order only if their
means agree. This accounts for the relevance of sublattices of the form (B> (u, €)M, <c)
for our problem: If a peacock (vy,)nen satisfying v, € B (un, €) for all n € N exists, then
we necessarily have v, € B®(uy,€) N My, n € N, with Evy =Evg =--- =m.

Lemma 2.7. Let uy € M, € >0 and m € R. Then for vi,vy € B>®(u,€) N My, we have

vi Vg € BX(u,e) N My, and v Avy € B®(u,€) N M,

Proof. Denote the call functions of 11 and v5 with R; and Ry. We start with v1 Vs, It is
easy to check that R :  — Ry (z)VRz(x) is a call function such that R'(z) € {R)(x), R5(z)}
for all z € R. By Proposition 2.3 (i7), it is also clear that v V v € M,,. This proves the
assertion.

As for the infimum, we will first assume that there exists x9 € R such that Ry (z) < Ro(x)
for x < zp and Ry(z) < Ri(z) for z > xy. Then there exist 1 < g and x9 > xg such
that the convex hull of R; and Ry can be written as (see [74])

Ry(x), x < w1,
_ Ra(z2)—Ri(x1) o
conv(Ry, R)(x) = { Ri(z1) + =5 5 (0 —21), @ € [z1,22),
Ry(x), x> xo.

10
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Now observe that for all x € [z1, z2)

Rl (¢ — ) < Ry(x) < Rb(a2-)
S RQ(CCQ) — R1 (fL‘l)

T2 — X1

< Ri(z1) < Ry(z) < R, (z + o),

and hence conv(R1, R2)'(v) € [R,(z — €), R, (x + €)]. Therefore v1 Avg € B®(p,€) N M.

For the general case note that for all z € R we have by [74] that either conv(R, R2)(x) =
R,(x) AN R,(z) or that z lies in an interval I such that conv(Ri, Ry) is affine on 1.
If the latter condition is the case then we can derive bounds for the right-derivative
conv(Ry, Ry) (x),x € I, exactly as before. The situation is clear if we have that either
conv(Ry, Ra)(z) = Ri(z) or conv(Ry, Ra2)(z) = Ra(x). Q

We now show that the sublattice (B> (u, ) N M,,, <.) contains a least and a greatest
element with respect to convex order. This is the subject of the following proposition,
and is also the solution to Problem 2.5 for the infinity Wasserstein distance. As for
the assumption m € [Eu — ¢,Eu + €] in Proposition 2.8, it is necessary to ensure that
B> (u,e) N M,, is not empty. Indeed, if W (uq,u2) < e for some pi,us € M, then
by (2.1), Proposition 2.3 (ii), (v), and the continuity of call functions, we obtain

Ry (z+€) < Ryy(w) < Ryy(w—¢), xR (2.2)
By part (ii) of Proposition 2.3, it follows that |Eu; — Eug| < e.

Proposition 2.8. Given € > 0, a measure p € M and m € [Eu — €, Eu + €], there exist
unique measures S(u), T () € B>®(p,€) N My, such that

S(p) <cv<.T(u) forallve B®(u,e) N My,

The call functions of S(p) and T(u) are given by
R™"(z) = Ry, (z) = (m + Ry(x—¢)— (Bu+ e)) V Ry(z+e), (2.3)
R} (x) = Ry () = Conv(m +Ry(-+€) — (Ep—e€), Ru(- — e)) (). (2.4)

To highlight the dependence on € and m we will sometimes write S(u; m, €) and Rﬁli“(-; m,e€),
respectively T'(p;m, €) and R;*(-;m,e€).

Proof. We define Rf]i“ and R by the right hand sides of (2.3) resp. (2.4), and argue
that the associated measures S(u) and T'(u) have the stated property. Clearly Rg‘in is a
call function, and we have that

ER)™ = Ili}r_noo(m + Ry(x—¢) — (Ep+e) + x) % (R#(x +¢€) + iL‘)
=mV (Eu—e¢) =m.
From the convexity of R, we can deduce the existence of v € RU {£o0} such that
R[I?in(x) _ m+ RM($ - 6) - (EM+ 6)7 T <,
R,(x+¢) T > .

11
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Hence we get that (R)™)'(z) € [R),(z—e€), R}, (z+e€)] for all 2. According to Proposition 2.6,
the measure associated with "™ lies in B* (1, €) N My, To the left of v, R™ is as steep
as possible (where steepness refers to the absolute value of the right derivative), and to
the right of v it is as flat as possible. From this and convexity, it is easy to see that S(u)
is the least element.

Similarly we can show that ER}™* = m, and thus it suffices to show that
max\/ / /
(R™) (x) € [R,(x —€), R, (x +€)].
But this can be done exactly as in Lemma 2.7. d

Remark 2.9. It is not hard to show that

m+ Ry(e +¢) — (En— ), rEm
Ry (x) = Ry(x1+¢€)+ @(l‘ —x1—2€), € [r1,71 + 2],
Ru(ﬂf—E), T > x1 + 2,

where ( )

. ./ m— E:u' — €

= 1nf{x ER:R,(x+¢€)> —26}.

Before formulating our main theorem, we recall that in Definition 2.1 we defined a

peacock to be a sequence of probability measures with finite mean and increasing w.r.t.

convex order. We now give a simple reformulation of this property. For a given sequence
of call functions (R, )nen, define, for N € N and z1,...,zy € R,

N
Oy (a1, 2n) = Ri(@) + Y (Ra(@n) = Bal@n-1)) = Rys1(on). (2.5)
n=2

Proposition 2.10. A sequence of call functions (Ry)nen with constant mean defines a
peacock if and only if ®n(x1,...,2n) <0 for all N € N and x1,...,xxy € R.

Proof. According to Proposition 2.3 (iv), we need to check whether the sequence of call
functions increases. Let n € N be arbitrary. If we set the n-th component of (x1,...,Zp41)
to an arbitrary x € R and let all others tend to co, we get

(Dn+1(OO, - 00,7, OO) = Rn(x) - Rn+1($).

The sequence of call functions thus increases, if ® is always non-positive. Conversely,
assume that (Ry)nen increases. Then, for N € N and zj,...,2xy € R,

N N
On(z1,...,on) < Ri(z1) + > Rugi(zn) — > Ru(zn-1) — Ryya1(zn)
n=2

n=2
N1 N

= Ri(z1) + > Ru(xn-1) = Y Ru(zn-1) — Rnj1(zn)
n=3 n=2

= Rl(l‘l) — RQ(SL‘l) <0

12
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We now extend the definition of @y for z1,...,zxy € R, m € R, and € > 0 as follows,
using the notation from Proposition 2.8:

q)N(xla <o TN, 6) = ernin(xl; m, 6)
N
+ Z (Rn(acn +eon) — Ry(xp—1 + ean)) — RNV (xnsmye). (2.6)
n=2

Here, R™" is the call function of S(u1;m, €), N3 is the call function of T'(un1;m,€),

and

Op = sgn(Tp_1 — Tp) (2.7)
depends on x,,_1 and x,. Clearly, for e = 0 and Eu; = Eus = - -+ = m, we recover (2.5):
On(z1,...,xn;m,0) = Py(21,...,2n), NEN, z1,...,25y €R. (2.8)

The following theorem gives an equivalent condition for the existence of a peacock within
W°-distance € of a given sequence of measures, thus solving Problem 2.4 for the infinity
Wasserstein distance, and is the main result of this chapter. By Proposition 2.10 and (2.8),
it is consistent with Strassen’s theorem (Theorem 2.2), i.e., the case ¢ = 0. Also, note
that the functions ®x defined in (2.6) have explicit expressions in terms of the given
call functions, as R™" and R™3* are explicitly given by (2.3) and (2.4). The existence
criterion we obtain is thus rather explicit; the existence proof is not constructive, though,
as mentioned in the introduction. (For a constructive proof of Strassen’s theorem, and
references to earlier constructive proofs, see Miiller and Riischendorf [72].) Moreover, note
that we use Strassen’s theorem in the proof; for ¢ = 0, the proof reduces to a triviality,
and not to a proof of Strassen’s theorem.

Theorem 2.11. Let € > 0 and (pn)nen be a sequence in M such that

I:= ﬂ [Epn — €, Epy + €]
neN

is not empty. Denote by (R, )nen the corresponding call functions, and define @y by (2.6).
Then there exists a peacock (Vp)nen such that

W (pn,vn) <€, foralln eN, (2.9)
if and only if for some m € I and for all N € N, z1,...,xny € R, we have
Oy (x1,...,xn;m,e) <O0. (2.10)

In this case it is possible to choose Evy = Evy = --- = m.

The proof of Theorem 2.11 is given towards the end of the present section, building on
Theorem 2.16 and Corollary 2.17 below.

For € = 0, condition (2.10) is equivalent to the sequence of call functions (R,) being
increasing, see Proposition 2.10. For ¢ > 0, analogously to the proof of Proposition 2.10,
we see that (2.10) implies

Ry(x+¢€) < Rpt1(z—¢€), xR neN. (2.11)

13



Chapter 2. A variant of Strassen’s Theorem

It is clear that (2.11) is necessary for the existence of the peacock (v, )nen, since, by (2.2)
and Proposition 2.3 (iv),

Ry(x4+¢€¢) <R, (xr) <R, (2) < Rypi(z—¢), zeRnelN

On the other hand, it is easy to show that (2.11) is not sufficient for (2.10):
Ezxample 2.12. Fix m > 1 and € = 1 and define two measures

2 m—1

= m—|—150+m+1

where 0 denotes the Dirac delta. It is simple to check that (2.11) is satisfied, i.e.

Om+1, M2 = Ome1,

Ry, (z+¢€) <R,(x—¢€), xR

Now assume that we want to construct a peacock (vp)p=12 such that W (uy,vy,) < 1.

H2

Figure 2.1.: The call functions of p; (lower curve) and po (upper curve) from Example 2.12,
for m = 4 and € = 1. The call function of v is the call function of p; shifted
to the right by one. Similarly, shifting the call function of us by one to the
left yields the call function of vs.

Then the only possible mean for this peacock is m, which easily follows from Eu; = m —1
and Eug = m + 1 (see the remark before Proposition 2.8). Therefore the peacock has to
satisfy v, € B®(n, 1) N My, n = 1,2, and the only possible choice is

2 m—1
Vl:m+161+m+1
But since Ry, () > Ry, (x) for € (1,m + 2), (v,)n=1,2 is not a peacock; see Figure 2.1.

5m+27 Vg = (Sm .

14
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If the sequence (fn)n=12 has just two elements, then it suffices to require (2.10) only for
N = 1. It then simply states that there is an m € I such that RP®(z;m, €) < RY(z;m, ¢)
for all z, which is clearly necessary and sufficient for the existence of (1,),—12. However,
if the sequence (i, )nen has more than two elements, then

RN (2:m, €) < R (2;m,€), k<n (2.12)

is only necessary but not sufficient for the existence of a suitable peacock, as is shown in
the next example.

Ezample 2.13. Let ¢ = 1 and consider three measures

1 1 1
= =4 ) -0 Eu =4
251 21-1-36-1-69, H1 )
—15 —i—ld Eus =5
M2—21 29, H2 = O,
1 1 1
= —4 -0 —0 Eus = 6.
us 23+39+611’ 3

If a peacock (v1,19,1v3) in W-neighborhood of (1, pe, p3) exists its mean has to be
Ev; = 5. A simple calculation reveals that

1 1 1
S(p135,1) = T(p;5,1) = 552 + 557 + 65107
1 1
S(,U2757 ) 2(52+ 2587
T2 5,1) = 28+ 50
K259, - 2 0 9 10,
1 1 1
S(ME}’ 57 1) = T(:u37 57 1) = 552 + 567 + 6510'

It is now plain to check that (2.12) holds for k,n € {1,2,3}. In particular, we have
that S(u1;5,1) = T(us;5,1). Therefore, a peacock satisfying (2.9) exists if and only if
S(u1;5,1) € B> (g, 1). But this is not the case, since (2.1) does not hold for z = 7:

Ry 0) [l ). Ry (o4 1) = {1,

Thus, we have shown that (2.12) is not sufficient for the existence of suitable peacocks in
W°-neighborhoods.

Unsurprisingly, the peacock from Theorem 2.11 is in general not unique:

Ezample 2.14. Let € > 0 and consider the constant sequences R, (x) = (—z)", n € N, and

—x, T < —¢,
— +
Py(z,c) = 6—%, —e<z<g,
0, T >c

Then, for any ¢ € [0,¢€], it is easy to verify that the sequence of call functions P,(-,c)
defines a peacock satisfying (2.9).

15
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2.2.1. lNlustrations

In this section we want to illustrate the minimal and maximal measures from Proposi-
tion 2.8 with some examples.

Ezample 2.15. (i) Suppose that yu = d,, for some m € R, then clearly S(u;m,e) = u for

(i)

(i)

16

all € > 0. A simple calculation shows that T'(u, m,€) = %5m_5 + %5m+6.

Suppose that p € M is symmetric, i.e. Fj,(x) = 1 — F,(—z) for all x € R and
assume that p has a density f, with respect to the Lebesgue measure, such that
Fu(x) = [* fu(z) dz. For fixed € > 0 we will determine S(u) := S(u;0,€) and
T(p) :==T(p;0,€). A simple calculation reveals that the unique solution of

Ry(z —€) —e=Ru(z +e),
is given by = 0. Therefore the distribution function of S(u) is given by

Fu(zx—e€), z<0,
F/;,(x‘i_ﬁ), -’,UZO

Fo(a) = {

Note that in general S(u) has an atom at 0: S(p)({0}) = F(e) — Fu(—€)=:p. We
can now decompose S(u) as follows:

S(p) =pdo + (1 = p)v,
where dg denotes Dirac delta function at 0 and v is a symmetric measure which has
a density f, given by
fulx —e), z<0,
fulz) = !
fll(x + 6)7 x> 0.

Similarly we can construct T'(u). By Remark 2.9, we get that the call function
of T'(p) can be written as

Ry(z+€) + ¢, z < —¢,
Ry (z) = { $(e —z) + Ru(0), x € [—¢€],
Rﬂ(x - 6)7 x Z €.

Note that this implies that the distribution function of T'(u) is flat in [—e, €], i.e. for
all Borel sets A C [—¢, €] we have that T'(u)(A) = 0.

Figure 2.2 illustrates the densities of S(u) and T'(p) when p is the standard normal

distribution and € = %

This highlights the fact that S(u) has more mass in the center than p and less mass

in the tails. Conversely, 7'(¢t) has no mass in the center, but more mass in the tails
than p.

If in (47) p is the uniform distribution on [—n,n| for n > €, then T'(u) is the uniform
distribution on [—e — n, —e] U [e, € + n] and S(u) is the convex combination of the
uniform distribution on [—n+-¢, n—¢| and the dirac measure on zero. In this case S(u)
is a simple fusion of u (see [32] for definitions): S(u) can be obtained from p by fusing
all the mass from [—n, —n + €] U [n — €, n] into zero.
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S —— Density of S(y;0, %)
—— Density of T'(p;0, 1)

0.4

0.3

0.2

0.1

Figure 2.2.: Densities of S(u) and T'(u) from (ii) of Example 2.15, when p is the standard
normal distribution. The blue circle indicates that S(u) has an atom at zero.

2.2.2. Proof of Theorem 2.11

The following theorem furnishes the main step for the induction proof of Theorem 2.11,
given at the end of the present section. In each induction step, the next element of the
desired peacock should be contained in a certain ball, it should be larger in convex order
than the previous element (v in Theorem 2.16), and it should be as small as possible in
order not to hamper the existence of the subsequent elements. This leads us to search for
a least element of the set (2.13). The conditions defining this least element translate into
inequalities on the corresponding call function. Part (i7) of Theorem 2.16 states that, at
each point of the real line, at least one of the latter conditions becomes an equality.

Theorem 2.16. Let pu,v be two measures in M such that the set

Al = {9 € B®(use) : v <. 9} (2.13)

1s not empty.

i) The set AY contains a least element S, (u) with respect to <., i.e. for every 8 € AY
1 0
we have that
v <¢Su(p) <c 0.

Equivalently, if
RV(.I‘) < RT(,LL) (I‘;EV, 6)7 z €R,

17
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there exists a pointwise smallest call function R* which is greater than R, and sat-

isfies (R*)'(z) € [R),(z — €), R}, (x + €)] for all z € R.
(i) The call function R* is a solution of the following variational type inequality:

min{R*(aj) —Ry(x), (R") () — R, (x—¢€), R, (x+¢€)— (R*)'(m)}: 0, zeR. (2.14)

Proof. The equivalence in (i) follows from Proposition 2.3 (iv). We now argue that S, ()
exists. An easy application of Zorn’s lemma shows that there exist minimal elements in AZ.
If #; and 65 are two minimal elements of AZ then according to Lemma 2.7 the measure
01 N 02 lies in B*(v,e) N Mg,. Moreover, the convex function R, nowhere exceeds Ry,
and Rp,, and hence we have that R, < conv(Rg, A Rg,) = Rp, rg,. Therefore 61 A 6y lies
in Al’j. Now clearly 01 A 02 <. 61 and 61 A 0y <. 02, and from the minimality we can
conclude that 61 A 65 = 01 = 65.

Now let 6* be the unique minimal element and let 6 € A} be arbitrary. Exactly as
before we can show that 6" A 6 lies in A}. Moreover 6% = 6* A6 <. 6 and therefore 6™ is
the least element of Az.

It remains to show (7). We set
R*(z) = inf {Rg(z) : 0 € A} }. (2.15)

Clearly R* is a decreasing function with lim,_,~ R*(z) = 0 and lim,_, _~ R*(z) +x = Ev.
We will show that R* is convex, which is equivalent to the convexity of the epigraph
€ of R*. Pick two points (z1,y1), (x2,y2) € £. Then there exist measures 61,0y € Ay
such that Ry, (r1) < y1 and Rg,(z2) < y2. Using Lemma 2.7 once more, we get that
0:=0L N0y € A,’j and Ry(z;) < y;,i = 1,2. Therefore, the whole segment with endpoints
(x1,y1) and (z2,y2) lies in the epigraph of Ry and hence in €. This implies that R* is a
call function, and the associated measure has to be S, (u). Also, we can therefore conclude
that the infimum in (2.15) is attained for all .

Now assume that (2.14) is wrong. Since all functions appearing in (2.14) are right-
continuous, there must then exist an open interval (a,b) where (2.14) does not hold, i.e.

R*(z) > Ry(x) and (R*)'(z) € (R),(z — ¢), R,(x + ¢€)) for all x € (a,b).

Case 1: There exists an open interval I C (a,b) where R* is strictly convex. Then we
can pick x1 € I and hy > 0 such that 1 + h; € I and such that the tangent

Pi(z) == R*(z1) + (RY) (z1)(x — 21), x € [x1,71 + h1]

satisfies Ry () < Pi(z) < R*(z) for x € (z1,21 + hy]. Also, since (R*)'(z1) > R}, (71 — €)
and since R}, is right-continuous, we can choose h; small enough to guarantee (R*)'(x1) >
R}, (z1+ h1 —¢€). Next pick x5 € (z1, 21 + h1), such that R),(- + €) is continuous at x5 and
set

Py(z) := R*(z2) + (R") (22)(z — 22), = € [w2 — ha, z2].
We can choose hy small enough to ensure that R, (z) < Py(z) < R*(z) and (R*) (z2) <
R/, (zo —ha+e€). Also, if 1 and x5 are close enough together, then there is an intersection

w
of P, and P» in (z1,z2). Now the function

R(ZL‘) — Pi(z)V Py(x), x € [z1,22],
) R*(x), otherwise,

18
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is a call function which is strictly smaller than R* and satisfies R'(z) € (R, (z—€), R}, (v+¢)]
for all z € R. This is a contradiction to (2.15). See Figure 2.3 for an illustration.

1 x2

Figure 2.3.: Case 1 of the proof of Theorem 2.16. If R* is strictly convex, then we can
deform it using two appropriate tangents, contradicting minimality of the
associated measure.

Case 2: If there is no open interval in (a,b) where R* is strictly convex, then R* has
to be affine on some closed interval I C (a,b) (see p. 7 in [76]). Therefore, there exist k, d
in R such that

R*(z)=kx+d, ze€l.

By Proposition 2.3 (i), the slope k has to lie in the open interval (—1,0), since R* is
greater than R, on I. We set

a1 :=sup{z € R: (R")(z) < k} > —o0,

by :=inf{z € R: (R*)'(z) > k} < o0;
the finiteness of these quantities follows from Proposition 2.3 (i7). From the convexity
of R, and the fact that R, < R*, we get that R*(z) > R, (x) for all z € (a1, b1), as well
as (R*)/(x) > R),(z —¢) for all z € (a1,b) and (R*)'(z) < R}, (v +¢) for all x € (a,b1). We

now define lines P; and P, with analogous roles as in Case 1. Their definitions depend
on the behavior of (R*)" at a; and b;.

If (R*)(a1—) < k, then we set 1 = a1 and Pi(x) = R*(x1) + k1(z — z1) for = > x4,
with an arbitrary ki € ((R*) (x1—), k); see Figure 2.4.

If, on the other hand, (R*)'(a;—) = k, then we can find 1 < a; such that R*(x1) >
Ry(x1) and (R*)'(z1) > R}, (w1 — ¢). In this case we define

Pi(z) :== R*(z1) + (R") (z1)(z — 1), x> 1.
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Similarly, if (R*)'(b1) > k, then we define 9 = by and Py(x) = R*(x2) + ko(z — 22)
for z < x9 and for ke € (k,(R*)'(b1)), and otherwise we can find xo > by such that
R*(x2) > Ry(x2) and (R*)'(22) < R,(z2 + €). We then set

Py(z) := R*(z2) + (RY) (22)(x — 22), 2 < x9.
We can choose hi, hy > 0, d < d and k1, ko such that the function
Pi(z), z¢€ [z, 21+ hi],
R(w) _ kx+cz x € [x1 + h1,29 — he),
Py(z), € [z2— hg,xa],
R*(z), otherwise,
is a call function which is strictly smaller than R* but not smaller than R,. Also, if hy

and hy are small enough we have that R'(z) € [R,(z —€), R,(z + ¢)] for all x € R, which
is a contradiction to (2.15). u

al] =1 bl

Figure 2.4.: Case 2 of the proof of Theorem 2.16, with (R*)'(a1—) < k and (R*)'(b1) = k.

