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Formulation of the Problem

V*(x):supEX/ e Mf(Xy)du (0S)
T 0

dX; :,u(Xt)dt+a(Xt)th, PX(XOZX):].
Xt ed = (E,r)

At = Jo A(Xu)du

A:J — [0,00)
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Terminology

In this case we say that f has a two-sided form

Examples:
Graversen, Peskir, and Shiryaev (2000)
Karatzas and Ocone (2002)



Assumptions on p, o, f, and A

Assumptions on p and o

1
o(x) A0 ¥x €3, 5 € L), L oeLt (9)

72 loc
Assumptions on f and A:

T2 ek (+)

o2

Explanation of (x):
(x) <= (Ft) and (A;) are well defined and finite until ¢
Fo= Jof(Xu)du, Ac= [5A(Xy)du

( is the explosion time of X
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Outline

“No-loss” free boundary formulation

Explicit study of a subclass of stopping problems
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Notation

Fora,f € J, a < 3, we set

Top = INF{t > 0: Xy < aor Xy > 5}
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Standard free boundary

(SFB):
L) V() ~ AV () = ~1(0)
K€ (0.0)
V(x)=0, xeJ\(,0)
Vi(a) = V' () = 0
The aim:

If (V,, B) is a solution, then V = V* and 7, g is optimal in (OS)
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Modifying free boundary

o*(x)

V() 4 (V' (X) = AGOV (x) = ~F(x)

for v -a.a. x € (o, 3)
V(x)=0, xeJ\(apf)
Vi(e)=V.(3)=0

The aim:
If (V,, B) is a solution, then V = V* and 7, g is optimal in (OS)
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“No-loss” free boundary

V' is absolutely continuous on [« 3]

) )V () ~ AV () = ~1(0)

for v -a.a. x € (o, 3)
V(x)=0, xeJ\(,p0)

Vi(a)=VL(8)=0

The aim:
If (V,, B) is a solution, then V = V* and 7, g is optimal in (OS)
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“No-loss” free boundary

(FB):
V' is absolutely continuous on [a, 3]
o2
%)V”(X) + u(X)V/(x) = A(X)V (x) = —f(x)
fory-a.a. x € (o, 3)
V(x)=0, xeJ\(,p0)
Vi(a) =V (8) =0
The aim:

If (V,, B) is a solution, then V = V* and 7, g is optimal in (OS)
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Main results

Theorem (Verification Theorem)

Suppose f has a two-sided form.
Let (V, «, 3) be a solution of (FB). Then

e itis unique
[ ) V>k = V
* 7,3 IS @ unique optimal stopping time in (OS)

Theorem ((FB) is “no-loss”)

If (OS) has an optimal stopping time of the form 7 -,
then (V*, o*, 5*) is a solution of (FB)

Related paper: Lamberton and Zervos (2006)
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The assumption that f has a two-sided form
Is essential for the verification theorem

Example

e f does not have a two-sided form
e (V,a,p) is a solution of (FB)

o V £V

* 74,3 IS not optimal in (OS)
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The subclass of stopping problems

InthesequelJ =R, x=0,A=0
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Characteristic conditions

(A1): h(00) > h(—o0)
(A2): If h(o0) < h(xy¢), then f H(y,h(o0))dy <0

(As): If h(—00) > h(xz), then f_og‘”) H(y,h(—o0))dy >0

Here

h(x) ;:/OX j‘;g’/; dy and H(x,c):=h(x)—c
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Classification

Case 0: (A1)—(A3) hold

A;) does not hold

A1) holds and (Az) does not hold
)

A1) holds and (A3) does not hold

Case 1:

Case 2:

~ o~ o~ o~

Case 3:
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Case 0O

¢ (FB) has a unique solution
¢ (OS) has a unique optimal stopping time
and it is two-sided

e The value function and the optimal stopping time
are found explicitly
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Case 1

¢ (FB) has no solution

e (OS) has no optimal stopping time

e The value function is found explicitly

e |t can be either finite or identically infinite
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Case 2

¢ (FB) has no solution
¢ (OS) has a unigue optimal stopping time, it is one-sided
with the unbounded from below stopping region

e The value function is always finite and is found explicitly,
together with the optimal stopping time
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Case 3

is symmetric to case 2
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Thank you for your attention!



“No-loss” free boundary formulation Explicit study of a subclass of stopping problems References

Graversen, S. E., G. Peskir, and A. N. Shiryaev (2000).

Stopping Brownian motion without anticipation as close as
possible to its ultimate maximum.

Theory Probab. Appl. 45(1), 125-136.

Karatzas, I. and D. Ocone (2002).
A leavable bounded-velocity stochastic control problem.
Stochastic Process. Appl. 99(1), 31-51.

Lamberton, D. and M. Zervos (2006).

On the problem of optimally stopping a one-dimensional 1td
diffusion.

Submitted.



	``No-loss'' free boundary formulation
	Explicit study of a subclass of stopping problems
	References