In part (i) of Theorem 2.16, we showed that A} has a least element. The weaker
statement that it has an infimum follows from [60], p. 162; there it is shown that any
subset of the lattice (M,,,<.) has an infimum. (The stated requirement that the set
be bounded from below is always satisfied, as the Dirac delta d,, is the least element of
(M, <¢).) This infimum is, of course, given by the least element S, (u) that we found.

If v = 6y, then S, () = S(u), the least element from Proposition 2.8. In this case we
have that

/ *

(R (z) = R, (z—¢€), =<a,

R,(z+¢€), =2>u,

where z* is the unique solution of

m+ Ry(z—€) — (Ep+¢€) = Ry(z +¢).
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2.2. Strassen’s Theorem for the infinity Wasserstein distance

The following corollary establishes an alternative representation of the inequality (2.14),
which we will use to prove Theorem 2.11. Note that, in general, (2.14) has more than one
solution, not all of which are call functions. However, R* is always a solution.

Corollary 2.17. Assume that the conditions from Theorem 2.16 hold and denote the call
function of S,(u) by R*. Then for all x € R there exists y € RU {£o0} such that

R¥(z) = Ry(y) — Ru(y + €0) + Ryu(z + €0),

where 0 = sgn(y —x). Here and in the following we set R(co) = 0 for all call functions R
and
Ri(—oo £t €) — Ry(—oote):= lim (Ri(xte)— Ra(z£e)),

T—r—00

for call functions Ry and Ro.

Proof. By Theorem 2.16 we know that R* is a solution of (2.14). Let x be an arbitrary real
number. If R*(z) = R,(x), then the above relation clearly holds for y = . Otherwise, we
have R*(z) > R,(z), and one of the other two expressions on the left hand side of (2.14)
must vanish at z. First we assume that (R*)'(z) = R),(x + ¢€). Define

y:=inf{z>xz: (R")(2) < R (2 +€)}.

If y < oo, then by definition (R*)'(y) < R),(y +¢). By (2.14), we have R*(y) = R,(y). It
follows that

R*(z) =R,(y) — Ru(y+¢€) + Ru(z +¢€), forall ze lz,y].
If y = oo, then this equation, i.e. R*(z) = R,(z + €), z > z, also holds.
If, on the other hand, (R*)'(z) = R),(x — ¢), then we similarly define
y:=sup{z <z: (R")(2) > R, (2 —€)}.

If y > —oo then (R*)(y—) > R, ((y — ¢)—) and hence R*(y) = R, (y) by (2.14). Therefore

we can write
R*(z) = R,(y) — Ru(y —€) + Ru(z —¢), forall z € [y, x].

If y = —oo then (R*)'(z) = R},(z — ¢) for all z < z. The above equation holds if we take
the limit y — —oo on the right hand side. d

Corollary 2.18. Using Proposition 2.8 and Theorem 2.16, for a given sequence of mea-
sures (fin)nen n M, we inductively define the measures

91 - S(Nl;m7 6)7 ek = S@}g71 (/J’k:)7 k > 27

if the sets
{veB>®(uke€): 01 <cv}

are not empty. Then the following relation holds:
Ry, (z) = Ro,_,(y) — Ry, (y + €0) + Ry, (x + o),

where n > 2, y € RU{xoo} depends on x and o = sgn(y — x).
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Chapter 2. A variant of Strassen’s Theorem

Proof. The result follows by simply applying Theorem 2.16 and Corollary 2.17 with v =
0n_1 and p = iy, a

We can now prove Theorem 2.11, the main result of this chapter. As in Strassen’s
theorem (Theorem 2.2), the “if” direction is the more difficult one.

Proof of Theorem 2.11. Suppose that (2.10) holds for some m € I and all z1,...,zy € R,
N € N. We will inductively construct a sequence (Pp)nen of call functions, which will
correspond to the measures (v, )nen. Define Py = R™2(-:m,€). For N = 1, (2.10) yields
that RP%(z) < RY®(x). Note that the continuity of the R, guarantee that (2.10) also
holds for z, € {£oo}, if we set sgn(co — 00) = sgn(—oo + oo) = 0. We can now use
Theorem 2.16 together with Corollary 2.17, with R, = R™™ and R, = Ry, to construct a
call function P», which satisfies

Py(x) = RM(21) + Ro(x + €0) — Ro(xy +¢0), zE€R,
where o = sgn(x; — x), and x1 depends on x. If we use (2.10) we get that
R (21) + Ra(z + €o2) — Ra(x1 + €09) < R (x55,¢), n >3, 1,7 € R.

Hence Py(z) < R (z) for all z € R and for all n > 3. Now suppose that we have already
constructed a finite sequence (Pi,..., Py) such that P, < P,41, 1 < n < N, and such
that Py < R for all z € R and for all n > N + 1. Then by induction we know that for
all x € R there exists (z1,...,zny-1) such that

N-1
Py (x) = R () + Z (Rn (zp+eon)—Ry (;vn,1+ean)>+RN (z+eon)—Rn(zn—1+€on),
n=2

max

with o = sgn(zy—1 — ). In particular, we have that Py < Ry%q. We can therefore
again use Corollary 2.17, with R, = Ry41 and R, = Py, to construct a call function
Pn1, such that

N
Pnii(z) = RY™(21) + Z (Rn (zp + €0) — Rp(@p—1 + ean))
n=2
+ Ryy1(x + eong1) — Ryyi(an + €ongt),
where on11 = sgn(xy — x) and (z1,...,2y) depend on z. Assumption (2.10) guarantees

that Py < Rp® for allm > N + 1.

We have now constructed a sequence of call functions, such that P, < P,y1. Their
associated measures, which we will denote by v, satisfy W (i, v,) < € and v, < Vpy1.
Thus we have constructed a peacock with mean m.

Conversely, assume that (v, )nen is a peacock such that W (uy,,v,) < € and set m =
Evy. Denote the call function of v, by P,. We will show by induction that (2.10) holds.
For N =1 we have that

RI™(z;m, €) < Pi(z) < Py(z) < RE™(x;m.e), z€R,

by Proposition 2.8.
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2.2. Strassen’s Theorem for the infinity Wasserstein distance

For N =2 and z; < x5 we can use (v) of Proposition 2.3 to obtain

) T2
R (z1;m,€) + Ro(xg — €) — Ro(x1 — €) < Py(x1) +/ Ry(z —€)dz

1

Z2
< Py(zq) + Py(z)dz

1

= Py(x2) < P3(x2) < R (2;m, €).

Similarly, if zo < x1,

T

. 1
R™(z1;m,€) + Ro(xo + €) — Ro(x1 + €) < Py(x1) — / Ry(z +¢€)dz

T2

1
< Py(my) — Pj(2)dz

T2
= PQ(QS‘Q) § P3($2) S Rénax(l‘g; m, 6).
If (2.10) holds for N — 1 and zny_1 < xp, then
_ N
R (x1;m,€) + Z (R (2, + €0p) — Ry (2p—1 + €0v,))

n=2

< Pn_i(zn-1) + Rn(zn —€) — Rn(zn—1 —€)
TN
< Py(zy_1) + / Pl(2) dz
TN-1
< Pnyi(zn) < RS (2N mye).
The case where xny_1 > xx can be dealt with similarly. d

Remark 2.19. In Theorem 2.11, it is actually not necessary that the balls centered at the
measures (i, are all of the same size. The theorem easily generalises to the following result.
For m € R, a sequence of non-negative numbers (€,)ncn, and a sequence of measures
(tn)nen in M, define

min(

(I)N(‘Tla"‘7$N;m7617"‘76N+1):Rl xl;m761)

N
+ Z (Rn(ﬂfn + eno'n) - Rn(xn—l + Enan)> - R%iﬁ(mN; m, €N+1)a
n=2
NeN, z1,...,zxy € R, (2.16)
with o, defined in (2.7), and assume that

I:= ﬂ [Epn — €n, Epp + €]
neN

is not empty. Then there exists a peacock (vp)nen such that
W (pup,vp) < €,, forallmeN,
if and only if for some m € I and for all N € N, z1,...,zxy € R, we have
On(z1,. .., xN; M, €1, ... en+1) < 0.

To prove this result, one simply has to replace € by €, in the preceding proof.
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Chapter 2. A variant of Strassen’s Theorem

Remark 2.20. It is easy to see that (2.10) is equivalent to the following condition which is
slightly easier to check:

N
R (@1im, ) + 3 (Rl -+ €0u) = Rl +¢0,)

n=2
< (m + Ryi1(zy +€) — (Bunyr — 6)) A Rny1(zy —e€).  (2.17)

max

Note that the convex envelope of the right hand side of (2.17) is exactly RN (zn;m, €)
and therefore (2.10) implies (2.17). On the other hand if we go through the proof Theo-
rem 2.11 on more time we see that the call functions Py constructed there satisfy

Py(z) < (m + Ryii(z+e€) — (Eung1 — e)) ANRni1(z—e€), zeR.

max

Then, from the convexity of Py we can deduce that Py(z) < R{Y(w;m,€) and thus
(2.17) implies (2.10).

Remark 2.21. If a probability metric is comparable with the infinity Wasserstein distance,
then Theorem 2.11 implies a corresponding result about that metric (but, of course, not
an “if and only if” condition).

For instance, denote by WP the p-Wasserstein distance (p > 1), defined by
1/p
WP(p,v) = inf (E|X - YP]) ", pveM.

The infimum is taken over all probability spaces (€2, F,P) and random pairs (X,Y") with
marginals given by p and v. Clearly, we have that for all y,v € M and p > 1

W (u,v) = WP(p,v).

Hence, given a sequence (fn)nen, (2.10) is a sufficient condition for the existence of a
peacock (vp)nen, such that WP(u,,v,) < € for all n € N. But since the balls with

respect to WP are in general strictly larger than the balls with respect to W, we cannot
expect (2.10) to be necessary.

2.2.3. Strassen’s theorem for the infinity Wasserstein distance: continuous
time

In this section we will formulate a version of Theorem 2.11 for continuous index sets. We
generalise the definition of ®x from (2.6) as follows. For finite sets S = {t1,...,tn41} C
[0, 1] with ¢ <t <--- <itny1, we set

Ds(21,...,xnim, €) = R (z13m,€)

N
+ Z (Rtn (xp +€0pn) — Ry, (xn + ean)) — R\ (zn;mye). (2.18)

n=2

Here, R™™ is the call function of S(u,;m,€), R is the call function of T'(puy,,3m,€),
and o, = sgn(x,—1 — x,) depends on z,,—1 and z,. Using ®s, we can now formulate a
necessary and sufficient condition for the existence of a peacock within e-distance. The
continuity assumption (2.19) occurs in the proof in a natural way; we do not know to

which extent it can be relaxed.
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Theorem 2.22. Assume that (y1t);c(0,1) 95 a family of measures in M such that
Ii= () B — e, Ep + ¢
t€[0,1]

is not empty and such that

hglFu =F,, tel0,1], (2.19)
S

pointwise on R. Then there exists a peacock (vt)ie(o,1) with
W (e, 1) <€, forallte|0,1],

if and only if there exists m € I such that for all finite sets S = {t1,...,tny4+1} C QNJ[0,1]
with t1 <to < --- <tny1, and for all x1,...,xx € R we have that

bs(x1,...,xn;m,€) < 0. (2.20)

In this case it is possible to choose Evy = m for all t € [0, 1].

Proof. By Theorem 2.11, condition (2.20) is clearly necessary for the existence of such a
peacock. In order to show that it is sufficient, we will first construct v, for ¢ € QN [0, 1].
Therefore fix m € I such that (2.20) holds and fix ¢ = ¥ € QN [0,1]. We will define a
sequence of measures (u(g"))neN as follows (recall the notation from Theorem 2.16): for
fixed n € N set 0( " = Suo(ﬂ s ) and 9( =g o, (ux ), where k =2,...rn. Then

Vé") =),

Condition (2.20) guarantees that Vén) exists. Denote the call function of Vén) by R,. Then
we have that

RS(,uq;m,e) <R, <Ryt < RT(,uq;m,e)7 n €N, (2.21)

and thus the bounded and increasing sequence (R,,) converges pointwise to a function R.
As a limit of decreasing convex functions R is also decreasing and convex and together
with (2.21) we see that R is a call function with lim,_,_, = R(z) + = m. Therefore R
can be associated to a measure v, € M,,

Next, we will show that v, € B> (4, €). From the convexity of the R, we get that

R'(z) = lim lim

hl0 n—oo h
> lim lim R} (z + h)
h]0 n—o0
> léﬁ)lnhngoR“ (z+h—€ =R, (x—e¢),

and similarly

R'(z) = lim lim Bn(2 + 1) = Bn(2)
h]0 n—o0 h

<lim lim R/ (z)

h10 n—00

< lim R (w+6):RLq(x+e),

— n—oo Ha
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Chapter 2. A variant of Strassen’s Theorem

thus W (v, ptq) < €.

Now for p,q € QN [0, 1] we want to show that v, <. v,. We first illustrate the idea for

p= % and ¢ = % Recall that v, was defined via an approximating sequence (V,()n))neN.

An easy observation reveals that 1/,()2) <c 1/(53): Indeed, V;(,2) is defined to be the smallest

element in B> (y1,,, €)M, which dominates Sy, (1 1 ), and V¢§3) is defined to be the smallest

element in B> (g, €) N My, which dominates VéQ). With similar arguments we can show

that 1/1(;4) <c 1/;6), or more generally V}ng) <c V§3'2k_1), for all k € N.

For general p,q € QN [0, 1] with p = i and ¢ = 2, we pick subsequences (Ik)ken and

(nk)ken such that lpsqy = ngso for all k € N. Then clearly y]gl’“) <c y(gn’“) <cygforallk e N
and therefore v, <. v,. We have shown that (I/t)tEQm[Ujl] is a peacock.

The next step is to define measures v; for ¢t ¢ QN [0, 1]. Therefore pick such a t and an
increasing sequence g, € QN [0, 1] which converges to t. Similar reasoning as before shows
that the sequence (R,, )nen converges pointwise to a call function, and we define v; to be
the associated measure. Then clearly Ev; = m. Furthermore, using the continuity of the
distribution functions, we get that

R, h) - R,
R, (2) = lim lim e @1 = Ry, (@)

h10 n—o0 h
> lim lim R], (x+ h)

hl0 n—oo  Yan

> lim lim R, (z+h—¢)

- h\l,o n—oo Han

:%%R;Lt(x‘}'h_e) =R, (x—e¢),

and similarly we see that R, (v) < R}, (z +¢). We have shown that v, € B*(u, €) for all
te0,1].

From the definition of 14 we have that v, <. 14 for ¢ < t,q € QN [0,1] and v, < v, for
p>t,p € QNI0,1]. This implies vs <. v for all 0 < s <t <1, thus (4)e[o,1) is a peacock
with mean m. Q

2.3. Strassen’s theorem for the stop-loss distance

For two measures u,v € M we define the stop-loss distance as

Y (p,v) = SZE |R.(z) — Ry(z)|.

We will denote closed balls with respect to d°“ by BS. In the following proposition, we
use the same notation for least elements as in the case of the infinity Wasserstein distance;
no confusion should arise.

Proposition 2.23. Given € > 0, a measure p € M and m € [Eu — €, Ep+ €], there exists
a unique measure S(u) € B (u, €) N M.y, such that

S(p) <cv, forallve BSL(M, €) N My,.
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The call function of S(u) is given by
min +
R}™M(z) = Rg(uy(x) = (m —2) " V (Ru(x) —¢). (2.22)
To highlight the dependence on € and m we will sometimes write S(u;m, €) or Rg‘i“(-; m,e).

Proof. 1t is easy to check that Rg(,) defines a call function, and by (i) of Proposition 2.3
we have that

ERs() = Jim_ Rs() + 2
= lim_(mV (Ru(@) +2— )
=mV (Ep—¢€) =m.
The rest is clear. a

Remark 2.24. The set BSY(u, €)NM,,, does not contain a greatest element. To see this, take

an arbitrary v € B5(y, €) N M., and define 29 € R as the unique solution of R, (z) = 3e.

Then for n € N define new call functions

n

(& — wp) Belootn)=Rleo) | R (40), € [xo, 20 + 1,
Ry (x) =

R, (x), otherwise.

It is easy to check that R, is indeed a call function and the associated measures 6,, lie in
BSL (1, €) N M,,. Furthermore, from the convexity of R, we can deduce that R, < R,, <
Ry+1, and hence v <. 0,, < 0,,4+1. The call functions R,, converge to a function R which is
not a call function since R(z) = R, (z0) = § for all # > xg. Therefore no greatest element
can exist.

However it is true that a measure v is in BS“(y, €) if and only if
erfin( Ev,e) <R, < R, +e.
Theorem 2.25. Let (un)nen be a sequence in M such that

I:= ﬂ [Epn, — €, Epy + €,
neN

is not empty. Denote by (Rp)nen the corresponding call functions. Then there exists a

peacock (Vp)nen such that
dSL(,una vn) <€ mneN, (2.23)

if and only if for some m € I
R (z;m,e) < Ru(z) +e€,  forallk <n and x € R. (2.24)

Here Rgﬁn denotes the call function of S(uk;m,€). In this case it is possible to choose
Evy = m.
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Proof. Suppose (2.24) holds for m € I. We will define the v, via their call functions P,.
Therefore we set Pj(z) = RM®(z;m, €) and

P,(x) = max{P,_1(x), R™™(x;m,€)}, n>2. (2.25)
It is easily verified that P, is a call function and satisfies
RMn(3) < Py(z) < Ru(z) +¢, z€R, (2.26)

and therefore v, the measure associated to P,, satisfies v, € BSL(un,e). Furthermore
P, < P41, and thus (v,)nen is a peacock with mean m.

Now assume that (v, )nen is a peacock such that d>%(u,,v,) < e. We will denote the
call function of v,, by P, and set m = Ev; € I. Then for £k < n and x € R we get with
Proposition 2.23

R (2:m, €) < Pr(z) < Po(x) < Rp(z) + €.

Q

Note that (2.24) trivially holds for k& = n. Moreover, unwinding the recursive defini-
tion (2.25) and using (2.22), we see that P,, has the explicit expression

Po(x) = max{(m —2)", Ry (z) —¢,..., Rp(x) — €}, z€RNnEN.
The following proposition shows that the peacock from Theorem 2.25 is never unique.
Proposition 2.26. In the setting of Theorem 2.25, suppose that (2.24) holds. Then there
are infinitely many peacocks satisfying (2.23).

Proof. Define P, as in the proof of Theorem 2.25, and fix g € R with P;(xg) < e. For
arbitrary ¢ € (0,1), we define

Glz) = {P1(960), z < o,
Pi(x0) + cP{(x0)(z — 20), x> 0.

Thus, in a right neighborhood of zg, the graph of G is a line that lies above P;. We then

put P, = P, VG, for n € N. It is easy to see that (P,)nen is an increasing sequence of
call functions with mean m, and thus defines a peacock. Moreover, we have

Py <(R,+¢)VG <R, +e,

by (2.26) and the fact that G < e. The lower estimate P, > P, > R, —ecisalso obvious. O

Theorem 2.25 easily extends to continuous index sets.

Theorem 2.27. Assume that (Mt)te[o,l] is a family of measures in M such that

Ii= () B — € Ep + ¢
t€[0,1]

is not empty. Denote the call function of puy by Ry. Then there exists a peacock (vi)iefo,1]
with
dSt (s ve) <€, forallt e |0,1],
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if and only if there exists m € I such that for all 0 < s <t <1 we have that
R™™(2:m,€) < Ry(x) +¢, forallz eR. (2.27)
Here R™® denotes the call function of S(us;m,e€). In this case it is possible to choose

Evy = m.

Proof. 1f (2.27) holds for m € I we set

Py(x) = sup R{™(z;m,€), t€[0,1].
s<t

Then P, is a call function which satisfies RI®(z;m, €) < Py(z) < Ry(z)+¢€ for z € R. The
rest can be done as in the proof of Theorem 2.25. Q

2.4. Lévy distance and Prokhorov distance

We will begin with the definition the Lévy distance and the Prokhorov distance. For
further information concerning these metrics, their properties and their relations to other
metrics, we refer the reader to [53] (p.27 ff). The Lévy distance is a metric on the set of
all measures on R, defined as

d“(p,v) = nt{h > 0: Fu(@ — h) = h < By(z) < Fy(x + h) + b, Yo € R}.

Its importance is partially due to the fact that d" metrizes weak convergence of measures
on R. The Prokhorov distance is a metric on measures on an arbitrary separable metric
space (9, p). For measures p, v on S it can be written as

d¥ (p,v) = inf{h > 0:v(A) < u(A") + h, for all closed sets A C S},
where A" = {z € S : infaea p(x,a) < h}. We will denote closed balls with respect to d“
resp. d* by BY resp. BY.

The Prokhorov distance is often referred to as a generalisation of the Lévy metric,
since d¥ metrizes weak convergence on any separable metric space. Note, though, that d“
and d® do not coincide when (S, p) = (R, |. ), as shown in the following example.

Example 2.28. Let € = %, i be the uniform distribution on [0, 1], and v be the uniform
distribution on [2¢,1 — 2¢]. Then it is easy to check that d“(u,v) < e. Also we have that

Bt -=n(l)

hence d"(u,v) = €. Next, we will show that the Prokhorov distance of 1 and v is larger
than %, and hence not equal to the Lévy distance. Consider the closed set A = [2¢,1— 2¢].
Then v(A) = 1, and the inequality

1< (A" +h
= p([2¢e —h,1 —2e+h]) + h=1—4e+ 3h

is true for all h > %, and therefore d” (u,v) > ¢.
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Chapter 2. A variant of Strassen’s Theorem

It is easy to see that the Prokhorov distance of two measures on R is an upper bound
for the Lévy distance. See [53] p.36; we include the simple proof for completeness.

Lemma 2.29. Let p and v be two probability measures on R. Then

d"(p,v) < d”(p,v).
Proof. We set € = d¥ (u,v). Then for any 2 € R and all n € N we have that
1
Fy(xz) =v((—o0,z2]) < — 00, - -
() = v((—o0, x]) _u(( 00 x—i—e—i—nD tet
1 1
=Fufetet ) et

and by the symmetry of d* the above relation also holds with y and v interchanged. This
implies that d“(u,v) < e. Q

2.4.1. Modified Lévy distance and Prokhorov distance

We will first define slightly different distances dZI; and dg on the set of probability measures
on R, which in general are not metrics in the classical sense (recall the remark before
Proposition 2.6). These distances are useful for two reasons: First, it will turn out that
balls with respect to d* and d* can always be written as balls w.r.t. dzl; and dg, see
Lemma 2.30. Second, the function dg has a direct link to minimal distance couplings
which are especially useful for applications, see Proposition 2.32 and Theorem 3.15.

For p € [0, 1] we define
di(p,v) i=int{h >0: Fy(z—h)—p< F(x) < Fu(z+h) +pvocR}  (2.28)
and
dg(,u, V)= inf{h >0:v(A) < u(A") + p, for all closed sets A C S}. (2.29)
It is easy to show that dg(u, v) = dg(u,,u) (see e.g. Propositon 1 in [29]). Note that
dy(p,v) = 0 does not imply that p = v. We will refer to dII; as the modified Lévy distance,

and to dg as the modified Prokhorov distance. The corresponding closed balls are denoted
by BII; resp. BIE’.

The following Lemma explains the connection between the Lévy distance d“ and the
modified Lévy distance dZI; , resp. the Prokhorov distance d¥ and the modified Prokhorov

distance dg.

Lemma 2.30. Let p € M. Then for every € € [0, 1] we have that

B"(p,€) = Bl (n,€), and BF(n,€) = B (i,€).

Proof. For v € M, the assertion v € BY(u, €) is equivalent to

((A) <v(A°) +e+4, §>0, ACR closed, (2.30)
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2.4. Lévy distance and Prokhorov distance

whereas v € BY (u, €) means that
w(A) <v(AH) +¢, §>0, ACR closed. (2.31)

Obviously, (2.31) implies (2.30). Now suppose that (2.30) holds, and let 6 | 0. Notice that
AT C AH02 for §; < §y. The continuity of v then gives

w(A) < v(A9) + e <v(A) +¢ §>0, ACR closed,
and thus BY (u,€) = B (i, €).
Replacing A by intervals (—oo, z] for z € R in (2.30) and (2.31) proves that B"(u,€) =
BE(u, €). Q
Similarly to Lemma 2.29 we can show that the modified Lévy distance of two measures

never exceeds the modified Prokhorov distance.

Lemma 2.31. Let p and v be two probability measures on R and let p € [0,1]. Then
dy (1, v) < dy (11, v).

Proof. We set € = dg(p, v). Then for any =z € R and all n € N we have that

Fy(a) = v((~o0,a)) < u((~oo,a+ e+ 2] ) +p
ZFu(x-i-e—i-%) +p,

and by the symmetry of d¥ the above relation also holds with p and v interchanged. This
implies that de“(,u, v) <e. Q

The following result was first proved by Strassen and was then extended by Dudley [29,
83]. It explains the connection of dg to minimal distance couplings.

Proposition 2.32. Given measures pi,v on R, p € [0,1], and € > 0 there exists a proba-
bility space (2, F,P) with random variables X ~ p and 'Y ~ v such that

P(|X - Y| >e¢) <p, (2.32)

if and only if .
dy (u,v) <e (2.33)

2.4.2. Strassen’s theorem for Prokhorov distance and Lévy distance

In this section we will prove variants of Strassen’s theorem, first for the modified Prokhorov
distance and later on for the modified Lévy distance, the Prokhorov distance, and the Lévy
distance. It turns out that Problem 2.4 always has a solution for these distances, regardless
of the size of €. In the following we denote the quantile function of a measure y € M
by G, i.e.

Gulp) =inf{z e R: F,(z) >p}, pel0,1].
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Chapter 2. A variant of Strassen’s Theorem

Proposition 2.33. Let p€ M, p € (0,1], and m € R. Then the set
By (1,0) N My,

is not empty. Moreover, this set contains at least one measure with bounded support.

Proof. The statement is clear for p = 1, and so so we focus on p € (0,1). Given a measure
we set [ = [G(%),Gu(1 —§)). We will first define a measure 1 with bounded support
which lies in Bg (u,0), and then we will modify it to obtain a measure # with mean m.
We set

0, < Gu(h),
Fy(z) :== F,(z), zel,
L, x> Gy(l- %),

which is clearly a distribution function of a measure 7. Note that n has finite support, so
in particular 7 has finite mean. Next we define

0= (1-5)n+50u,

where w is chosen such that B = m. Since 1 has bounded support, we can deduce that 8
also has bounded support. Now for every closed set A C R we have that

6(A) < (1 Dyn(a)+ 2

2 2
<(1- g)n(A nint(I)) +p
< u(A) +p,

where int(I) denotes the interior of I. For the last inequality, note that u and 7 are equal
on int(I). The last equation implies that 6 € B} (11,0) N M. Q

Note that in Proposition 2.33 it is not important that y has finite mean. The statement
is true for all measures on R. The same is true for all subsequent results.

Proposition 2.34. Let v € M be a measure with bounded support and p € (0,1). Then
for all measures p € M there exists a measure 0 € BE(,M, 0) with bounded support such
that v <. 0.

Proof. Fix p,v € M and p € (0,1), and set m = Ev. Then, by Proposition 2.33, there is
a measure 6y € B]l; /2(M7 0) N M,,, which has bounded support. For n € N we define

0, = (1— g)ao + §5m,n + gamw

These measures have bounded support and mean m. Furthermore, for A C R closed, we
have

n(A) < (1= 5)00(4) +
< 00(A) + 5

32



2.4. Lévy distance and Prokhorov distance

and hence v, € BZ};)(,u, 0) for all n € N. Now observe that for all n € N and x € (m —
n,m + n) we have

Ro, (z) = (1 - g)RQO (z) + %(m tn—z), (2.34)
which tends to infinity as n tends to infinity. Therefore there has to exist ng € N such
that v < 0,,. Q

In Proposition 2.34 it is important that p > 0. For p = 0 the limit in 2.34 is finite.

Theorem 2.35. Let (pin)nen be a sequence in M, € > 0. and p € (0,1]. Then, for all
m € R there exists a peacock (vy)nen with mean m such that

dzl?(,unv Vn) <e.

Proof. If p =1 then B}? (11,0) contains all probability measures on R, which is easily seen

from the definition of dg,

B};(u, 0) C BI},)(,u,e), it suffices to prove the statement for ¢ = 0. By Proposition 2.33,

and the result is trivial. So we consider the case p < 1. Since

there exists a measure v € BE (u1,0) N M,, with bounded support. By Proposition 2.34
there exists a measure vy € Bg (p2,0) such that vy <. 9. Since v, has again finite support,
we can proceed inductively to finish the proof. Q

Setting € = p € (0, 1] in the previous result, we obtain the following corollary.

Corollary 2.36. Let (pin)nen be a sequence in M and € > 0. Then, for all m € R there
exists a peacock (Vn)neny with mean m such that

dP(,Ufny Vn) <e.

Proof. By Lemma 2.30 we have that BY (i1,€) = BF (u,¢) for all p € M and € € [0, 1]. The
result now easily follows from Theorem 2.35. d

Since balls with respect to the modified Prokhorov metric are larger than balls with
respect to the Lévy metric, we get the following corollary.

Theorem 2.37. Let (in)nen be a sequence in M, € > 0, and p € (0,1]. Then, for all
m € R there exists a peacock (Vn)nen with mean m such that

d};(,u,n, Vn) <e
In particular, there exists a peacock (vp)nen with mean m such that

dL(,U/Tw Vn) <e.

Proof. Fix e > 0 and p € (0,1], and let (v, )nen be the peacock from Theorem 2.35 resp.
Corollary 2.36. Then by Lemma 2.31 resp. Lemma 2.29, we have that v, € BZI; (fin, €) TESP.
Uy € BY(pin, €) for all n € N. Q
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2.4.3. Least element for the modified Lévy distance
In this subsection we will show that sets of the Bg;(u, €) N M,,, contain a least element. It
is described in the Proposition 2.39.

Before we formulate it we make some preparations.

Lemma 2.38. Given a measure p € M, p € (0,1), ¢ >0 and m € R, set
a=Gulp)+e b=Gu(l1-p)—e
as well as
Pu(@) = (Ru(z =€) = pr = (Ru(a = ) = pa) + (m — a) " )1 00)(a),
Qu(z) = (R#(l‘ +€)+pr— (Ru(b+e)+ Pb))]l(—oo,b] (),

for x € R. Then the following statements hold.
(i) P, is strictly decreasing and convezx on [a,00) and satisfies P,(a) = (m —a)™ and

limg, 0o Pyu(z) = —00.

(ii) Q, is decreasing and conver on R and satisfies Q,(b)=0 and Q,(z) < (m —x)" for
all sufficiently small x.

(iii) The function
Rg(u) = maX{P“(w), Qu(x), (m — a:)+}, x € R, (2.35)
is convexr and decreasing.

Proof. The assertions in (i) and (ii) are clear. For (iii) note that the function Rg,) is
convex and decreasing on [a,00). For z < a we have that

Ry (@) = max{Qu(z), (m — 2)"}

and hence Rg(,) is convex and decreasing on (—oc0, a). We will now argue that R’S(#) (a—) <
RZS‘(M) (a+), which will establish the convexity of Rg(,) on R. If Rg)(a) > Py(a) then
there has to exist an interval I containing a, such that Rg,)(z) = Q(x) for all z € I,
which implies the convexity Rg(,) in this case. On the other hand, if Rg(,)(a) = P,(a) then
RlS(p) (a—)=-1< Rg(#)(a—{—). From the convexity of Rg(,) we can deduce its continuity
and therefore R(S(u)) is decreasing on R. u

Proposition 2.39. Given a measure p € M, p € (0,1), € > 0 and m € R, the set
B}I;(,u, €)NM,, contains a least element with respect to <., i.e. there exists a measure S(i)
such that

S(p) <c 0, forallbe BII;(M, €) N M.

The call function of S(p) is given by (2.35). Furthermore S(u) has bounded support.
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2.4. Lévy distance and Prokhorov distance

Proof. From Lemma 2.38 we know that Rg,) is convex and decreasing and from (i)
and (i7) we can deduce that
) o PRYE _
xEr_noo Rgu(7) + 1 = xgxgoo(m )T +x=m,

and

xlglc}o Rgu(x) = xli_)néo(m —z)" =0.

Therefore Rg(,) is a call function and the associated measure has bounded support.

The minimality of S(u) can be shown similar to the case where p = 0: to the right of a,
P, describes a function that is as steep as possible. To the left of a there is no lower bound
to the right-derivative of call functions (except of course the trivial bound —1). Similarly,
to the left of b, @, describes a function that is as flat as possible, to the right of b the
upper bound for the right derivative is 0. d
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Consistency of Option prices in
markets with bid-ask spreads

In this chapter we will apply the results for the infinity Wasserstein distance and the
modified Prokhorov distance. Given a finite set of European call option prices on a single
underlying, we want to know when there is a market model which is consistent with these
prices. In contrast to previous studies, we allow models where the underlying trades at a
bid-ask spread. The next section explain our notation.

3.1. Notation and Preliminaries

Our time index set will be 7 = {0,...,T} throughout, where 1 < T € N. Whenever we
talk about “the given prices” or similarly, we mean the following data:

A positive deterministic bank account (B(t)).er with B(0) =1, (3.1)
strikes 0< Ky < Kyo<---<Kin,, Ne>1,teT,
corresponding call option bid and ask prices (at time zero)

0<r.,; resp. 0<7;, suchthat r,; <7, 1<i< N, teT, (3.3)
and the current bid and ask price of the underlying 0 < S, < Sp. (3.4)

We write D(t) = B(t)~! for the time zero price of a zero-coupon bond maturing at t. The
discounted strikes will be denoted by k;; = D(t)Ky;.

In the presence of a bid-ask spread on the underlying, it is not obvious how to define the
payoff of an option; this issue seems to have been somewhat neglected in the transaction
costs literature. Indeed, suppose that an agent holds a call option with strike $100, and
that at maturity 7 = 1 bid and ask are S; = $90 resp. S; = $110. Then, the agent
might wish to exercise the option to obtain a security that would cost him $10 more in
the market, or he may forfeit the option on the grounds that spending $100 would earn
him a position whose liquidation value is only $90. Thus, the exercise decision cannot be
nailed down without making any further assumptions.

In the literature on option pricing under transaction costs , it is usually assumed that
bid and ask of the underlying are constant multiples of a mid-price (often assumed to be
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geometric Brownian motion). This mid-price is then used as trigger to decide whether an
option should be exercised, followed by physical delivery [9, 23, 86]. The assumption that
such a constant-proportion mid-price triggers exercise seems to be rather ad-hoc, though.
To deal with this problem in a parsimonious way, we assume that call options are cash-
settled, using a reference price process S¢. This process evolves within the bid-ask spread.
It is not a traded asset by itself, but just serves to fix the call option payoff (S& — K)T
for strike K and maturity ¢. This payoff is immediately transferred to the bank account
without any costs.

Definition 3.1. A model consists of a finite probability space (2, F,[P) with a discrete
filtration (F;);e7 and three adapted stochastic processes S, S, and SC, satisfying

0<S5,<8¢<8, teT.

We now give a definition for consistency of option prices, allowing for bid-ask spreads
on both the underlying and the options.

Definition 3.2. The prices (3.1)-(3.4) are consistent with the absence of arbitrage, if there
is a model such that

o E[(D(t)Sf — ki)t] € [reiTeil, 1<i< Ny, teT.

e There is a consistent price system for the underlying, i.e., a process S* such that
S; < Sf <5, for t € T and such that (D(¢)S})ieT is a P-martingale.

The process S* is also called a shadow price. According to Kabanov and Stricker [56],
these requirements yield an arbitrage free model comprising bid and ask price processes
for the underlying and each call option. Indeed, for the call with maturity ¢ and strike
Ky, one may take (ry ;150 + B(s)E[(D(t)Sf — kt,i) T Fs] 1 {s0y) 4o as bid price process
(and similarly for the ask price), and (B(s)E[(D(t)S{ — kii)*|Fs]) . as consistent price
system.

As mentioned in the introduction, if consistency is defined according to Definition 3.2,
then there is no interplay between the current prices of the underlying and the options,
which seems to make little sense. The following example shows how frictionless arbitrage
strategies may fail in the presence of a sufficiently large spread, whereas a general result
is given in Section 3.4 below.

Ezxample 3.3. Let ¢ > 0 be arbitrary. We set k := k11 = k21 = 1 and assume

B(1)=B(2)=1, Sy=5 =2, m:=r=ri1=c+1l, r:=ry; =721 =1

Thus C1(k) is “too expensive”, and without frictions, buying C(k) — C1(k) would be
an arbitrage opportunity (upon selling one unit of stock if C(k) expires in the money).
In particular, the first condition from Corollary 4.2 in [21] and equation (5) in [20], are
violated: they both state that r; < ro is necessary for the absence of arbitrage strategies.

But with spreads we can choose ¢ as large as we want and still the above prices would
be consistent with no-arbitrage. Indeed, we can define a deterministic model as follows:

S1=8,=2 Si=2+2 S=2 = ($+5)
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Note that
(8¢ —k)* =1 and (SY—k)F =c+1.

This model is clearly free of arbitrage (see also Proposition 3.14). In particular, consider
the portfolio Co(k) — C1(k): the short call —C1(k) finishes in the money with payoff
—(c+1). This cannot be compensated by going short in the stock, because its bid price
stays at 2. The payoff at time ¢t = 2 of this strategy, with shorting the stock at time t = 1,
is

(55 — k)" — (ST = k)t = (52 = 8)) = — <0,

Our focus thus will be on a stronger notion of consistency, where the discounted spread
on the underlying is bounded. Hence, our goal becomes to determine how large a spread
is needed to explain given option prices.

Definition 3.4. Let € > 0. Then the prices (3.1)-(3.4) are e-consistent with the absence of
arbitrage, or simply e-consistent, if they are consistent (Definition 3.2) and the following
conditions hold:

S;—8,<eB(t), teT,
S¢>eB(t), teT.

The bound (3.6) is a mild assumption made for tractability, and makes sense given the
actual size of market prices and spreads (recall that S < S¢). Also, when checking for
e-consistency we will always assume that all strikes are larger than €, which can be justified
by the same reasoning.

Definition 3.5. By a semi-static portfolio, we mean a (self-financing) portfolio where the
positions in the options are fixed at time zero, and the position in the underlying asset
can only be modified at trading times in 7. In the following let € > 0.

(7) The prices (3.1)-(3.4) admit model-independent arbitrage with respect to spread
bound e if we can form a semi-static portfolio in the underlying asset and the op-
tions such that the initial portfolio value is negative and, for any model satisfying 3.5
and 3.6, all subsequent cash flows are non-negative.

(it) There is a weak arbitrage opportunity with respect to spread bound e if there is no
model-independent arbitrage strategy (with respect to spread bound €), but for any
model for any model for any model satisfying 3.5 and 3.6, there is a semi-static
portfolio such that the initial portfolio value is non-positive, but all subsequent
cashflows are non-negative and the probability of a positive cashflow is positive.

Most of the time we will fix € > 0 and only write model-independent arbitrage meaning
model-independent arbitrage with respect to spread bound e.

The notion of weak, i.e. model-dependent, arbitrage was first used in [21], where the
authors give examples to highlight the differences between weak arbitrage and model-
independent arbitrage. Note that the process (D(t)S)ier does not have to be a mar-
tingale, since S is not traded on the market. The option prices give us some informa-
tion about the marginals of the process S, though. On the other hand, the process
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(D(t)Sf)ieT has to be a martingale, but we have no information about its marginals,
except that |S7 — S| < eB(t). This is equivalent to

W (L(D®)SE), L(D®)S))) < e (3.7)

where W denotes the infinity Wasserstein distance (see Proposition 2.6), and £ the law
of a random variable. For the next proposition we will use the notation from Chapter 2.
It explains the connection between e-consistent prices, and Theorem 2.11.

Proposition 3.6. For e > 0 the prices (3.1)-(3.4) are e-consistent with the absence of
arbitrage, if there are sequences of measures (py)teT and (vi)iet such that:

(a) Ry, (kii) € [ry4,Tea] for allt € T andi € {1,..., Ni} and p([e, 00)) =1,
(b) (vi)ieT is a peacock and its mean satisfies Ev € [S, Sol, and
(c) W (ug,vp) <€ forallt €T.

Proof. Let (ut)ieT and (v4)ie7 be as above. Then by Strassen’s theorem (Theorem 2.2)
and the definition of the infinity Wasserstein distance, there exists a finite probability
space (€, F,P) with a stochastic process (S);e7 and a martingale (S;);e7 such that for
all t € T we have D(t)S€ ~ y;, S; ~ v; and

P(ID(t)SE — S| <€) =1.
We then simply set
S¥:=B(t)S,, S,:=S°AS, S, :=8°vVS,

for t > 1 and have an arbitrage free model. a

3.2. Single maturity: e-consistency

The consistency conditions for a single maturity are similar to those derived in Theorem 3.1
of [21] and Proposition 3 of [20]. In addition to the conditions given there, we have to
assume that the mean of S¢ is “close enough” to Sp.

In the following we fix ¢t = 1 € T and often drop the time index for notational conve-
nience, i.e. we write 7; instead of 71 ; etc.

In the frictionless case the underlying can be identified with an option with strike k = 0.
Here we will do something similar. In the formulation of next theorem we set ky = e,
as if we would introduce an option with strike eB(1), but we think of C(eB(1)) as the
underlying. The choices for ry and 7y are most easily understood from the following
considerations: In every model which is e-consistent with the absence of arbitrage, (3.6)
implies that the discounted expected payoff of an option with strike e B(1) has to satisfy

D(E[(S{ — eB(1))*] = D(L)E[S] - e.

Furthermore, to guarantee the existence of a consistent price system, D(1)E[S{] has to
lie in the closed interval [S, — €, So + €], which implies that the price of an option with
strike B(1)e has to lie in the interval [Sy — 2¢, Sp].
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So in the next theorem we will use the symbol Cy(eB(t)) as a reference to the underlying
and —Cy(eB(t)) is a reference to a short position in the underlying plus an additional
deposit of 2¢ at the bank account. Recall that we assume that k; > e.

Theorem 3.7. Let € > 0 and consider prices as at the beginning of Section 3.1. Moreover,
for ease of notation we set kg = €, rq = Sy — 2¢, and 7o = So. Then the prices are e-
consistent (see Definition 3./) if and only if the following conditions hold:

()

FZ_Ij r; — Ty

J <i<j<I<N .
P AL (38)

(i)

T—1; .

> —1 0< [<N 3.9
R oL 0=i<IsN, (3.9)

(iii)
r; <7, 0<i<j<N, (3.10)

(iv)
rj=7; = r;=0, 0<i<j<N. (3.11)

Moreover, there is a model-independent arbitrage, as soon as any of the conditions (i)-(iii)
s not satisfied.

Proof. We first show that the conditions are necessary. Throughout the proof we will
denote the option C(K; ;) by C* to ease notation.

(7) Suppose that 1 < i < j < [ are such that (3.8) does not hold. We buy a so called
butterfly spread, which is the contract

oy K-K; , K;-K; ;
BFuI — I J ol _ i
K, - K; +KZ—KZ-

and get an initial payment. Its payoff at maturity is positive if Slc expires in the interval
(K;, K;) and zero otherwise, so we have model-independent arbitrage.
If (3.8) fails for ¢ = 0 we buy the contract

K -K, . K;—B(1)
BFO,],I — J S J
K — B T K —B(Q)

ol — v
€

and make an initial profit. At maturity the cash value of the contract is given by

Kl - Kj Sl + Kj — B(l)e

K, — B(1)e K, —13(1)6(510_1(”+ (ST - K;)T

which is always non-negative.

(ii) Suppose (3.9) fails for 1 < i < I. Then we buy a call spread C' — C? and invest
k; — k; in the bank account. This earns an initial profit and at maturity the cashflow is
non-negative.
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Now we consider the case where ¢ = 0. Note that in this case (3.9) is equivalent to
T = §0
ki + €

If this fails we buy C!, sell one unit of the underlying and invest k; + € in the bank account.
Again we earn an initial profit and at maturity the cashflow is non-negative.

(7i7) If (3.10) fails for 0 < i < j, then we buy the call spread C* — C/ and get an initial
payment. Its payoff at maturity is always non-negative.

If (3.10) fails for i = 0, then we sell C7 and buy one unit of the stock which also yields
model-independent arbitrage.

(iv) We will show that we cannot find an arbitrage-free model for the given prices,
if (3.11) fails. In Proposition 3.8 we will argue that there is a weak arbitrage opportunity
in this case (which entails, according to Definition 3.5, that there is no model-independent
arbitrage). In any model where P(S{ > K;) = 0 we could sell C7. Since this option is
never exercised, this yields arbitrage. If on the other hand P(Slc > Kj) > 0and i > 0,
then we buy the call spread C* — C7 at zero cost. At maturity the probability of a positive
cashflow is positive. If i = 0, then we buy the contract S — C7 instead, and at maturity
the cashflow is given by S; — (S{ — K) which is positive with positive probability.

Now we show that the stated conditions are sufficient for e-consistency. We first argue

that we may w.l.o.g. assume that 7y = rp = 0. Indeed, we could choose
Tikj —rik; o _ .
knii > max{ ———: 0<i<j <N, Ti—1; >0 \/max{kj+zj:0§]§]\7}
Ty —1;

and set Ty11 = ry,1 = 0. Then all conditions from Theorem 3.7 would still hold, if we
included an additional option with strike £y, and bid and ask price equal to zero. So
from now on we assume that 7y = ry = 0.

We will first show, that for s € {0,..., N} we can find es € [r,,Ts] such that the linear
interpolation L of the points (ks,es),s € {0,..., N} is convex, decreasing, and such that
the right derivative of L satisfies L'(kg) > —1. Then we will extend L to a call function,
and its associated measure will be the law of D(1)S{. The sequence (s)seq1,..., N} can
then be interpreted as shadow prices of the options with strikes (ks)seq1,.. N}

Before we start we will introduce some notation. For j,l € {1,...,N},j <[ we denote
the line connecting (kj,r,) and (k;,7) by fj,, i.e.
LT
fula) =1+ i@ = k)
If es is known for some s € {0..., N}, then we denote the line connecting (ks,es) and

(k‘i,?i),i € {S + 1, .. .,N} by Gs,is i.e.

9oilw) = es b s (0 = )
The linear interpolation of (ks, es) and (kj,r;),j € {s+1,..., N} will be denoted by hs ;:
T, —é€s
hej(x) =es+ kj e (x — ks).
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We will refer to the slopes of these lines as f};, g, ; and hy ; respectively.

First we will construct ey. In order to get all desired properties — this will become clear
towards the end of the proof — eg has to satisfy

> m . .
€0 = Ogjfl)éN f],l(k0)7 (3 12)
and
< mi i +7; — ko). 1
eo < oglgn (ki +7; — ko) (3.13)

We will argue that we can pick such an eg by showing that
fia(ko) < ki +7; — ko, 4,5,0€{0,...,N},j <L (3.14)
Using (3.9) twice we can immediately see that (3.14) holds for ¢ > j:
fii(ko) < 1; 4 kj — ko <Ti + ki — ko.

If on the other hand i < j we rewrite the right hand side of (3.14) to h;(ko), where
hi(x) = —x +7; + k;. Then from (3.8) we get that

fia(ki) <75 = hi(ks),
and since f}; > —1 = h; the inequality follows.

The above reasoning shows that existence of an ey such that (3.12) and (3.13) hold.
Next we want to construct e; for given eg. It has to satisfy the requirements

> ; — .
er > lgrjnfl)éN fg,l(kl) V (60 + ko ]ﬁ) (3 15)
and
(&) S lgignNg(],i(kl). (3.16)

Again we will argue that we can pick such an e; by considering the corresponding inequal-
ities. First note that the inequality

eo + ko — k1 < goi(k1), i€{l,...,N},
follows directly from (3.12). Next we want to prove that

fjJ(kl) Sgo,i(kl)a i)jal € {1’7N}7] <. (317)
Therefore observe that
fii(ko) < eo = go,i(ko)-

If i < j (3.17) follows from (3.8), since f;;(k;) < T; = go,i(k;). For i = j we may simply
use the fact that r; <7; and hence we get that f;;(k;) <7 = go,i(ki). For i > j we may
use fj,l(ko) <ey= hOJ'(kD) to get

fia(k1) < hoj(k1) < go,i(k1),
where the last inequality follows from the fact that hg (ko) = go,i(ko) = ep and that
r.—e€g Ti — € ’

Rl == < =g ..
0,] k] _ k() — kl _ k’o gO{L
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In the last step we used that eq > f; (ko).

Now suppose we have already constructed ej,...es—1,s € {1,...,N}. Then for r €
{1,...s — 1} we have that

€r—1 — €r-2
> - @ . — .
er > (er_l + R (ky kr_l)) \% r§1j1'1<al:§N fia(kr), (3.18)
and
< 1 .
er < TISI%DN Gr—1,i(kr). (3.19)

Note that for r = 1 we need an appropriate e_; and k_; in order for 3.18 to hold. For
instance, we can set k_; = —1 and e_1 = ey — (ko + 1) - (e1 — eo)/ (k1 — ko).

We want to show that we can choose eg such that (3.18) and (3.19) hold for r = s. First,
the inequality

65—1+M'(k5_k371) Sgsfl,i(k‘s)a 1€ {57~-'aN}a
k’sfl _ksf2

is equivalent to
€s5—1 — €52 Ty — €s—1

ks—l - ks—? - kz - ks—l

which is again equivalent to
es—1 < gs—2,i(ks—1)
and holds by (3.19).

The inequality

fj,l(ks) < gsfl,i(ks)y iajal € {Sa s aN}vj < l,

can be shown using the same arguments as before: first we note that f;;(ks—1) < es—1 =
gs—1,i(ks) and then we distinguish between i < j, i = j and i > j.

We have now constructed a finite sequence (es)geqo,.. .n}. Observe that for all s €
{0,..., N} the bounds on es from above, namely (3.12) and (3.13) for s = 0, (3.15)
and (3.16) for s = 1 and (3.18) and (3.19) for s > 1, ensure that es € [r,,Ts]. Denote by
L : [ko, kn] — R the linear interpolation of the points (ks,es),s € {0,...,N}. Then L is
convex, which is easily seen from

€s—1 — €5—
6526571+M-(k5*k3,1), 5> 2.

k'sfl - k’sz
Furthermore, by (3.15)
k) = L= > g,
(ko) ki —ko —

Finally, L is strictly decreasing on {L > 0} which is most easily seen from ey < gs—1,n5(ks)-
Therefore L can be extended to a call-function R as follows:
L(ko) +ko — 2z, x< ko,
R(xz) = ¢ L(x), x € [ko, kn],
0, X Z kN.
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3.2. Single maturity: e-consistency

Let u be the associated measure. Then Eu = R(0) = L(ko) + ko € [Sy — €, S0 + ¢]. If
Eu < Sy we define a measure v by setting v(A) = p(A — ¢€) for Borel sets A. The set A—e€
is defined as {a — e : a € A}. Then Ev = Eu + € € [Sy, So]. Similarly, if Ey > Sy we
define v(A) = p(A + €) for Borel sets A, and if Eu € [S,, So] then we simply set v = p.
Furthermore for © < ko we have that R'(x) = —1, therfore p has support [e,00). By
Proposition 3.6 the prices are e-consistent with the absence of arbitrage. Q

Supplementing Theorem 3.7, we now show that there is only weak arbitrage if (3.11)
fails, i.e., no model-independent arbitrage. This is the content of the following proposition;
its proof is a slight modification of the last part of the proof of Theorem 3.1 in [21].

Proposition 3.8. Under the assumptions of Theorem 3.7, there is a weak arbitrage op-
portunity if (3.8), (3.9) and (3.10) hold, but (3.11) fails, i.e. there exist i < j such that

Proof. As we have seen in part (iv) of the necessity proof of Theorem 3.7, there is an
arbitrage opportunity that depends on the null sets of the model. We will show that there
is no model-independent arbitrage strategy. Suppose, on the contrary, that there is one.
Then we can construct a portfolio C,, = Zl]\;_l vC(K;), where v; € R such that its initial
cost is negative, i.e.

N
ryi=v-14 (3 S0 — % So) + > _ (T — 1) <0
=1

and such that the cashflow at maturity is non-negative, i.e.

Y-1B(1) + (51— 75 Sy) +Zw —K)*t>0.
=1

Here C(K_1) denotes the bank account and C'(Ky) denotes the underlying as usual. With-
out loss of generality we can assume that 35 | || = 1.

Next we construct e, ..., ey as in the sufficiency proof of Theorem 3.7. Clearly we then
have 7; = ¢; = ¢;41 = --- = ey. The idea is to consider a market with slightly different
shadow prices €;, which can be obtained from the original shadow prices e; by shifting
them down. More precisely, we set lo = max;cyo,... N} (e; + k; = eg + ko) and define

N N
Z (ks - klo) Z (kS - klo)
z=mind -2 (e1p+1 + ki 1—el—kl)-s:lo eN-s:lO—
97 o+ o+ 0 0 kl0+1 _ klo ’ k?N _ klo

Then we set ; = ¢; for | <l and for | > [y

ki — ki
N

> (ks — ki)

s=lp

él:el—z

Now consider a modified set of prices, where bid and ask price of the [-th call, 0 <1 < N,
are both defined by ¢;. It is easy to check that these prices satisfy all conditions from
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Chapter 3. Consistency of Option prices in markets with bid-ask spreads

Theorem 3.7, and hence do not admit any arbitrage opportunities. Indeed, the second
expression in the definition of z guarantees that €j,41 is not too small, i.e.

glO‘i‘l — glO > _1
kloJrl - klo B

)

and the third expression ensures that €y is not too small, i.e. €5 > 0. A simple calculation
shows that

N N N
Y1+ (15 S0 =15 S0) + Dl =v-1+ (0§ So =% So) + D_mer— Y. vnle—&)
=1 =1 I=lo+1

N
<ry— Z Y(er —e)
I=lp+1

N
ki —k

<rytz Y ”n’Nl—lo

I=lo+1 Z (ks - klo)

s=lo

,
§r7+z§§<07

and so the portfolio C;, = S, %C(K;) in the modified market has negative cost. But
its cashflow at maturity is unchanged and hence non-negative, and we have thus con-
structed a model-independent arbitrage strategy for the modified set of prices, which is a
contradiction. d

For e = 0 and r; = 7; = r; the conditions from Theorem 3.7 simplify to

Tit1 — T i —Ti-1

0> > > 1, forie{l,...,N—1},
kiv1i—ki = ki— ki1 { J
and

ri =rj—1 implies r;, =0, forie {l,...,N}.

These are exactly the conditions required in Theorem 3.1 of [21].

We close this section with the following remark.

Remark 3.9. Note that in contrast to the frictionless case, we do not have to require that
bid or ask prices are decreasing as the strike increases, in order to get models which are
e-consistent with the absence of arbitrage. i.e. we do not have to require that r; > rj or
7; > 7 for i < j. This is shown in the following example.

Consider the case with two options, where ¢ = 0, and for ¢ = 1, 2 the prices are given by

B(l)zl, Sog=80=4, F=1+5 r;,=1+ ki = i.

i
5
The prices and a possible choice of shadow prices are shown in Figure 3.1. Clearly all
conditions from Theorem 3.7 are satisfied, and therefore there exists an arbitrage free
model. For example we can choose p = d5, where § denotes the Dirac delta. This example
shows that in our setting, prices which are plausible from a no-arbitrage point of view,
are not necessarily rational prices in an economic sense: since at maturity the cashflow
of C(K3) never exceeds the cashflow of C'(K) the utility indifference ask-price of C'(K3)
should not be higher than the utility indifference ask-price ask-price of C'(K7).
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Figure 3.1.: This examples shows that it is not necessary that the ask-prices resp. bid-
prices decrease with the strike. The line represents the call function of Js.

3.3. Multiple maturities: ¢-consistency

The e-consistency conditions for single maturities (Theorem 3.7) are a straightforward
generalisation of the results of [20, 21]. They guarantee that for each single maturity
t € T the option prices can be associated to a measure y, such that Euy € [Sy, Sol-
In this section we want to state necessary conditions for multiple periods. In the case
where there is no market friction on the underlying, it suffices to compare prices with only
three or two different maturities (see equations (4), (5) and (6) in [20] and Corollary 4.2
in [21]) to obtain suitable consistency conditions. These conditions ensure that the family
of measures (u;)ie7 is a peacock.

If we want to check for e-consistency (¢ > 0) it is clear from (2.10) that we need
conditions which involve all maturities simultaneously (see also Example 2.13). This is
why we will introduce calendar vertical baskets (CVB), a portfolio which consists of various
long and short positions in the call options. We first give a proper definition of CVBs.
Then, in Proposition 3.11 we will study a certain trading strategy involving a short position
in a CVB: this strategy will then serve as a base for the conditions in Theorem 3.12. Note
that our definition of a CVB depends on € > 0: the contract defined in Definition 3.10 only
provides necessary conditions in markets where the bid-ask spread is bounded by ¢ > 0.

Definition 3.10. Fix u € T and ¢ > 0 and assume that vectors ¢ = (01,...,04),
x=(x1,...,2y), I = (i1,...,iy—1) and J = (j1,...,Ju) are given, such that
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Chapter 3. Consistency of Option prices in markets with bid-ask spreads

(i) o € Rforall t € {1,...,u},

(i) o1 € {—1,1} and oy = sgn(xy—1 — x¢) for all t € {2,..., u},
(74) iy € {0,..., N1} and key14, < x4+ €opypq forall t € {1,...,u — 1},
() jr €{0,...,N¢} and kyj, =z + €0y forall t € {1,...,u}.

Then we define a calendar vertical basket with these parameters as the contract
u
CVBy(0,2,1,) = Cr(K13,) + Y (Ci(Kig) = Ci(Krs ) ) = 260 (p— 1y, (3.20)
t=2
The market ask resp. bid-price of CV B, (o, x, I, J) are given by
u
?gVB(U, x, I, J) =T14 + Z(?t’jt — tt,it_l) — 261{01:_1},
t=2

u
g Ploa, 1J) =4+ (1, — Ft,ml) +26lo——1y-
t=2

We will refer to v as the maturity of the CVB.

Proposition 3.11. Fiz € > 0 and assume that 3.5 and 3.6 hold. Then for all parameters
u,0,x,1,J as in Definition 3.10, there is a semi-static portfolio whose initial value is given

by —LC;VB(U, x,1,J) and such that the cash-flow at each time t € T is either zero or given

by —(SE — B(t)(kij — €or +¢€)).
Proof. Assume that we buy the contract

—CVBU(O', xz, I, J) =-C4 (Kle) + Z(Ct<Kt7itf1) — Ct(Kt,jt)) + 26]1{01:,1}, (3.21)
t=2

thus we are getting an initial payment of [ﬁVB(U, x,I,J). We have to keep in mind that if
iy = 0 for some t € {1,...,u—1} then the corresponding expression in (3.21) denotes a long
position in the underlying, and if j; = 0 for some t € {1,...,u} the expression —Cy(K¢ j,)
in (3.21) denotes a short position in the underlying plus an additional deposit of 2¢ at the
bank account at time-0. To ease notation we will write K;; instead of K;;, , and K ;
instead of K j,. Also we will write ¢, for eB(t).

We will show inductively that at the end of each period ¢t € {1,...,u} we can end up
in one of two scenarios: either the value of our bank account is non-negative, we will call
this scenario A, or the value of our bank account is at least —(St(J — Kij — €0t + €), we
will refer to this as scenario B. If at any period we end up in scenario B, we go short in
one unit of the underlying, such that the value of the bank account becomes K; ; — €0y,
thus we start the next period with a short position in the underlying.

We will first deal with the case where o1 = —1 and afterwards with the case o1 = 1.
We start with ¢t = 1 and first assume that j; > 0. If C(K ;) expires out of the money,
the cashflow at time ¢ is given by 2e¢; > 0, so we are in scenario A. Otherwise we sell one
unit of the underlying and the resulting cash flow is

2e1 + Ky j — SIC +58; 2 Ky +e =Ky — 0161,
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3.3. Multiple maturities: e-consistency

thus we have scenario B. If j; = 0 then K ; = ¢;. We do not close the short position in
this case and the value of our bank account becomes 4¢; > K ; — o1€1, so we also get to
scenario B.

For the induction step we split up the proof into two parts. In part A we will assume
that at the beginning of time ¢ we are in scenario A, and in part B we will assume that at
the beginning of time ¢ we are in scenario B.

Part A: We will show that at the end of time ¢ we can end up either in situation A
or B. First we assume that j;,i;—1 > 1 such that both expressions in (3.21) with maturity ¢
denote options. Under this assumptions the cashflow at the beginning of time ¢ is given
by

CF, > (S¢ — Ki)" — (8¢ — Kuj) ™

Clearly, if K;; < K ; or if both options expire out of the money then C'F; > 0, and we

are in situation A at the end of ¢. So suppose that K;; > K;; and that Stc > K ;. This
also implies that o, = 1. If this is the case, we go short in one unit of the underlying and
at the end of time ¢ and get

CF, > (S — Ki3)" — (SE — Kuj) + 8,
> Ky j — €04,

This corresponds to situation B. Next assume that j; = 0 and ¢; > 0. Then we have that
K ; = ;. At the and of the ¢-th period we end up in scenario B:

CFt Z (Stc - Kt,j>+ + 26t Z Kt,j — €40¢.

We proceed with the case that j; > 0 and 4,1 = 0. Then since K;; > ¢; we can close the
long position in the underlying and end up in scenario A after time ¢:

CF,>58,—(S¢ - K ;)" >0.

The case where j; = i;—1 = 0 is easily handled since the long and the short position simply
cancel out. We are done with part A.

Part B: Assume that at the beginning of time ¢ we are in scenario B, thus the value
of our bank account is given by k;_1 jB(t) — €04—1. First we will consider the case where
Jt,it—1 > 1. If at time ¢ the option with strike K ; expires in the money, we do not close
the short position and have

+
CFy > ki1;B(t) — o1+ (S — Kp3) " — (S¢ — Ku)

=ki—1,;B(t) — o1 + Ky j — Ky

Z th‘ — €¢0¢.
which means that we end up in scenario B. Now we distinguish two cases according to
-1 < x; and x4 > xy and always assume that C;(K; ;) expires out of the money. If
w41 < ¢ then we also have that k;; < k; ; and that o, = —1. We close the short position
to end up in scenario A:

L =
CFt > ]Ct,LjB(t) — €0¢—1 + (Stc - Km) - St
Kii—eop — Ky —e > 0.
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If on the other hand z;_1 > z; and oy = 1, we do not trade at time ¢ to stay in scenario B:

CF; > ky—1;B(t) — o1 + (SF — Kt,i)+
> Kt,j — €10¢.

We proceed with the case where j; = 0 and i; > 0. As before, we have that K;; = ¢
and we can close one short position to stay in scenario B:

CF, > ky—1;B(t) — o1 + (SF — Kt,i)+ +2¢ — Sy
> ki_1;B(t) —eoi—1 — K i+ ¢

Z €t — €0t — th' — €t0¢.

If j; > 0 and 4,—1 = 0 then we distinguish two cases: either Cy(K; ;) expires out of the
money in which case we cancel out the long and short position in the underlying and have:

CFy > ky—1;B(t) — ;041 > 0,

which corresponds to scenario A. Or, C;(K ;) expires in the money. Then we sell one unit
of the underlying such that we end up in scenario B:

CF; > kt_lij(t) — €01 — Stc + K j+ S,
> k’tfl,jB(t) — €01+ KtJ &
> Kt,j — €10¢.

In the last inequality we have used that k;_1 ; B(t) — e,04—1 = B(t)xi—1 > K — €0, and
that Ktﬂ‘ = €¢.

The case where j; = i;—1 = 0 is again easy to handle since the long and the short
position cancel out and we are in scenario B at the end of the ¢-th period.

Thus at the end of time u we are either in scenario A or scenario B, which proves the
assertion if o7 = —1.

The proof for o1 = 1 is similar. We will show that at the end of time-1 we can either be
in scenario A or scenario B and the statement of the proposition then follows by induction
exactly as in the case 097 = —1.

First we assume that j; > 0. Then if the option C;(K; ;) expires out of the money we
are in scenario A, otherwise we go short in the underlying and have

CF>-SY 4+ K1 j+58 >Kyij—e¢

which corresponds to scenario B. If j; = 0 then we also have that K;; = €; and hence we
are in scenario B. a

According to Proposition 3.11, there is a trading strategy for the buyer of the con-
tract —CV By (o,z,1,J), defined in (3.21), such that cashflow of this contract at matu-
rity u only depends on oy, k, ;. In the following we will use this strategy and only write
—CV By(oy, ku,j) resp. rVB (g, k, ;) instead of —CV By(o,z, 1, J) resp. rSVB(o,x,1,J).
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3.3. Multiple maturities: e-consistency

If the cashflow of —CV B, (0y, ky,j) at time u is zero we will say that the calendar vertical
basket expires out of the money, otherwise we will say that it expires in the money.

The next theorem states necessary conditions for the absence of arbitrage in markets
with spread bound € > 0.

Theorem 3.12. Let € > 0, s,t,u € T such that s < t and s < u and i € {0,..., N},
j € 40,...,Ng}, L € {0,...,Ny}. Then for all calendar vertical basket with maturity
s € T and parameters ks ; and os the following conditions are necessary for the existence
of e-consistent models:

()

{00 ks g) —Tri . Fug =18V E (04, Kay)

(ks; —€os) — (kri+€) = kuy+e— (ksj — €0s)

s if kit e<ks;—eos < kyyte,

(3.22)
(i)
= CVB
Tul — T'g (Us;ksj) .
. 2 > —1, ks — < kyj+e, 3.23
Ky +€— (ks,j — 60'5) - i ks = €os wt T € ( )
fSCVB(US, ksj)—Tei <0, if kej—e€os>kii+e, (3.24)
(iv)
ﬂSCVB(O'S, ks,j) — ?t,i =0 = ?t,i = 0, Zf ks,j — €05 > /{m’ + €. (3.25)

Proof. We will assume that s < t < v and that 7,/ > 0. The other cases can be dealt with
similarly. In all three cases we will assume that until time s we will follow the trading
strategy described in Proposition 3.11.

(7) If (3.22) fails we set

kui+€— (ks — €os)
ku,l - kt,i

and buy 0C (K ;)+(1—0)Cy (K1) —CV Bs(os, K j), making an initial profit. If the calen-
dar vertical basket CV By(os, K j) expires out-of-the-money we have model-independent
arbitrage. Otherwise we sell one unit of the underlying at time s. In order to close the
short position we buy 6 units of the underlying at time ¢ and we buy 1 — € units of the
underlying at time u. At time u the cash value of this strategy is non-negative:

=

€ (0,1)

(ksj — €os + €)B(u) + 0(Sy — Kt,i)+g(é‘)) +(1—-0)(S¢ — Ku)"
(s, - 55@((3 - estf;((j)) —(1-0)3,
B(u)

> (ks,j — €05) Bu) + 0= 2 (S€ = K = S0) + (1= 0) (8§ = Koy — Su)

B(t)
> (koj — €0 = Ok — (1= 0)kuy — €) B(u) = 0.
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(77) Next, assume that (3.23) fails. Then buying the contract
Cu(Kyy) — CVBs(os, K j) + kyy + € — (ks j — €0y)

earns an initial profit. If C'V B, expires out of the money all remaining cashflows are
non-negative. Otherwise we enter a short position at time s and close it at time w:
B(u) <

L O\ P\Y) Cc + _
(ks — €os + €)B(u) + (S; — Sy )B(s) +(Sy — Kuy) Sy

+ (Kug + € = (ksj — €04) ) B(u) > 0.

(71) If (3.24) fails we buy the contract Cy(Ky;) — CV Bs(os, ks ;) for negative cost. If
CV Bg(0s, ks j) expires in the money we have model-independent arbitrage. Otherwise
we sell one unit of the underlying at time s and close the short position at time t. The
resulting cashflow then satisfies:

o\ B() c +_3
(k‘SJ — €0s + E)B(t) + (ﬁs - Ss )% + (St - KtJ') - St > 0.
(iv) We will show that there cannot exist an e-consistent model, if (3.25) fails. In every
model where the probability that C'V By(os, ks ;) expires in the money is zero, we could
simply sell C'V By(0s, ks.5) and follow the trading strategy from Proposition 3.11. realising
(model-dependent) arbitrage. On the other hand, if CV B,(0s, ks j) expires in the money
with positive probability, then we can use the same strategy as in the proof of (7i7). At
time ¢ the probability of a positive cashflow is positive. d

Note that if € = 0 then CV By(0s, ks j) has the same payoff as —C(K ;). Keeping this
in mind, it is easy to verify that the conditions from Theorem 3.12 are a generalisation of
equations (4), (5) and (6) in [20].

3.3.1. Sufficient conditions under simplified assumptions
It remains open whether the conditions from Theorem 3.12 together with the conditions
for single maturities are sufficient for the existence of e-consistent models or not.

In Proposition 3.13, we will state conditions which guarantee the existence of e-consistent
models under simplified assumptions. This can be regarded as a first step towards solving
the puzzle of finding sufficient conditions for the original problem.

In this section we will modify the settings described in (3.2) and (3.3) as follows:

(7) For all maturities t € T options with all strikes k£ € R are traded.

(77) The bid price and the ask price of all options are equal. We will write R;(k) for the
price of an option with strike B(¢)k and maturity ¢.

(7i) For all t € T the function k — R;(k) is a call function and the associated measure
¢ has finite support which is a subset of [e, 00).

(iv) The initial bid-ask spread on the underlying is zero, i.e. S, = So = So
and Euy € [So — €, 50 + €.
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3.3. Multiple maturities: e-consistency

These assumptions allow us to circumvent many problems, as we only have to check
whether the family (u)ic7 satisfies the condition from Theorem 2.11. Recall that if
k +— R(k) is not a call-function the prices cannot be consistent with the absence of
arbitrage (see Theorem 3.7). The conditions in Proposition 3.13 can be directly derived
from (2.10). Note that in our case m = Sy and Euy = Ry(e) + €.

Proposition 3.13. Let ¢ > 0. Then for all w € {2,...,T} and for all ki,...,ky—1
the following conditions are necessary and sufficient for the the existence of e-consistent
models.

()

u—1
Z (Rt+1(k;t +eoi41) — Re(ke + eat)) + Ri(e) — Ry(e) + 2¢ > 0, (3.26)
t=1
where o1 = —1 and o, = 1.
(i1)
u—1
(Rt+1 (k‘t + 60't+1> — Rt(k‘t + 60't)) + Rl(E) — Sy +2¢ >0, (3.27)
t=1
where o1 = —1 and o, = —1.
(iii)
u—1
Z (Rt+1 (kt + 60t+1) — Rt(kt + GUt)> + Sp — Ru(e) >0, (3.28)
t=1

where o1 =1 and o, = 1.

(iv)
u—1

Z (Rt+1 (kt + 60't+1) - Rt(kt + EO't)) 2 0, (329)
t=1

where o1 =1 and o, = —1.

Here we set op = sgn(ky—1 — ky).

Proof. We will first show that there is model-independent arbitrage with respect to spread
bound ¢ if any of the above conditions fail. We will assume that v = T'. Throughout the
first part of the proof we fix ki,...kpr—; € R and set K; = B(t)k; and ¢, = B(t)e, for
teT.

(7) If (3.26) fails, we buy the contract

T

2e + Z (Ct(k'tle(t) + GtO't) - Ct (Kt + EtO't)) 5
t=1

where kg = kr = 0 and oy = sgn(ki—1 — k), making an initial profit. We will show
inductively that at the end of each period t € {1,...,T} we can either have at least K; in
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Chapter 3. Consistency of Option prices in markets with bid-ask spreads

our bank account — which we will refer to as scenario A’ — or we can have long position
the underlying asset S and a non-negative value in our bank account, to which we will
refer as scenario B’. We start with ¢ = 1. If both options with maturity ¢ = 1 expire in
the money, the cashflow is given by

(Slo —€) — (Slc — K1 +e1)+ 26 = Ky,

which correspond to scenario A’. If on the other hand S¢' < K; — €; we get the amount
Slc + €1 transferred to our bank account, which is enough to buy the underlying asset for
S < Slc + €.

Now suppose that at the beginning of the ¢-th period we are in scenario A’. If k1 < k;
the cashflow at time ¢ is given by

CF;, = B(t)k‘tfl + (Stc — B(t)k’tfl -+ Et)+ — (Stc — K; + Et)+.

If both options are in the money the value of our bank account becomes K; and we finish
the t-th period in scenario A’, otherwise S¢ < K; —¢; in which case we have enough money
to buy the underlying for S; and we end up in scenario B'.

If k1 > k; the cashflow at time ¢ + 1 is given by
CF, = B(t)ki—1 + (SC — B)ki—1 + &) — (S¢ — Ky —er) " > K,

Now assume that at the beginning of the ¢-th period we are in situation B’. If k;_1 < k;
the cashflow at time ¢ is non-negative and we stay at scenario B’. If on the other hand
ki—1 > ki we sell the underlying for S, and the resulting cashflow is always greater than Ky,
thus we end up in scenario B’. This completes the first part of the proof.

(i) If (3.27) is violated, then buying the contract

T
2e + Z Ct(kt_lB(t) + Etdt) — C (Kt -+ Etdt) + CT-H (kTB(T + 1) — €T+1) -5,
t=1

where ko = 0, earns an initial profit. Following the same strategy as in (i) we can either
have K7 in our bank account or one unit of the underlying and a non-negative value in
our bank account, at the beginning of the T-th period. In both cases the terminal value
is non-negative.

(7i7) If (3.28) fails, we buy the contract

T
S—Ci(K1+e)+ ZC’t(k‘t—lB(t) + €10¢) — C (Kt + €40v),
=2

where k7 = 0, making an initial profit. Whenever C;(K7 + €1) expires out of the money
we still have the underlying, whereas if S > K; 4 €; we sell one unit of the underlying
and the value of our bank account is at least K. The rest can be done by induction, as
before.

(7v) If (3.29) fails, then buying the contract

T—1
—Cl(Kl + 61) + Z C (kt_lB(t) + Et(Tt) — (Kt + €t<7t) + CT(k}T_lB(T) — GT),
t=2
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3.4. Multiple maturities: consistency

earns an initial profit. We will show inductively that at the end of the ¢-th period, t €
{1,...,T}, it is possible to have either a non-negative amount in our bank account, or
having more than K; in our bank account and being short one unit of the underlying
asset. These two scenarios are exactly scenario A resp. scenario B from the proof of
Proposition 3.11. We start with ¢ = 1. If C1 (K + €1) expires out of the money the former
condition is satisfied, otherwise we short-sell one unit of the asset. The value of our bank
account is then given by S; — (S{ — K1 —€1) > K;.

Now suppose that at the beginning of the t-th period the value of our bank account
is non-negative. If k; > k;_1 the cashflow at time ¢ is non-negative, so the value of the
bank account stays non-negative. If on the other hand k; < k;_1, we sell one unit of the
underlying at time t. The value of the bank account is then given by

CF,= (S —Bt)ki1—e) = (S —K,—e)" + 8, > K,.

Now assume that at the beginning of the t-th period we are in situation B, meaning we
have a short position in the underlying and have at least k;—1 B(t) at our bank account.
Then if both options with maturity ¢ are in the money, the new value of the bank account
is K;. Otherwise we close the short position, which leaves us with a non-negative value in
our bank account. At time 7" the cashflow in both cases is non-negative.

If all four conditions hold then by Theorem 2.11 and Remark 2.20 there exists a peacock
(v)teT with mean Sy such that

W (uv) <e, teT.

By Proposition 3.6 the prices are e-consistent with the absence of arbitrage. d

3.4. Multiple maturities: consistency

As mentioned in the introduction, our main goal is to find the least bound on the under-
lying’s bid-ask spread that allows to reproduce given option prices. The following result
clarifies the situation if no such bound is imposed (see also Example 3.3). By enlarging
the class of models, the no-arbitrage conditions become looser. In particular, we do not
have any intertemporal conditions. Recall the notation used in Theorem 3.7, where i = 0
is allowed in (3.8)-(3.11), inducing a dependence of these conditions on S and Sp. In the
following proposition, on the other hand, we require %, j,! > 1, meaning that the current
bid and ask prices of the underlying are irrelevant. This result is the main motivation for
introducing the concept of e-consistency.

Proposition 3.14. The prices (3.1)-(3.4) are consistent with the absence of arbitrage (see
Definition 3.2) if and only if, for all t € T, the conditions (3.8)-(3.11) from Theorem 3.7
hold for i,j,1 € {1,..., N¢}.

Proof. By Theorem 3.7 these conditions are necessary. Now fix ¢ € T and assume that
all conditions hold. Exactly as in the sufficiency proof of Theorem 3.7, we can construct
€t,1,€2,...,€6; N, such that e;; € [ft,ijtyi]' The linear interpolation L; of the points
(ki et,i)ie{l,..., ~,} can then be extended to a call function of a measure p; (see the final
part of the sufficiency proof of Theorem 3.7).
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Chapter 3. Consistency of Option prices in markets with bid-ask spreads

We define random variables S{' such that the law of D(¢)S¢ is given by py. Then we
have that
D(E[(S{ — K1) = €1 € [0, Teil, i€ {1,... N}

Furthermore we pick s € [Sy, So] and set 14 = 5 (Dirac delta) for all t € T. Clearly
(vt)teT is a peacock and we set S; = B(t)s such that D(t)S; ~ v;. Finally we define
S, = S ASE and S; = S; v SE for t € T and have thus constructed an arbitrage free
model. Q

It turns out the the conditions of Theorem 3.7 are implied by an even weaker notion of
no-arbitrage, where the spread bound has to hold only with a certain probability:

Theorem 3.15. Let p € (0,1] and € > 0. For prices (3.1)-(3.4) the following are equiva-
lent:

e The prices satisfy Definition 3./ (e-consistency), but with (3.5) replaced by the weaker
condition

P(Si— S, >eB(t)) <p, teT.
e Forallt € T conditions (3.8)-(3.11) from Theorem 3.7 hold for i,j,l € {1,..., N¢}.

Proof. By Theorem 3.7, the second assertion implies the first one. To show the other
implication, we define probability measures (u;)tc7 as in the proof of Proposition 3.14,
such that Ry, (k) € [ry;,Teq), for i € {1,... Ny} and t € T. Now we pick s € [Sy, So].
Then by Theorem 2.35 there exists a peacock (v4)te7 with mean s such that dg (e, ) < e
for all t € l We can then use Proposition 2.32 to conclude that there exist stochastic

processes (S€)teT and (S'Nz‘)teT whose marginal distributions are given by u; resp. v, such
that (S})te7 is a martingale and such that

P(]?;—Sﬂ ze) <p, teT.
For t € T we then simply put

Sy =B1)Sr, S°=B1)SC, S,=S'AS°, andS;=S;VSC.
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Conclusion

Given a family of measures (p;)icr on R with finite means, we derived conditions for the
existence of a peacock (14)ier within a certain distance to the given family. We formulated
necessary and sufficient conditions for the infinity Wasserstein distance and the stop-loss
distance, and showed that such a peacock always exists if we measure distance with the
Lévy metric or the Prokhorov metric. In particular, we get the following result, which is
a simple corollary of Theorem 2.11, Theorem 2.35 and Corollary 2.36. Let (uy)nen be a
sequence of probability measures on R with finite means, ¢ > 0, and p € (0,1]. Then there
exists a probability space (2, F,P) with a stochastic process (X}, ),ecny whose marginal laws
are given by (i )nen and a martingale (M, )nen such that:

(i) P(| X, — M,| >¢€) <pforallneN,

(#6) P(|Xn — My| > ¢) < € for all n € N,
(#i) P(|Xy,, — M,| >¢€) =0 for all n € N if and only if condition 2.10 holds,
(i) P(X,, = My) =1 for all n € N if and only if (1 )nen is a peacock.

Notice that (7v) is simply Strassen’s theorem. In future work we hope to prove similar
statements for other metrics, e.g. the p-Wasserstein distance WP for p > 1 (see also
Remark 2.21).

Furthermore we used these theoretical results to calibrate models to a given set of Euro-
pean option prices. We allowed models where the future bid-ask spread on the underlying
can take positive values and formulated necessary conditions for the existence of consistent
models distinguishing whether the bid-ask spread is bounded by a constant or not. We
argued that in case it is not bounded by a constant there are no intertemporal conditions
(see Proposition 3.14 and Theorem 3.15). In case the bid-ask spread is bounded by a
predefined constant, we stated necessary and sufficient conditions for single maturities
(Theorem 3.7): these conditions guarantee that for each maturity ¢ € T there exists a
measure p; which explains the associated prices.

For multiple periods we stated necessary conditions which we derived from Theorem 2.11,
see Theorem 3.12. Unfortunately, it remains open whether these conditions are sufficient
for the existence of e-consistent models or not. In future work, we would like to further
study these settings and — if necessary — complete the conditions from Theorem 3.12 to
make them also sufficient.
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Introduction

Recent years have seen an explosion of the literature on asymptotics of option prices and
implied volatilities (see, e.g., [4, 42] for many references). Such results are of practical
relevance for fast model calibration, qualitative model assessment, and parametrisation
design. The small-time behavior of the level of implied volatility in Lévy models (and
generalisations) has been investigated in great detail [12, 35, 36, 37, 78, 84]. We, on the
other hand, focus on the at-the-money slope of implied volatility, i.e., the strike deriva-
tive, and investigate its behavior as maturity becomes small. For diffusion models, there
typically exists a limiting smile as the maturity tends to zero, and the limit slope is just
the slope of this limit smile (e.g., for the Heston model, this follows from [30, Section 5]).
Our focus is, however, on exponential Lévy models. There is no limit smile here that one
could differentiate, as the implied volatility blows up off-the-money [84]. In fact, this is
a desirable feature, since in this way Lévy models are better suited to capture the steep
short maturity smiles observed in the market. But it also implies that the limiting slope
cannot be deduced directly from the behavior of implied volatility itself, and requires a
separate analysis. (Note that a limiting smile does exist if maturity and log-moneyness
tend to zero jointly in an appropriate way [71].)

It turns out that the presence of a Brownian component has a decisive influence: With-
out it, the ATM (at-the-money) slope explodes (under mild conditions). The blowup is of
order T—1/2 for many models, but may also be slower (CGMY model with Y € (1,2), e.g.;
see Example 2.10). Our main results are on Lévy models with a Brownian component,
though. We provide a result (Corollary 2.6 in Section 2.4) that translates the asymptotic
behavior of the moment generating function to that of the ATM slope. When applied
to concrete models, we see that the slope may converge to a finite limit (Normal Inverse
Gaussian, Meixner, CGMY models), or explode at a rate slower than T-1/2 (generalised
tempered stable model). Note that several studies [1, 2, 17] highlight the importance of
a Brownian component when fitting to historical data or option prices. In particular, in
many pure jump Lévy models ATM implied volatility converges to zero as T | 0 (see
Proposition 5 in [84] for a precise statement), which seems undesirable.

From a practical point of view, the asymptotic slope is a useful ingredient for model
calibration: E.g., if the market slope is negative, then a simple constraint on the model
parameters forces the (asymptotic) model slope to be negative, too. Our numerical tests
show that the sign of the slope is reliably identified by a first order asymptotic approxima-
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Chapter 1. Introduction

tion, even if the maturity is not short at all. With our formulas, the asymptotic slope (and,
of course, its sign) can be easily determined from the model parameters. For instance, the
slope of the NIG (Normal Inverse Gaussian) model is positive if and only if the skewness

parameter satisfies 5 > —%.

To obtain these results, we investigate the asymptotics of ATM digital calls; their re-
lation to the implied volatility slope is well known. While, for Lévy processes X, the
small-time behavior of the transition probabilities P[X7 > z] (in finance terms, digital
call prices) has been well studied for x # Xy (see, e.g., [38] and the references therein),
not so much is known for x = Xj. Still, first order asymptotics of P[Xp > X,] are available,
and this suffices if there is no Brownian component. If the Lévy process has a Brownian
component, then it is well known that limp_,o P[ X7 > Xo] = % In this case, it turns out
that the second order term of P[X7 > Xj] is required to obtain slope asymptotics. For
this, we use a novel approach involving the Mellin transform (w.r.t. time) of the transition
probability (Sections 2.3 and 2.4). We believe that this method is of wide applicability to
other problems involving time asymptotics of Lévy processes, and hope to elaborate on it
in future work.

Finally, we consider the question whether a positive at-the-money slope requires the
right smile wing to be the steeper one, and vice versa. Wing steepness refers to large-
strike asymptotics here. It turns out that this is indeed the case for several of the infinite
activity models we consider. This results in a qualitative limitation on the smile shape
that these models can produce.

One of the few other works dealing with small-time Lévy slope asymptotics is the com-
prehensive recent paper by Andersen and Lipton [4]. Besides many other problems on
various models and asymptotic regimes, they study the small-maturity ATM digital price
and volatility slope for the tempered stable model (Propositions 8.4 and 8.5 in [4]). This
includes the CGMY model as a special case (see Example 2.10 for details). Their proof
method is entirely different from ours, exploiting the explicit form of the characteristic
function of the tempered stable model. Using mainly the dominated convergence theorem,
they also analyse the convexity. We, on the other hand, assume a certain asymptotic be-
havior of the characteristic function, and use its explicit expression only when calculating
concrete examples. Our approach covers, e.g., the ATM slope of the generalised tempered
stable, NIG, and Meixner models without additional effort.

The recent preprint [39] is also closely related to our work. There, the Brownian com-
ponent is generalised to stochastic volatility. On the other hand, the assumptions on the
Lévy measure exclude, e.g., the NIG and Meixner models. Section 2.5 has additional com-
ments on how our results compare to those of [4] and [39]. Alos et al. [3] also study the
small time implied volatility slope under stochastic volatility and jumps, but the latter
are assumed to have finite activity, which is not our focus. Results on the large time slope
can be found in [41]; see also [43], p. 63f.
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Digital call prices and slope
asymptotics

2.1. Digital call prices

We denote the underlying by S = eX, normalised to Sy = 1, and the pricing measure
by P. W.l.o.g. the interest rate is set to zero, and so S is a P-martingale. Suppose that
the log-underlying X = (X;);>0 is a Lévy process with characteristic triplet (b, 02, ) and
Xo = 0. The moment generating function (mgf) of X is

M(z,T) = E[e**T] = exp (T9(2)) ,

where
P(z) = 20%2* + bz + /(e” —1—zx) v(dx). (2.1)
R

This representation is valid if the Lévy process has a finite first moment, which we of
course assume, as even S; = et should be integrable. If, in addition, X has paths of finite
variation, then [p |z| v(dx) < oo, and

W(z) = 10222 4 byz + /(em ~ 1) v(da),
R

where the drift by is defined by

bp=0b— /J: v(dz).
R
The following theorem collects some results about the small-time behavior of P[ X7 > 0].
All of them are known, or easily obtained from known results. We are mainly interested
in the case where S = e is a martingale, and so P[X7 > 0] has the interpretation of an
at-the-money digital call price. Still, we mention that this assumption is not necessary for
parts (i)-(iv). In part (iv), the following condition from [80] is used:

(H-a) The Lévy measure v has a density g(z)/|z|'T®, where ¢ is a non-negative
measurable function admitting left and right limits at zero:

Cy = lxig)lg(x), c_ = lmi%g(m), with ¢y +c- > 0.
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Theorem 2.1. Let X be a Lévy process with characteristic triplet (b,o?,v) and Xy = 0.
(1) If X has finite variation, and by # 0, then

limP[ Xy > 0] =

1, bp>0
T10

0, by <0.

(i1) If o >0, then limp o P[ X7 > 0] = 1.
(#i7) If X is a Lévy jump diffusion, i.e., it has finite activity jumps and o > 0, then
1 bo

(iv) Suppose that o = 0 and that (H-«) holds for some o € [1,2). If « = 1, we addition-
ally assume c_ = c4 =: ¢ and fol r7Yg(z) — g(—2)| dr < co. Then

VT +0(T), T.O0.

™

2+ Zarctan(Btan(%F)) if a#1,
where b* =b— [7°(g9(z) — g(—x))/x dz and B = (¢4 —c—)/(cq +c-).

(v) If eX is a martingale and the Lévy measure satisfies v(dx) = e=*/?vy(dzx), where 1y
s a symmetric measure, then

P[X7 > 0] = ®(—0imp(1, T)VT/2),

lim P[ X7 > 0] =

1,1 b* : _
5 + —arctan - if a=1,
T10

where ® denotes the standard Gaussian cdf.
Proof. (i) We have P[X7 > 0] = P[T'Xy > 0], but T-'Xr converges a.s. to by, by
Theorem 43.20 in [81].

(i1) If ¢ > 0, then T~'/2Xp converges in distribution to a centered Gaussian random
variable with variance o2 (see [81]). For further CLT-type results in this vein, see [28, 49].

(7i7) Conditioning on the first jump time 7, which has an exponential distribution, we
find

P[X7 > 0] = P[X7 > 0|7 < T]-P[r < T] +P[X7 > 0|7 > T]-P[r > T
= O(T) +PleWr +boT > 0](1 + O(T))
= P[O’WT + boT > 0] + O(T)
= O(bgVT /o) + O(T). (2.2)

Now apply the expansion
+ ——+0(2%), x—0. (2.3)

(iv) By Proposition 1 in [80], the rescaled process X;* := e ! X a; converges in law to
a strictly a-stable process X,** as € | 0. Therefore

mP[ X7 > 0] = limPle ' X.a > 0] = P[X* >0
%%[T_] ;{g[e ca > 0] =PX" > 0],
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and it suffices to evaluate the latter probability. For o = 1, X7 ! has a Cauchy distribution
with characteristic exponent

log Elexp(iuX )] = ib*u — mc|ul,
hence P[X¥! > 0] = Larctan 2. (Our b* is denoted 7* in [30].)

If 1 < <2, then X" has a strictly stable distribution with characteristic exponent
log Efexp(iuX®)] = —\du|0‘(1 —iBsgn(u) tan(%))

where
d} = —T(—a) COS(%)C:I; >0, d*=df+d2, B= did;adg

2
The desired expression for P[X;** > 0] then follows from [24]. See [35] for further related
references.

€(—1,1).

(v) Under this assumption, the market model is symmetric in the sense of [33, 34]. The
statement is Theorem 3.1 in [33]. Q

The variance gamma model and the CGMY model with 0 < Y < 1 are examples of
finite variation models (of course, only when o = 0), and so part (i) of Theorem 2.1 is
applicable. Part (ii7) is applicable, clearly, to the well-known jump diffusion models by
Merton and Kou. In Section 2.5, we will discuss two examples for part (iv) (NIG and
Meixner).

2.2. Implied Volatility Slope and Digital Options with Small
Maturity

The (Black-Scholes) implied volatility is the volatility that makes the Black-Scholes call
price equal the call price with underlying S

Cps(K, T, 0imp(K,T)) = C(K,T) :=E[(ST — K)T].

Since no explicit expression is known for oimp (K, T) (see [45]), many authors have investi-
gated approximations (see, e.g., the references in the introduction). The following relation
between implied volatility slope and digital calls is well known [43]; we give a proof for
completeness. (Note that absolute continuity of S holds in all Lévy models of interest,
see Theorem 27.4 in [81], and will be assumed throughout.)

Lemma 2.2. Suppose that the law of St is absolutely continuous for each T > 0, and
that

11;1% C(K,T)=(Sy— K)", K>O0. (2.4)

Then, for T |0,

2 /1 OJim
Ok Oimp (K, T)| k=1 ~ (—IP’[ST > 1) - 2T



Chapter 2. Digital call prices and slope asymptotics

Proof. By the implicit function theorem, the implied volatility slope has the representation

OxC(K,T) — Ok Cps(K, T, 0imp (K, T))
8UCBS(K7 T7 Uimp(K7 T))

OK Oimp (K, T) =

Since the law of St is absolutely continuous, the call price C(K,T) is continuously differ-
entiable w.r.t. K, and 0xC(K,T) = —P[St > K]. Inserting the explicit formulas for the
Black-Scholes Vega and digital price, and specialising to the ATM case K = Sy = 1, we
get
®(—0imp(1, T)VT/2) — P[Sp > 1]

\/T(P(Uimp(lv T) \/T/Q) ’
where ® and ¢ denote the standard Gaussian cdf and density, respectively. By Propo-
sition 4.1 in [79], our assumption (2.4) implies that the annualised implied volatility
oimp(1, T)VT tends to zero as T | 0. (The second assumption used in [79] are the no-
arbitrage bounds (Sy — K)* < C(K,T) < Sp, for K,T > 0, but these are satisfied here
because our call prices are generated by the martingale S.) Using the expansion (2.3) and
o(r) = \/% + O(2?), we thus obtain (2.5). Q

8K0'imp(Ka T)|K:1 =

The asymptotic relation (2.5) is, of course, consistent with the small-moneyness expan-
sion presented in [25], where /27 /T (% —PlSr > K ]) appears as second order term (i.e.,
first derivative) of implied volatility.

Lemma 2.2 shows that, in order to obtain first order asymptotics for the at-the-money
(ATM) slope, we need first order asymptotics for the ATM digital call price P[Sp > 1].
(Recall that Sy = 1.) For models where limp o P[St > 1] = %, we need the second order
term of the digital call as well, and the first order term of oimp(1,7)v/T. The limiting
value 1/2 for the ATM digital call is typical for diffusion models (see [49]), and Lévy
processes that contain a Brownian motion. For infinite activity models without diffusion
component, P[Sp > 1] may converge to 1/2 as well (e.g., in the CGMY model with
Y € (1,2)), but other limiting values are also possible. See the examples in Section 2.5.

From part (i) of Theorem 2.1 and Lemma 2.2 we can immediately conclude the following
result. Note that we assume throughout that X is such that S = e¥ is a martingale with
So = 1.

Proposition 2.3. Suppose that the Lévy process X has finite variation (and thus, neces-
sarily, that o = 0), and that by # 0. Then the ATM implied volatility slope satisfies

O Timp (K, T)| =1 ~ —\/7/2sgn(bo) - T2, T | 0.

Note that T2 is the fastest possible growth order for the slope, in any model (see
Lee [63]).

If X is a Lévy jump diffusion with o > 0, then by part (iii) of Theorem 2.1, (2.5), and
the fact that oymp — o (implied volatility converges to spot volatility), we obtain the finite
limit h

o
lim O imnp (K, T) | =1 = —— — = 2.6
b Orc Oimp (K, T)| =1 = == = 5 (2.6)
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2.3. General remarks on Mellin transform asymptotics

(It is understood that the substitution K = 1 is to be performed before the limit 7" | 0.)
Notice that the expression on the right hand side of (2.6) does depend on the jump
parameters, because the drift by, fixed by the condition E[exp(X;)] = 1, depends on them.
Moreover, (2.6) is consistent with the formal calculation of the variance slope

lim Oxo? (K, T)| k1 = —2by — 0>
i Orco (K, T)| k=1 0— 0

imp

on p. 61f in [43]. In fact (2.6) is well known for jump diffusions, see [3, 87].

2.3. General remarks on Mellin transform asymptotics

As mentioned after Lemma 2.2, we need the second order term for the ATM digital call if
we want to find the limiting slope in Lévy models with a Brownian component. While this
is easy for finite activity models (see the end of the preceding section), it is more difficult
in the case of infinite activity jumps. We will find this second order term using Mellin
transform asymptotics. For further details and references on this technique, see e.g. [40].
The Mellin transform of a function H, locally integrable on (0, c0), is defined by

(o.)
(MH)(s) = / T5~'H(T) dT.
0
Under appropriate growth conditions on H at zero and infinity, this integral defines an

analytic function in an open vertical strip of the complex plane. The function H can be
recovered from its transform by Mellin inversion (see formula (7) in [40]):

K+1i00
H(T) = % / (MH)(s)T* ds, 2.7)

where k is a real number in the strip of analyticity of M H. For the validity of (2.7), it
suffices that H is continuous and that y — (MH)(k + iy) is integrable. Denote by sg €
R the real part of the left boundary of the strip of analyticity. A typical situation in
applications is that M H has a pole at sg, and admits a meromorphic extension to a left
half-plane, with further poles at so > s1 > s3 > ... Suppose also that the meromorphic
continuation satisfies growth estimates at +i00 which allow to shift the integration path
in (2.7) to the left. We then collect the contribution of each pole by the residue theorem,
and arrive at an expansion (see formula (8) in [40])

H(T) = Resy_sg (MH)(s)T~* + Resy_y, (MH)(s)T~* + ...

Thus, the basic principle is that singularities s; of the transform are mapped to terms 7%
in the asymptotic expansion of H at zero. Simple poles of M H yield powers of T', whereas
double poles produce an additional logarithmic factor log T, as seen from the expansion
T35 =T7%(1— (logT)(s — s;) + O((s — 57)?)).

67
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2.4. Main results: digital call prices and slope asymptotics

The mgf M(z,T) of Xp is analytic in a strip 2 < Re(z) < z4, given by the critical
moments

zy = sup{z € R : E[e**7] < o0}
and

z_ =inf{z € R: E[¢**T] < o0}.

Since X is a Lévy process, the critical moments do not depend on 7. We will obtain
asymptotic information on the transition probabilities (i.e., digital call prices) from the
Fourier representation [62]

P[Sr > 1] = P[X7 > 0]

1 a+iooM( T
= — M(zT) dz
2w z
a—100
a + 1y, T
— R d 2.8
/ a+ iy v (2:8)

where the real part of the vertical integration contour satisfies a € (0,1) C (2_, 24 ), and
convergence of the integral is assumed throughout. We are going to analyse the asymptotic
behavior of this integral, for T' | 0, by computing its Mellin transform. Asymptotics of the
probability (digital price) P[X7 > 0] are then evident from (2.8). The linearity of log M
as a function of T" enables us to evaluate the Mellin transform in semi-explicit form.

Lemma 2.4. Suppose that S = eX is a martingale, and that o > 0. Then, for any
€ (0,1), the Mellin transform of the function

T eT(a+iy)

H(T):= [ — T 2.
(@)= [ Sy T>0 (29)
s given by
(MH)(s) =T(s)F(s), 0<Re(s) <1, (2.10)
where Oo
/ YAt )™ 0 < Re(s) < L (2.11)
0 a+1y ’ 2 '

Moreover, |(MH)(s)| decays exponentially, if Re(s) € (0,3%) is fived and |Im(s)| — oo.

See section 2.7 for the proof of Lemma 2.4. With the Mellin transform in hand, we
now proceed to convert an expansion of the mgf at ico to an expansion of P[X7 > 0] for
T | 0. The following result covers, e.g., the NIG and Meixner models, and the generalised
tempered stable model, all with o > 0. See Section 2.5 for details.

Theorem 2.5. Suppose that S = eX is a martingale, and that o > 0. Assume further that
there are constants a € (0,1), c € C, v € [1,2) and € > 0 such that the Laplace exponent
satisfies

P(z) = ; 222 4 ¢e2" +0(2"7%), Re(z) =a, Im(z) = oco. (2.12)
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Then the ATM digital call price satisfies

1 . _
P Xy > 0] = B + CTY +0o(T"), T 10, (2.13)
i o—1 -
where Cy = - (%02) Im(e~"7c)I(—#) with 7 = (2 —v)/2 € (0,4]. For v =1, this

simplifies to

P[XTZO]Z;—l-f\e/(%\/T—i-O(\/T), T 0.

Together with Lemma 2.2, this theorem implies the following corollary, which is our
main result on the implied volatility slope as T" | 0.

Corollary 2.6. Under the assumptions of Theorem 2.5, the ATM implied volatility slope
behaves as follows:

(1) If v =1, then
Re(c)

o 2’

%%aKo'imp(KaT”K:l = -
with ¢ from (2.12).
(19) If 1 <v <2 and Cy # 0, then

Ok Timp (K, T)| =1 ~ —V21C;T7Y2 T | 0.
Proof of Theorem 2.5. From (2.8) and (2.9) we know that
1
P[X7 > 0] = — Re H(T). (2.14)
T

We now express H(T) by the Mellin inversion formula (2.7), with x € (0,%). This is
justified by Lemma 2.4, which yields the exponential decay of the transform MH along
vertical rays. (Continuity of H, which is also needed for the inverse transform, is clear.)

Therefore, we have

) 1/44ic0
H(T) = 5 / D(s)F(s)T~* ds, T > 0. (2.15)
1/4—ico

As outlined in Section 2.3, we now show that T'(s)F(s) has a meromorphic continuation,
then shift the integration path in (2.15) to the left, and collect residues. It is well known
that I' is meromorphic with poles at the non-positive integers, so it suffices to discuss
the continuation of F', defined in (2.11). As in the proof of Lemma 2.4, we put h(y) :=
—1(a+1y), y > 0. To prove exponential decay of the desired meromorphic continuation,
it is convenient to split the integral:

F(s) :/h(y)s dy+/h(y)s dy (2.16)
0

a+ 1y a+y
Yo
=: Ag(s) + F(s), 0<Re(s)< 2.
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Chapter 2. Digital call prices and slope asymptotics

The constant yg > 0 will be specified later. It is easy to see that Ag is analytic in the
half-plane Re(s) < %, and so F' captures all poles of F in that half-plane. By (2.12), the
function h has the expansion (with a possibly decreased €, to be precise)

hy) = 20%y* + &y’ + O(y" %), y— o, (2.17)

B —ci¥ v>1,
¢:=
—(c+o2%a)i v=1.

The reason why F (or F) is not analytic at s = 0 is that the second integral in (2.16)
fails to converge for y large. We thus subtract the following convergence-inducing integral
from F':

where

- [ oty
O
Yo

i Y01 2 9y—s
12 9v—s €7 /(gffy) d
1 _ 2.18

mi(z0%0%) sin 27s a+ iy 4 (2.18)

=: Gl(S) + Al(s).
Note that GG is meromorphic, and that A; is analytic for Re(s) < % From the expansion

—s 1 2 2\—s 2CS o2\’ v—2s—2 v—2Re(s)—2—¢
h(y)™® = (507Y°) T2\ Yy +O(y )y Y — 00, (2.19)

for s fixed, we see that the function

Fi(s) = [ e ()™ = Gots)) ) dy (220)
Yo

is analytic for — < Re(s) < %, and, clearly, for 0 < Re(s) < % we have

F(s) = Fi(s) + Gi(s). (2.21)

D[

We have thus established the meromorphic continuation of F to the strip —7 < Re(s) <
To continue F' even further, we look at the second term in (2.19) and define

_g o0
~ 2¢S 0-2 s yV—28—2
G = -\ — / d
2(5) o2 < 9 > at iy Y
Yo
_ A o
_ em o’ ’ sa”*23*2w N 2s (o? S/Oyu—Qs_z “
o \2 sinw(v —2s) 0% \ 2 a+ iy
0

=: Ga(s) + Aa(s)

and the compensated function

. V] s _s 2cCs o2\’ s
Fy(s) ::/a—i—iy (h(y) — (30%y?) +02<2> Yy’ 2) dy.

Yo
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By (2.19), the function F} is analytic for Re(s) € (=7 — ¢/2, (v — 1)/2). Moreover, by
definition we have

Fi(s) = Fy(s) + Ga(s), —7 <Re(s) < %51,

and so the meromorphic continuation of £ to the region —o — £/2 < Re(s) < 3 is estab-

lished.

In order to shift the integration path in (2.15) to the left, we have to ensure that
the integral converges. This is the content of Lemma 2.7 below, which also yields the
existence of an appropriate yo > 0, to be used in the definition of F' in (2.16). By the
residue theorem, we obtain

H(T) = Ress=(MH)(s)T™° 4+ Ress=—3(MH)(s)T*

1 K-+100
+ o / (MH)(s)T™* ds, T >0, (2.22)
i
K—100
where kK = —0 — ¢/4, and M H now of course denotes the meromorphic continuation of

the Mellin transform. We then compute the residues. According to (2.16) and (2.21), the
continuation of MH in a neighborhood of s = 0 is given by I'(s)(Ao(s) + Fi(s) + Gi(9)).
Therefore,

ReSs:(](MH)(S)T_S = AO(O) + Fl(O) + A (0) + ReSs:()F(S)Gl (S)T_S
= Ress=o['(s)G1(s)T~* (2.23)
= ir+i(3y —log(ac/V?2) + L log T),

where v is Euler’s constant. Note that Ag(0) = —A;(0) and F;(0) = 0 by definition.
The remaining residue (2.23) is straightforward to compute from (2.18) (with a computer
algebra system, e.g.) and has real part %71’. Notice that the logarithmic term logT),
resulting from the double pole at zero (see the end of Section 2.3), appears only in the
imaginary part. Recalling (2.14), we see that the first term on the right-hand side of (2.22)

thus yields the first term of (2.13).

Similarly, we compute for v > 1
Ress——5(MH)(s)T° = Ress=—pI'(8)Ga(s)T°

- ~ —S
_ F(_V) [205 <U2> 7_[_(11172372e(2371/+3)7ri/2Tfs
27 o2 \ 2

S=—V

In the case v = 1, the function G also has a pole at —0 = —%, and we obtain

Ress=—5(MH)(s)T™* = Resg—_1/2['(s)(G1(s) + Ga(s))T™*
— /5 (5 -ar) VT,

2 \o

A straightforward computation shows that the stated formula for Cy is correct in both
cases. The integral on the right-hand side of (2.22) is clearly O(T~*) = o(T"), and so the
proof is complete. d
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Chapter 2. Digital call prices and slope asymptotics

Lemma 2.7. There is yg > 0 such that the meromorphic continuation of MH constructed
in the proof of Theorem 2.5, which depends on yo via the definition of F in (2.16), decays
exponentially as | Im(s)| — co.

Lemma 2.7 is proved in section 2.7.

2.5. Examples

We now apply our main results (Theorem 2.5 and Corollary 2.6) to several concrete models.

Ezample 2.8. The NIG (Normal Inverse Gaussian) model has Laplace exponent

B(2) = 20722 4 pz 4 5(\/a2 — B2 — \Ja2 — (B + 2)?),

where § > 0, & > max{f + 1,—3}. (The notation & should avoid confusion with « from
Theorem 2.1.) Since S is a martingale, we must have

p=—io”+8(\/a2 — (B+1)2 - /a2 - 52).

The relation between p and b from (2.1) is u+£36/1/4? — 2 = b, as seen from the derivative
of the Laplace exponent ¢ at z = 0. The Lévy density is
v(dx) o0&

= — K (a
dx W‘.T’e v(@la)),

where K7 is the modified Bessel function of second order and index 1.

First assume o = 0. Since Ki(z) ~ 1/x for x | 0, condition (H-«) is satisfied with
a =1, with ¢, = ¢ = §/m. The integrability condition in part (iv) of Theorem 2.1 is
easily checked, and we conclude

: _1 1 1 _
ITE%P[XT >0] = 5t ;arctan(5>, o=0.

Note that b* = u = b—%d Jo© Ki(ax)(eP® —e=P*) dz. By Lemma 2.2, the implied volatility
slope of the NIG model thus satisfies

O Oimp (K, T)| k=1 ~ —\/2/marctan(u/8) - T~Y2 T 10, o0=0, u#0.

Now assume that o > 0. Since /&* — (8 + 2)? = —iz + O(1) as Im(z) — oo, the expan-
sion (2.12) becomes

P(z) = %0222 + (p+1)z+0(1), Re(z)=a, Im(z) = occ.

We can thus apply Theorem 2.5 to conclude that the ATM digital price satisfies

IP)[XTZO]:;ﬂLJf/L%\/TjLO(\/T), T10, o>0.
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Figure 2.1.: The volatility smile, as a function of log-strike, of the NIG model with pa-
rameters o = 0.085, & = 4.237, § = —3.55, § = 0.167, and maturity 7" = 0.1
(left panel) respectively 7" = 0.01 (right panel). The parameters were cali-
brated to S&P 500 call prices from Appendix A of [13]. The dashed line is
the slope approximation (2.24). We did the calibration and the plots with
Mathematica, using the Fourier representation of the call price.

By part (i) of Corollary 2.6, the limit of the implied volatility slope is given by

. w o
%{i%aKUimp(K7 T)’K:l = _g - 5
5
— 2 /a2 —Rp2 /a2 — 1)2 . 2.24
(a2 - a2 = (5412, o>0 (2.24)

This limit is positive if and only if g > —%.

See Figure 2.1 for a numerical example. Let us stress again that we identify the correct
sign of the slope, while we find that explicit asymptotics do not approximate the value of
the slope very accurately. Still, in the right panel of Figure 2.1 we have zoomed in at very
short maturity to show that our approximation gives the asymptotically correct tangent
in this example.

Ezample 2.9. The Laplace exponent of the Meixner model is

cos(b/2)

cosh 2 (—aiz — ib)’

P(z) = %0222 + pz + 2dlog

where d > 0, b € (—m,m),and 0 < a <7

—b. (We follow the notation of Schoutens [82],
except that we write u instead of m, and a,

- (
,d instead of a,b,d.) The Lévy density is

> T

v(dz) _ exp(bz/a)

dx xsinh(rz/a)

SN

We can proceed analogously to Example 2.8. For ¢ = 0 we again apply part (iv) of

Theorem 2.1, with o = 1, where now ¢y =c_ = Ci&/ﬂ'. Consequently,
1 1
lim P[X7 > 0] = = + —arctan (ﬂ) , 0=0,
T10 2 7 ad
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Chapter 2. Digital call prices and slope asymptotics

and

OK Oimp (K, T)|k=1 ~ —\/2/m arctan (f}) T7Y2 T 10, o=0, p#0.

a

Now assume ¢ > 0. The expansion of the Laplace exponent is
P(z) = 3022 + (u+ adi)z+ O(1), Re(z) = a, Im(z) = .

By Theorem 2.5, the ATM digital price in the Meixner model thus satisfies

P[X 7 > 0] :%+ . “Qﬁx/fﬂ(ﬁ), T1o.

The limit of the implied volatility slope is given by

. __kr_9c
%{i%aKalmp(K7T)’K=1 - o 2

= %log clos(b/2) — 1, o>0.
o cosh 5(—(a + b)i)

Ezxample 2.10. The Laplace exponent of the CGMY model is
P(z) = %0222 +uz+CO(=Y)((M —2)Y — MY +(G+2)Y —GY), (2.25)
where we assume C > 0,G >0, M >1,0<Y <2,and Y # 1.

The case 0 =0 and Y € (0,1) need not be discussed, as it is a special case of Proposi-
tion 8.5 in [4]. Our Proposition 2.3 could also be applied, as the CGMY process has finite
variation in this case.

If o = 0and Y € (1,2), then the ATM digital call price converges to %, and the
slope explodes, of order T%/2-1/Y  This is a special case of Corollary 3.3 in [39]. Note
that Proposition 8.5 in [4] is not applicable here, because the constant Coy from this
proposition vanishes for the CGMY model, and so the leading term of the slope is not
obtained. Theorem 2.1 (iv) from Section 2 is not useful, either; it gives the correct digital
call limit price %, but does not provide the second order term necessary to get slope
asymptotics.

We now proceed to the case o > 0, which is our main focus. The expansion of v at ico
is
P(z) = %0222 +eyzY +pz4+0(=YY, Re(z) =a, Im(z) — oo,

with the complex constant cy := CT(=Y)(1 + e~"™). First assume 0 < Y < 1. Then we
proceed analogously to the preceding examples, applying Theorem 2.5 and Corollary 2.6.
The ATM digital price thus satisfies

P[Xp > 0] = % + m’/‘%ﬁm(ﬁ), T10, (2.26)

and the limit of the implied volatility slope is given by

. oo
%%aKo'imp(Ka T)|K:1 = _E - 5

= LOT(V)(M )Y - MY 4 (@)Y -G )
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Now assume 1 < Y < 2. In principle, Theorem 2.5 is applicable, with v = Y’; however, the
constant C in (2.13) is zero, and so we do not get the second term of the expansion imme-
diately. What happens is that the Mellin transform of H (see the proof of Theorem 2.5)
may have further poles in —% < Re(s) < 0, but none of them gives a contribution, since
the corresponding residues have zero real part. Therefore, (2.26) and (2.27) are true also
for 1 <Y < 2. Note that (2.26) and (2.27) also follow from concurrent work by Figueroa-
Lépez and Olafsson [39]. For 0 < Y < 1, they also follow from Proposition 8.5 in [4], but
not for 1 < Y < 2, because then the constant Coy from that proposition vanishes when
specialising it to the CGMY model.

In the following example, we discuss the generalised tempered stable model. The tem-
pered stable model, which is investigated in [4], is obtained by setting o = ..

Ezample 2.11. The generalised tempered stable process [19] is a generalisation of the
CGMY model, with Lévy density
v(dz) — C-
dr ’x|1+a_

C.

R

e 11 oy(@) + e M1 6 ) (),

where ar < 2 and Cy, Ay > 0. For ag ¢ {0,1} the Laplace exponent of the generalised
tempered stable process is

P(z) = Lo 4 pz + T(—a+)C+(()\+ ) Aj"j)
+T(—a_)C- ((A_ Fa)e- - Ag—).
For 0 > 0, ay € (1,2), and a— < a4 we have the following expansion:
Y(z) = %0222 + F(—a+)C+e—iwa+Za+ + O(Zmax{La,}), Re(2) = a, Tm(z) — oo,

We now apply Theorem 2.5 with v = a, and find that the second order expansion of the
ATM digital call is

1 _ _
P Xpr >0] = B + C;TY +o(T), T 10,

with 7 =1 — a4 /2 € (0, 3) and the real constant

Cy = % (%02>f/71 [(—ay)Cy Im(e ™™™\ (~1)
= 2 (10?)" " D(—ay)Cy sin(—(1 + ay /2)0(~)
5 \2 +)C + :

By Corollary 2.6 (ii), the ATM implied volatility slope explodes, but slower than T—1/2:

Ok Timp (K, T) | =1 ~ —V2xC;T7~Y2 T | 0.

Note that these results also follow from the concurrent paper [39], which treats tempered
stable-like models.

If o > 0 and a4 < 1, then part (i) of Corollary 2.6 is applicable, and formulas analogous
to (2.26) and (2.27) hold.
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Chapter 2. Digital call prices and slope asymptotics

2.6. Robustness of Lee’s Moment Formula

As we have already mentioned, our first order slope approximations give limited accuracy
for the size of the slope, but usually succeed at identifying its sign, i.e., whether the
smile increases or decreases at the money. It is a natural question whether this sign gives
information on the smile as a whole: If the slope is positive, does it follow that the right
wing is steeper than the left one, and vice versa? To deal with this issue, recall Lee’s
moment formula [61]. Under the assumption that the critical moments z4 and z_, defined
in (2.4) and (2.4), are finite, Lee’s formula states that

. Oim (K T) \I/(Z+ — 1)
lim su LA A/ 2.28

and
imp (KT U(—z_

lim sup Tianp ) = (=2 ), (2.29)

k——o0 \% —k T
where T' > 0 is fixed, k = log K, and ¥(z) := 2 — 4(Va? 4+ x — z). According to Lee’s
formula, the slopes of the wings depend on the size of the critical moments. In Lévy
models, the critical moments do not depend on 7. The compatibility property we seek
now becomes:

im K; T . im K7 T

i ZmeUST) o ame (BT s (2.30)
k—o00 \/E k——o00 v —k

if and only if
Ok Oimp(K,T)| k=1 > 0 for all sufficiently small 7. (2.31)

That is, the right wing of the smile is steeper than the left wing deep out-of-the-money
if and only if the small-maturity at-the-money slope is positive. We now show that this
is true for several infinite activity Lévy models. By our methods, this can certainly be
extended to other infinite activity models. It does not hold, though, for the Merton and
Kou jump diffusion models. The parameter ranges in the following theorem are the same
as in the examples in Section 2.5.

Theorem 2.12. Conditions (2.30) and (2.31) are equivalent for the following models. For
the latter three, we assume that o > 0 or p # 0.

e Variance gamma with 0 =0, bg # 0
o NIG
e Meirner

o CGMY

Put differently, these models are not capable (at short maturity) of producing a smile
that has, say, its minimum to the left of log K = k = 0, and thus a positive ATM slope,
but whose left wing is steeper than the right one.

Proof. The critical moments are clearly finite for all of these models. Moreover, it is well
known that the limsup in (2.28) and (2.29) can typically be replaced by a genuine limit,
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2.6. Robustness of Lee’s Moment Formula

for instance using the criteria given by Benaim and Friz [8]. Their conditions on the
mgf are easily verified for all our models; in fact Benaim and Friz [8] explicitly treat the
variance gamma model with by = 0 and the NIG model. We thus have to show that (2.31)
is equivalent to W(zy — 1) > W(—z_). Since V is strictly decreasing on (0, c0), the latter
condition is equivalent to z4 — 1 < —z_. It remains to check the equivalence

zy —1<—2z- <= (2.31). (2.32)
The mgf of the variance gamma model is (see [69])
M(z,T) = e™™*(1 — vz — %621/z2)_T/”,

where 6,v > 0 and 6 € R. Its paths have finite variation, and so Proposition 2.3 shows
that (2.31) is equivalent to by < 0. The critical moments are

0 + /2062 + 1262

2 9

Rt = ~
vo

and we have —z_ + 1 — 2z, = 1+ 260/42. This is positive if and only if
bp=v! log(1 — 6v — %6%) <0,
which yields (2.32).

As for the other three models, first suppose that o > 0. The examples in Section 2.5
show that (2.31) is equivalent to y < —30?. The critical moments of the NIG model are
zp =&—f and z_ = —& — . Therefore, zy — 1 < —z_ if and only if 3 > —%, and this is
indeed equivalent to

pt o =8(Ja2 — (B +1)2 /a2 - p2) <.

For the Meixner model, we have z. = (£m —b)/a, which yields —z_ +1—z, = 1+2b/a.
On the other hand, .

cos(b/2)
cos((a+b)/2)’

which is negative if and only if cos(b/2) > cos((a+b)/2), and this is equivalent to a+2b > 0.

W+ %(72 = —2cflog

Finally, in case of the CGMY model, we have
p+io? = -CTr(-Y)(M-1)" — MY +(G+1)Y -GY).

Since, for Y € (0,1), T'(=Y) < 0 and the function  + 2¥ — (2 +1)¥ is strictly increasing
on (0,00), we see that p+ %02 < 0if and only if M —1 < G. This is the desired condition,
since the explicit expression (2.25) shows that zy = M and z_ = —G. The case Y € (1,2)
is analogous.

It remains to treat the case ¢ = 0. First, note that the critical moments do not depend
on o. Furthermore, from the examples in Section 2.5, we see that (2.31) holds if and only
if 4 < 0. Now observe that adding a Brownian motion cW; to a Lévy model adds —%02
to the drift, if the martingale property is to be preserved. Therefore, the assertion follows
from what we have already proved about o > 0. d
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2.7. Proofs of Lemmas 2.4 and 2.7

Proof of Lemma 2.J. Since S = eX is a martingale, we have ¢/(0) = E[X;] < 0. Then
¥(0) = 0 implies that ¥ (a) < 0 for all sufficiently small a > 0. In fact, it easily follows
from (1) = 0 and the concavity of ¢ that all a € (0,1) satisfy ¢(a) < 0. Let us fix such
an a. From

Re(—=¢(a + 1y)) = —¢(a) + ;U2y2 +/ (1 — cos(yx)) v(dx)

we obtain that the function h(y) := —t¢(a + iy), y > 0, satisfies
Reh(y) > o?y* >0, y>0. (2.33)
For 0 < Re(s) < % define the function

T e~TRe(h(y))

g(T) _ TRe(s)fl/

¢ 4y, T>o
/ la + iy| Y

Using Fubini’s theorem and substituting 7'Re(h(y)) = u, we then calculate for Re(s) > 0

o0

— —TRe (h(y ))TRe(S)—l dTd
0/9( 0/ aﬂy’ Y

s —Re(s) R N
/ \a—i—zy\ /e T du | dy
0 0

Re(h(y —Re(s)
— I'(Re(s)) / M dy.
0
From (2.33), we get
/ Re(h(y))~ e dy < (Lo?)~ 1) [y 2Re()
|a + iy =2 la + iy

The restriction Re(s) < % ensures that the last integral is finite and thus the integrability of

g. Using the dominated convergence theorem and Fubini’s theorem, the Mellin transform
of H can now be calculated as

[e.o] o0

7 1
/ H(T)T*™ ' dT = / : / e ThWTs=1 ardy.
, , a—+y J

The substitution Th(y) = u gives us the result. Note that h(y) is in general non-real; it is
easy to see, though, that Euler’s integral

I'(s) = /us_le_“ du, Re(s) >0,
0
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still represents the gamma function if the integration is performed along any complex ray
emanating from zero, as long as the ray stays in the right half-plane. The latter holds,
since Re(h(y)) > 0.

It remains to prove the exponential decay of the Mellin transform MH (s) = I'(s)F(s)
for large |Im(s)|. First, note that

Im ) (a + iy) = by + o2ay + /(e‘” sinxy + zy) v(dx)
R

=0(y), y— oo,

which together with (2.33) yields the existence of an € > 0 such that |argh(y)| < 37 —¢
for all y > 0. We then estimate, with Re(s) € (0, 3) fixed,

F(s)| < 76Re<slogh<y>> .
S ~ -, ay
J oyl

dy

/°°e Re(s) log [h(y)]+Tm(s) arg h(y)
/ la + iyl

01 _2 2\—Re(s
< o(m/2-2)|1m(s) / (o)~ R
- / la + iy|

The integral converges, and thus this estimate is good enough, since Stirling’s formula
yields [['(s)| = exp ( — 37| Im(s)|(1 + o(1))). Q

Proof of Lemma 2.7. Recall that, in the proof of Theorem 2.5, we defined the following
meromorphic continuation of F'(s), to the strip —o — %8 < Re(s) < %:

Ao(s) +Gi(s) + Fi(s), — < Re(s) < 3,

Ao(s) + G1(s) + Ga(s) + Fu(s), -7 —3e <Re(s) < 3(v —1).
As noted at the end of the proof of Lemma 2.4, Stirling’s formula implies |I'(s)| = exp (—
%77| Im(s)|(1 +o(1))). By (2.10), it thus suffices to argue that the continuation of F'(s) is

O(exp((37 — )| Im(s)|)) for some ¢ > 0. The functions Gy and G are clearly O(1). As
for Ap, defined in (2.16), we have

¥ o~ Re(slog h(y))

A < d
Ao(s)| < [

0

o |h(y) |— Re(s) elm(s) arg h(y) p

: Y.

/ |a + iy

Now note that
(202y?)~Re(®) 0 < Re(s) < 3,

W) "R < {

(maxo<y<y, [A(y))) "7 Re(s) <0,
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and that
exp(Im(s) arg h(y)) < exp((5 — €)|Im(s)|)

for some € > 0, as argued in the proof of Lemma 2.4.

It remains to establish a bound for Fy, defined in (2.20). (The bound for F; is completely
analogous, and we omit the details.) In what follows, we assume that —7 < Re(s) < 3.
By (2.17), we have (where the O is uniform w.r.t. s, and yo > 0 is still arbitrary):

Fi() = [ (Bott) "0+ 0 2) ™ = (hory) ™) dy

= / . _i iy(%oﬂy?)—s ((1 + O(yu—Q))—s . 1) dy. (234)
Yo

We now choose gy such that, for some constant Cy > 0,

1

}log\l—i—O ”2H§47r
’argl—i—O ”2)|§}17r,
|log(1 + O(y"~2))| < Cy

hold for all y > yo. (By a slight abuse of notation, here O(y”~2) of course denotes the
function hiding behind the O(y*~2) in (2.34).) For all w € C we have the estimate

e — 1| < |wlel Re(l,
Using this in (2.34), we find
(140" 72)7* = 1] = |exp(—slog(1 + O(y"~)) - 1]

< |slog(14 O(y"?))| - exp(| Re(slog(1 + O(y"~2))|)
< Cylsly” % exp(ir|Im(s)]),

where C7 = Cy exp(iﬂ sup, | Re(s)]), and thus
n lﬂ' m(s T _ s e
|F1(s)| < Colslex™! ()\/y 2Re(s)+v-3 g

Yo
= exp (br| Im(s)|(1 + o(1)).
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Conclusion

The main result of this part of the thesis (Corollary 2.6) translates asymptotics of the log-
underlying’s moment generating function to first-order asymptotics for the at-the-money
implied volatility slope. As a byproduct we obtain asymptotics for ATM digital call prices
(Theorem 2.5). Checking the requirements of Theorem 2.5 resp. Corollary 2.6 only requires
Taylor expansion of the moment generating function, which has an explicit expression in
many models of practical interest: we illustrated this in section 2.5 with several examples.

Higher order expansions can be obtained by the same proof technique, if desired. They
will follow in a relatively straightforward way from higher order expansions of the moment
generating function, by collecting further residues of the Mellin transform. In future work,
we hope to connect our assumptions on the moment generating function with properties of
the Lévy triplet, which should give additional insight on how the slope depends on model
characteristics.
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Introduction

The problem of portfolio optimisation with respect to given utility function goes back to
a result by Merton in 1971 ([70]): he showed that in order to maximise expected utility
in the Black-Scholes model the investor has to keep a constant fraction 7* invested in the
risky asset. This quantity 7* has an easy representation in terms of the parameters of the
Black-Scholes model and is often referred to as Merton Proportion. Realising this strategy
requires the investor to trade continuously, which is not applicable in practice for many
reasons. One of these reasons is that in presence of transaction costs, continuous trading
leads to immediate bankruptcy.

In 1990 Davis and Norman ([22]) described a optimal strategy in the Black-Scholes
model with proportional transaction costs: instead of keeping the risky fraction, i.e. the
proportion of wealth held in the risky asset, constant at 7*, the investor is only supposed
to trade, if the actual risky fraction m; leaves a certain interval I containing 7*. The
optimal strategy is then to instantaneously rebalance the portfolio to assure that m; stays
in the no-trade region I. Mathematically, this leads to theory of reflected diffusions: if
the investor follows the optimising strategy, her risky fraction is a reflected diffusion with
domain I and trading only occurs infinitesimally to ensure that the risky fraction stays in
the no-trade region.

We want to analyse the following trading strategy: while the risky fraction m; is in
the interior of an interval I containing the Merton proportion 7* we do not trade. Once
the risky fraction reaches the boundary of I we rebalance the portfolio such that the
risky fractions jumps to 7*. This strategy — although not optimal — is better applicable
in practice since there are only finitely many trading times compared with the optimal
strategy derived by Davis and Norman. Therefore it makes sense to study this strategy
also in a frictionless setting which is what we will do.

Similar strategies have been studied by by Rogers in 2001 ([77]) and by Irle and Sass in
2006 ([54]). In [77] the author studies strategies where the investor in a frictionless market
is only allowed to rebalance her portfolio in times which are a multiple of A > 0. He
shows that the loss a relaxed investor faces compared to an optimal investor are relatively
small. The authors of [54] study so called constant boundary (CB) strategies in markets
with proportional and fixed transaction costs. These are strategies, where the investor
rebalances her portfolio only when the risky-fraction is about to leave a certain domain D.
They show that there exists a CB-strategy which is optimal in the class of all CB-strategies
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and they provide numerical examples on how to determine this strategy.

The strategy we are interested in is also a CB-strategy: in our case D is a small interval
[7* — a, 7 + [3] containing the Merton proportion 7*. Our aim is to study the growth
rate in dependence of the parameters a and 5. We restrict ourselves to the Black-Scholes
model.

On a technical level we will work with diffusions with jump boundaries: these are
diffusions starting in a domain D C R and which jump to interior of D once they hit the
boundary 0D of D. This evolution is then repeated indefinitely. In [7] the authors prove
that diffusions with jump boundaries are ergodic and have an invariant distribution. They
also give an representation of its probability density in terms of the Greens’s function.
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Asymptotics of the Growth rate in
the Black-Scholes model

2.1. Problem Formulation

Consider a financial market consisting of a risky asset S and a risk-free bank account B.
Their dynamics are given by

dBt = TBtdt, B() = 1,

dSt = ,U,Stdt + O'Stth, S() = 1,
where W is a one-dimensional Brownian motion. Denote by #? and ¢; the number of

bonds and stocks hold by the investor at time ¢. Then the total wealth of the investor at
time t is given by V; = qbgBt + ¢Sy and

- :Cbtst
T

is the fraction of total wealth held in stocks. A simple calculation shows that the V' can
be written as

t t 1
Vi = vexp(rt + a/ s AW +/ (—r)mg — —o?m? ds),
0 0 2

where v > 0 denotes the investor’s starting capital.

We want to study the growth rate R
o1
R= Tlgréo T E[log V7]

for the following strategy: we choose ¢ and ¢ such that Vy = v and mp = 7*, where 7*
denotes the Merton proportion,
* H—=T
= .
o2
The portfolio is left unchanged until the almost surely finite time 7 when 7 leaves a
given interval (7* — o, 7* + ) around the Merton proportion. Afterwards the portfolio is
rebalanced such that 7 jumps back to 7* at time 7. This evolution is repeated indefinitely.
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2.2. Main results

We consider the case where 7* ¢ {0,1}. The logarithm of the stock price at time t will
be denoted with X; > 0. By replacing p with ¢ — r and adding r to R we can assume
that r» = 0, which makes notation lighter. For given v > 0, a € [0,7*) and 3 € [0,1 — 7¥)

we choose
d)? =v(l—7"), ¢=0vr", te€]0,71],

where 7 is defined as
T= inf{t >0:m—7m" ¢ (—a,ﬁ)} = inf{t >0:X; ¢ (a, b)} (2.1)

It is easy to see that a,b € R can be chosen such that the above relation holds, if «, 5 are
sufficiently small, e.g. if 7* € (0,1) we have

1 -« 1 I5]
=log| ————+1 b=log| ———+1].
“ Og(ﬂ*1+a—7r*+ )’ Og(ﬂ*l—ﬁ—ﬂ*+ )
Note that in any case a < 0 < b such that E[7] < oco.

The portfolio is left unchanged until time 7 where the portfolio is rebalanced such
that the new risky fraction equals the Merton proportion 7*. This evolution is repeated
indefinitely.

More precisely we set 79 = 0, 71 = 7 and inductively we define
Vi, m*

¢? = ‘/;'n<1 - 7T*), ¢t = 577 te (TnaTn-f—l]a

Tp1 = inf{t > 7, :m & (7" —a, 7" + B)}.

Then for t € (7, Tnt1],
7*Sy/Ss,

T 1o +7*S;/Ss,

Tt

Since (S¢/Sr, )i>r, is again a geometric Brownian Motion starting at 1 at time 7,, and
independent from F , we can use the theory of Brownian motion with jump boundary
(see [7]) to give a more elegant formulation of our problem.

In the following we set D = [a, b]. Suppose that {X™ : n € Ny} is a sequence of processes
which all have the same law as X and which are all killed at the boundary of D, denoted
with 0D. Furthermore we set o1 := 7 and

ont1 =inf{t > 0: X' € 0D}.
Note that 7, 4 > k—10n. A Brownian motion with drift with jumps from the boundary is
defined as
oo
Zy=> 10X
n=0

The process m can now be expressed in terms of Z as follows:

B 7 exp(Zy)
11+ arexp(Zy)

Tt =. g(Zt)

88



2.2. Main results

The main ingredient to determine the growth rate is the following Proposition. For the
following we set v = 7% — % Strictly speaking the following result is only true for v # 0,
the case where v = 0 is discussed later.

Proposition 2.1. The process Z has an invariant distribution v which is absolutely con-
tinuous with respect to the Lebesgue measure on D. Its density is given by

2 exp(yy) sinh (7(5 — (v y))) Sinh(v((O Ny) — a))
ae® sinh(by) — be?” sinh(ary) ’

fu(y) = (2'2)

yeD.

Proof. According to [7], Proposition 1, Z has an invariant distribution with density

G(0,y)
[p G(0,2) dz’

where G(z,y) is the Green’s function of the process X killed at the boundary of D. An
explicit expression for G is well known in the literature (see [57], p.198):

fu(y) =

2(P(b) — P(z Vy))(P(z Ay) — P(a))

G(z,y) = a2(P(b) — P(a))P'(y) ,

r,y € (a,b),

and .
P(x) :/ exp(—2vyu) du,
0

is the so-called scale function of X. Putting everything together we see that

2exp(y(y — z)) sinh(y(b —(zV y))) sinh(’y((m Ny) — a))

G(z,y) = , zyeD. (23
(@y) o2ysinh(y(b — a)) Y (2:3)
Furthermore
/ G(0, 2) dz = ae® sinh(l?v) — bt sinh(ay)’
D o2y sinh((b — a)y)
which yields (2.2). Q

The growth rate can now easily be determined. Denote by h the function

1
h(y) == ng(y) — 2029(1/)2
Then we have that

1
lim — Eflog V] = log(v) + hm —/ [pme — *O‘QTFE] dt
T—oo T

~tog(o) + [ b)) dy

It is possible to derive an explicit but lengthy expression in terms of the incomplete beta
function. More importantly we can now prove the following.
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Theorem 2.2. For a =b the growth rate R satisfies

B I o o 1 oo+ 2\ 4
R—log(v)+§(7r o) —E((l—ﬂ')ﬂ'd) b+ O(b%),

forb — 0.

Proof. Since the function h does not depend on b we can replace h by its second order
Taylor polynomial T}? in the definition of the growth rate to get an approximation. We

note that )

Toy) = yno) — 5 (01— 7)m'0?) 42,
and that )
/_b y2 £, (y) dy = O(b%).

Hence we get the following

(=

R —log(v)

h(y) fu(y) dy

o

) foy) dy + O(b")

=

—

o

5
*

Q

e

— %((1 — 7T*)7T*02>2172 + 0%

2 - 50% +0F)

N =N
—

3

*

Q

Q

This result shows that the growth rate R, regarded as a function in S has a local
maximum at $ = 0, which illustrates the optimality of 7*.

Finally, we want to summarise the results for v = 0. They can be obtained from the
general results simply by taking the limit, but since there is a very simple expression for
the growth rate in this case we want to state it explicitly.

Corollary 2.3. Assume that v = 0. Then for a =
log (1 — 46?)

R =log(v) — o2 2
2(log(1 +283) —log(1 — 25))

Proof. Let v = 0. Then the Green’s function of Z is given by

2

G(:r,y):m(b—(:r\/y))((x/\y)—a), iL',yGD,

which can be seen by either taking the limit in (2.3) or by using P(z) = x. As before, P

denotes the scale function. Therefore the density of the invariant distribution is given by

fuly) = _G(C(L)l;y) :
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The growth rate can then be written as
b
R=1og(0) = [ h(s)1.(0) dy
1 1

2 1 1 b
B b—a(alOg(1+eXp(—a))+blOg( +e};p( +)) _J)
9 log(1 — 4ﬁ2)

2(10g(1 +208) —log(1 — 2ﬁ)>2

0.2 0'2,82 A

= —0

where the second equality holds only for 5 = a. d

91






Bibliography

1]

2]

8]

[9]

[10]

[11]

[12]

[13]

[14]

Y. Ait-Sahalia, Telling from discrete data whether the underlying continuous-time
model is a diffusion, Journal of Finance, 57 (2002), pp. 2075-2113.

Y. Ait-Sahalia and J. Jacod, Is Brownian motion necessary to model high-frequency
data?, Ann. Statist., 38 (2010), pp. 3093-3128.

E. Alos, J. A. Le6n, and J. Vives, On the short-time behavior of the implied volatil-
ity for jump-diffusion models with stochastic volatility, Finance Stoch., 11 (2007),
pp. 571-589.

L. Andersen and A. Lipton, Asymptotics for exponential Lévy processes and their
volatility smile: survey and new results, Int. J. Theor. Appl. Finance, 16 (2013).
Paper no. 1350001, 98 pages.

B. Armbruster, A short proof of Strassen’s theorem using convex analysis. Preprint,
available at http://users.iems.northwestern.edu/~armbruster/, 2013.

M. Beiglbock, M. Huesmann, and F. Stebegg, Root to Kellerer, arXiv preprint
arXiv:1507.07690, (2015).

I. Ben-Ari and R. G. Pinsky, Ergodic behavior of diffusions with random jumps from
the boundary, Stochastic Process. Appl., 119 (2009), pp. 864-881.

S. Benaim and P. Friz, Smile asymptotics II: Models with known moment generating
functions, J. Appl. Probab., 45 (2008), pp. 16-32.

M. Bichuch, Pricing a contingent claim liability with transaction costs using asymp-
totic analysis for optimal investment, Finance Stoch., 18 (2014), pp. 651-694.

C. R. Borges, The sup metric on infinite products, Bull. Austral. Math. Soc., 44
(1991), pp. 461-466.

M. W. Botsko and R. A. Gosser, Stronger versions of the fundamental theorem of
calculus, The American Mathematical Monthly, 93 (1986), pp. 294-296.

S. I. Boyarchenko and S. Z. Levendorskii, Non-Gaussian Merton-Black-Scholes theory,
vol. 9 of Advanced Series on Statistical Science & Applied Probability, World Scientific
Publishing Co., Inc. River Edge, NJ, 2002.

Y. Bu, Option pricing using Lévy processes, master’s thesis, Chalmers University of
Technology, Géteborg, 2007.

H. Buehler, Ezpensive martingales, Quant. Finance, 6 (2006), pp. 207-218.

93


http://users.iems.northwestern.edu/~armbruster/

Bibliography

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

94

D. Burago, Y. Burago, and S. Ivanov, A course in metric geometry, vol. 33 of Grad-
uate Studies in Mathematics, American Mathematical Society, Providence, RI, 2001.

P. Carr and D. B. Madan, A note on sufficient conditions for no arbitrage, Finance
Research Letters, 2 (2005), pp. 125-130.

P. Carr and L. Wu, What type of process underlies options? A simple robust test,
The Journal of Finance, 58 (2003), pp. 2581-2610.

T. Champion, L. De Pascale, and P. Juutinen, The co-Wasserstein distance: Local
solutions and existence of optimal transport maps, SIAM Journal on Mathematical
Analysis, 40 (2008), pp. 1-20.

R. Cont and P. Tankov, Financial modelling with jump processes, Chapman &
Hall/CRC Financial Mathematics Series, Chapman & Hall/CRC, Boca Raton, FL,
2004.

L. Cousot, Conditions on option prices for absence of arbitrage and exact calibration,
Journal of Banking and Finance, 31 (2007), pp. 3377-3397.

M. H. A. Davis and D. G. Hobson, The range of traded option prices, Math. Finance,
17 (2007), pp. 1-14.

M. H. A. Davis and A. R. Norman, Portfolio selection with transaction costs, Math.
Oper. Res., 15 (1990), pp. 676-713.

M. H. A. Davis, V. G. Panas, and T. Zariphopoulou, European option pricing with
transaction costs, SITAM J. Control Optim., 31 (1993), pp. 470-493.

Y. A. Davydov and 1. A. Ibragimov, On asymptotic behavior of some functionals of
processes with independent increments, Theory Probab. Appl., 16 (1971), pp. 162-167.

L. De Leo, V. Vargas, S. Ciliberti, and J.-P. Bouchaud, Weve walked a million miles
for one of these smiles. Preprint, available at http://arxiv.org/abs/1203.5703,
2012.

N. De Pril and J. Dhaene, Error bounds for compound Poisson approzimations of the
individual risk model, Astin Bulletin, 22 (1992), pp. 135-148.

C. Dellacherie and P.-A. Meyer, Probabilities and potential. C, vol. 151 of North-
Holland Mathematics Studies, North-Holland Publishing Co., Amsterdam, 1988. Po-
tential theory for discrete and continuous semigroups, Translated from the French by
J. Norris.

R. A. Doney and R. A. Maller, Stability and attraction to normality for Lévy processes
at zero and at infinity, J. Theoret. Probab., 15 (2002), pp. 751-792.

R. M. Dudley, Distances of probability measures and random variables, Ann. Math.
Statist, 39 (1968), pp. 1563-1572.

V. Durrleman, From implied to spot volatilities, Finance Stoch., 14 (2010), pp. 157
177.

H. Edelsbrunner and J. L. Harer, Computational topology, American Mathematical
Society, Providence, RI, 2010. An introduction.


http://arxiv.org/abs/1203.5703

Bibliography

32]

[33]

[34]

[35]

[36]

[45]

[46]

[47]

[48]

D. Elton and T. P. Khill, Fusions of a probability distribution: preliminary announce-
ment, Teor. Veroyatnost. i Primenen., 37 (1992), pp. 402-406.

J. Fajardo, Barrier style contracts under Lévy processes: an alternative approach.
Preprint, available on SSRN, 2014.

J. Fajardo and E. Mordecki, Symmetry and duality in Lévy markets, Quant. Finance,
6 (2006), pp. 219-227.

J. E. Figueroa-Lépez and M. Forde, The small-maturity smile for exponential Lévy
models, STAM J. Financial Math., 3 (2012), pp. 33-65.

J. E. Figueroa-Lépez, R. Gong, and C. Houdré, Small-time expansions of the distri-
butions, densities, and option prices of stochastic volatility models with Lévy jumps,
Stochastic Process. Appl., 122 (2012), pp. 1808-1839.

J. E. Figueroa-Lépez, R. Gong, and C. Houdré, High-order short-time expansions for
ATM option prices of exponential Lévy models. To appear in Mathematical Finance,
2014.

J. E. Figueroa-Loépez and C. Houdré, Small-time expansions for the transition distri-
butions of Lévy processes, Stochastic Process. Appl., 119 (2009), pp. 3862—-3889.

J. E. Figueroa-Lépez and S. Olafsson, Short-time asymptotics for the implied volatility
skew under a stochastic volatility model with Lévy jumps. Preprint, available at http:
//arxiv.org/abs/1502.02595, 2015.

P. Flajolet, X. Gourdon, and P. Dumas, Mellin transforms and asymptotics: har-
monic sums, Theoret. Comput. Sci., 144 (1995), pp. 3-58. Special volume on math-
ematical analysis of algorithms.

M. Forde, A. Jacquier, and J. E. Figueroa-Loépez, The large-time smile and skew for
exponential Lévy models. Preprint, 2011.

P. Friz, S. Gerhold, A. Gulisashvili, and S. Sturm, On refined volatility smile expan-
sion in the Heston model, Quantitative Finance, 11 (2011), pp. 1151-1164.

J. Gatheral, The Volatility Surface, A Practitioner’s Guide, Wiley, 2006.

H. U. Gerber, An introduction to mathematical risk theory, vol. 8, SS Huebner Foun-
dation for Insurance Education, Wharton School, University of Pennsylvania Philadel-
phia, 1979.

S. Gerhold, Can there be an explicit formula for implied volatility?, Appl. Math.
E-Notes, 13 (2013), pp. 17-24.

S. Gerhold and I. C. Gilim, Consistency of option prices under bid-ask spreads.
Working paper, 2016.

—, A variant of strassen’s theorem: Existence of martingales within a prescribed
distance. Submitted, 2016.

S. Gerhold, I. C. Guliim, and A. Pinter, The small maturity implied volatility slope
for lévy models. In Revision, 2016.

95


http://arxiv.org/abs/1502.02595
http://arxiv.org/abs/1502.02595

Bibliography

[49]

[50]

[51]

[57]

[58]

S. Gerhold, M. Kleinert, P. Porkert, and M. Shkolnikov, Small time central limit
theorems for semimartingales with applications, Stochastics, 87 (2015), pp. 723-746.

A. L. Gibbs and F. E. Su, On choosing and bounding probability metrics, International
Statistical Review, 70 (2002), pp. 419-435.

F. Hirsch, C. Profeta, B. Roynette, and M. Yor, Peacocks and associated martingales,
with explicit constructions, vol. 3 of Bocconi & Springer Series, Springer, Milan; Boc-
coni University Press, Milan, 2011.

F. Hirsch and B. Roynette, A new proof of Kellerer’s theorem, ESAIM Probab. Stat.,
16 (2012), pp. 48—60.

P. J. Huber and E. M. Ronchetti, Robust statistics, Wiley Series in Probability and
Statistics, John Wiley & Sons, Inc., Hoboken, NJ, second ed., 20009.

A. Irle and J. Sass, Good portfolio strategies under transaction costs: a renewal the-
oretic approach, in Stochastic finance, Springer, New York, 2006, pp. 321-341.

R. Kaas, A. Van Heerwaarden, and M. Goovaerts, On stop-loss premiums for the
individual model, Astin Bulletin, 18 (1988), pp. 91-97.

Y. M. Kabanov and C. Stricker, The Harrison-Pliska arbitrage pricing theorem under
transaction costs, J. Math. Econom., 35 (2001), pp. 185-196. Arbitrage and control
problems in finance.

S. Karlin and H. M. Taylor, A second course in stochastic processes, Academic Press,
Inc. [Harcourt Brace Jovanovich, Publishers|, New York-London, 1981.

H. G. Kellerer, Markov-Komposition und eine Anwendung auf Martingale, Math.
Ann., 198 (1972), pp. 99-122.

[59] ——, Integraldarstellung von Dilationen, in Transactions of the Sixth Prague Con-

[61]

ference on Information Theory, Statistical Decision Functions, Random Processes
(Tech. Univ., Prague, 1971; dedicated to the memory of Antonin Spacek), Academia,
Prague, 1973, pp. 341-374.

R. P. Kertz and U. Rosler, Complete lattices of probability measures with applications
to martingale theory, in Game theory, optimal stopping, probability and statistics,
vol. 35 of IMS Lecture Notes Monogr. Ser., Inst. Math. Statist., Beachwood, OH,
2000, pp. 153-177.

R. W. Lee, The moment formula for implied volatility at extreme strikes, Math.
Finance, 14 (2004), pp. 469-480.

[62] ——, Option pricing by transform methods: Extensions, unification, and error con-

trol, Journal of Computational Finance, 7 (2004), pp. 51-86.

[63] ——, Implied volatility: statics, dynamics, and probabilistic interpretation, in Recent

96

advances in applied probability, Springer, New York, 2005, pp. 241-268.
P. Lévy, Calcul des probabilités, vol. 9, Gauthier-Villars Paris, 1925.

T. Lindvall, On Strassen’s theorem on stochastic domination, Electron. Comm.
Probab., 4 (1999), pp. 51-59 (electronic). Review, pointing out and correcting an



Bibliography

error, available at http://www.ams.org/mathscinet-getitem?mr=1711599.

[66] ——, Lectures on the coupling method, Dover Publications, Inc, 2002. Corrected

[67]

reprint of the 1992 original.

G. Lowther, Fitting martingales to given marginals, arXiv preprint arXiv:0808.2319,
(2008).

[68] ——, Limits of one-dimensional diffusions, Ann. Probab., 37 (2009), pp. 78-106.

[69]

[70]

[77]

78]

[79]

[80]

[81]

[82]

[83]

D. Madan, P. Carr, and E. Chang, The variance gamma process and option pricing,
European Finance Review, 2 (1998), pp. 79-105.

R. C. Merton, Optimum consumption and portfolio rules in a continuous-time model,
J. Econom. Theory, 3 (1971), pp. 373-413.

A. Mijatovié¢ and P. Tankov, A new look at short-term implied volatility in asset price
models with jumps. Preprint, available at http://arxiv.org/abs/1207.0843, 2012.

A. Miiller and L. Riischendorf, On the optimal stopping values induced by general
dependence structures, J. Appl. Probab., 38 (2001), pp. 672-684.

A. Miiller and M. Scarsini, Stochastic order relations and lattices of probability mea-
sures, SIAM J. Optim., 16 (2006), pp. 1024-1043 (electronic).

A. M. Oberman, The convex envelope is the solution of a nonlinear obstacle problem,
Proc. Amer. Math. Soc., 135 (2007), pp. 1689-1694 (electronic).

Y. V. Prokhorov, Convergence of random processes and limit theorems in probability
theory, Theory of Probability & Its Applications, 1 (1956), pp. 157-214.

A. W. Roberts and D. E. Varberg, Convex functions, Academic Press [A subsidiary of
Harcourt Brace Jovanovich, Publishers], New York-London, 1973. Pure and Applied
Mathematics, Vol. 57.

L. C. G. Rogers, The relazed investor and parameter uncertainty, Finance Stoch., 5
(2001), pp. 131-154.

M. Roper, Implied volatility explosions: Furopean calls and implied volatilities close
to expiry in exponential Lévy models. Preprint, available at http://arxiv.org/abs/
0809.3305, 2008.

M. Roper and M. Rutkowski, On the relationship between the call price surface and
the implied volatility surface close to expiry, Int. J. Theor. Appl. Finance, 12 (2009),
pp. 427-441.

M. Rosenbaum and P. Tankov, Asymptotic results for time-changed Lévy processes
sampled at hitting times, Stochastic Process. Appl., 121 (2011), pp. 1607-1632.

K.-i. Sato, Lévy processes and infinitely divisible distributions, vol. 68 of Cambridge
Studies in Advanced Mathematics, Cambridge University Press, Cambridge, 1999.

W. Schoutens, Meixner processes: Theory and applications in finance, EURANDOM
Report 2002-004, EURANDOM, Eindhoven, 2002.

V. Strassen, The existence of probability measures with given marginals, Ann. Math.

97


http://www.ams.org/mathscinet-getitem?mr=1711599
http://arxiv.org/abs/1207.0843
http://arxiv.org/abs/0809.3305
http://arxiv.org/abs/0809.3305

Bibliography

[84]

[85]

[86]

[87]

[88]

98

Statist., 36 (1965), pp. 423-439.

P. Tankov, Pricing and hedging in exponential Lévy models: review of recent results,
in Paris-Princeton Lectures on Mathematical Finance 2010, vol. 2003 of Lecture Notes
in Math., Springer, Berlin, 2011, pp. 319-359.

B. Tavin, Detection of arbitrage in a market with multi-asset derivatives and known
risk-neutral marginals, Journal of Banking & Finance, 53 (2015), pp. 158-178.

A. E. Whalley and P. Wilmott, An asymptotic analysis of an optimal hedging model
for option pricing with transaction costs, Math. Finance, 7 (1997), pp. 307-324.

S. Yan, Jump risk, stock returns, and slope of implied volatility smile, Journal of
Financial Economics, 99 (2011), pp. 216-233.

V. M. Zolotarev, Metric distances in spaces of random variables and of their distri-
butions, Mat. Sb. (N.S.), 101(143) (1976), pp. 416-454, 456.



[smail Cetin Gulum

Born

Nationality

2011-Present

2009-2011

2006-2009

since 2011

2011-2013

2011
2011
2009
2008-2010

& +(43) 1 58801 - 105 179 (office)
X ismail.gueluem@tuwien.ac.at
“B www.fam.tuwien.ac.at/~ceting/

Curriculum Vitae

General information
Istanbul, Turkey, August 11, 1987

Austria

Education

Ph.D. in Financial and Actuarial Mathematics at Vienna University of Tech-
nology

Supervisor: Associate Prof. Stefan Gerhold

Master of Science in Financial and Actuarial Mathematics at Vienna Univer-
sity of Technology

Supervisor: Prof. Peter Grandits

Bachelor of Science in Financial and Actuarial Mathematics at Vienna Uni-
versity of Technology

Supervisor: Dr. Martin Predota

Academic and work experience
Assistant Researcher

at the Institute of Mathematical Methods in Economics, for the Research Unit Financial
and Actuarial Mathematics

Employed in the FWF project 24880-N25, Asymptotics of volatility surfaces and option
prices

Portfolio Management Programm (PMP)

Analyst /Portfolio Manager, ZZ Group, Vienna

The PMP is a program for students in Vienna sponsored by Peter Piihringer, hedge
fund manager and founder of the ZZ Vermogensverwaltung GmbH.

www.iskwien.at

Academic Honors

“AVO”-prize by the Austrian Actuarial Society for master thesis
Graduation to Master of Science with distinction in minimum time
Graduation to Bachelor of Science with distinction in minimum time

Scholarship of Vienna University of Technology

99



2015
2014
2011
2010
2010

July 2013

2012

2016

2015

2015

2013

2013

100

Publications and working papers

o S. Gerhold, I. C. Giiliim, A. Pinter, Small-maturity asymptotics for the at-the-money
implied volatility slope in Lévy models, 2016, Submitted.

o S. Gerhold, I. C. Giiliim, A variant of Strassen’s theorem: Existence of martingales
within a prescribed distance, 2016, Submitted.

o S. Gerhold, I. C. Giilim, Consistency of option prices under bid-ask spreads, 2016,
Work in Progress.

o S. Gerhold, I. C. Giilam, Portfolio Optimisation using adaptive strategies, 2016,
Work in Progress

o I. C. Gulim, U. Schmock, On the existence of an equivalent martingale measure in
the Dalang-Morton-Willinger theorem, which preserves the dependence structure,
2016, Work in Progress.

Teaching experience at Vienna University of Technology

Exercise class Life Insurance Mathematics

Exercise class Stochastic Analysis in Financial and Actuarial Mathematics 2
Exercise class Mathematical Finance 1: Discrete-Time Models

Assistant for the lecture Risk Management in Finance and Insurance

Assistant for the lecture Mathematical Finance 1: Discrete-Time Models

Other Teaching Experience

Lecturer at a one-week summer school on Quantitative Methods in Risk Man-
agement in Canazei/Italy, together with Prof. Friedrich Hubalek

Main subjects: Standard methods for Value-at-Risk and Expected Shortfall determi-
nation, Time series analysis, Copulas in theory and practice, Dependence measures,
Extreme value theory

Assistant for the lecture Mathematical Finance 1: Discrete-Time Models

Assistant of Prof. Schmock at the University of Salzburg, Austria

Conferences and Seminars

12tP German Probability and Statistics Days 2016 - Bochumer Stochastik-
Tage, Bochum, Gemany
Talk: Consistency of option prices under bid-ask spreads

Vienna Seminar in Mathematical Finance and Probability, Vienna, Austria
Talk: A variant of Strassen’s theorem: Existence of martingales within a prescribed
distance

14*® Winter school on Mathematical Finance - Special Topics: Nonlinear
Pricing, Dependence and Model Risk, Lunteren, Netherlands.

One-day workshop on Portfolio Risk Management (PRisMa Day), Vienna,
Austria

Talk: On the Existence of an equivalent martingale measure which preserves the
Dependence Structure

Endowment and Asset Management Conference, Vienna, Austria



	A Variant of Strassen's Theorem with an Application to the Consistency of Option Prices
	Introduction and problem formulation
	A variant of Strassen's Theorem
	Notation and preliminaries
	Strassen's Theorem for the infinity Wasserstein distance
	Illustrations
	Proof of Theorem 2.11
	Strassen's theorem for the infinity Wasserstein distance: continuous time

	Strassen's theorem for the stop-loss distance
	Lévy distance and Prokhorov distance
	Modified Lévy distance and Prokhorov distance
	Strassen's theorem for Prokhorov distance and Lévy distance
	Least element for the modified Lévy distance


	Consistency of Option prices in markets with bid-ask spreads
	Notation and Preliminaries
	Single maturity: eps-consistency
	Multiple maturities: eps-consistency
	Sufficient conditions under simplified assumptions

	Multiple maturities: consistency

	Conclusion

	Small-maturity asymptotics for the at-the-money implied volatility slope in Lévy models
	Introduction
	Digital call prices and slope asymptotics
	Digital call prices
	Implied Volatility Slope and Digital Options with Small Maturity
	General remarks on Mellin transform asymptotics
	Main results: digital call prices and slope asymptotics
	Examples
	Robustness of Lee's Moment Formula
	Proofs of Lemmas 2.4 and 2.7

	Conclusion

	Portfolio Optimisation using adaptive strategies
	Introduction
	Asymptotics of the Growth rate in the Black-Scholes model
	Problem Formulation
	Main results


	Bibliography
	Curriculum Vitae

